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Abstract. In this paper we establish explicit expressions for single and
product moments of lower generalized order statistics from Frechet-type ex-
treme value distribution. The results include as particular cases the above
relations for moments of order statistics and lower records. Further, using a
recurrence relation for single moments we obtain characterization of Frechet-
type extreme value distribution.
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1 Introduction

The concept of generalized order statistics (gos) was introduced by Kamps
(1995) as a unified approach to different model e.g. usual order statistics,
sequential order statistics, Stigler’s order statistics, record values. They can
be easily applicable in practice problems except when F'() is so called inverse
distribution function. For this, when F() is an inverse distribution function,
we need a concept of lower generalized order statistics (lgos), which is given
as:

Let n € N, k> 1, m € R, be such that

Yv=k+n—-r)(m+1)>0, foral 1<r<mn.

By the lgos from an absolutely continuous distribution function (df) F(x)
with the probability density function pdf f(x) we mean random variables
X'(1,n,m,k),...,.X"(n,n,m, k) having joint pdf of the form

n—1

k(H )T @)™ £ () IF ()] f () (1.1)

=1
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for

F 1) >a >29>...> 2, > F0).

For simplicity we shall assume m; =my = ... =m,_; = m.
The pdf of the r—th [gos,is given by
Cr _ -
Frtemmn(®) = gy PP f@ (Pla) (12)

and the joint pdf of r—th and s—th lgos, 1 <r < s <nis

r— 1)!?5—1 P @I @) (@)

X [l (F(y)) = hin(F @) F@) 7 f(y), >y, (1.3)

fX/(r,n,m,k),X/(s,n,m,k) (.T, y) = (

where .
Orfl = H% y Vi = k+(n—z)(m+ 1)’
i=1
1 m+l _
i) ={ 2
and

gm(x) = hp(z) — hyn(1), = €[0,1).
We shall also take X'(0,n,m,k) = 0. If m = 0, k = 1, then X'(r,n,m, k)
reduced to the (n — r + 1)—th order statistics, X,,_,;1., from the sample
X1, Xo, ..., X, and when m = —1, then X'(r,n,m, k) reduced to the r— th
lower k record value [Pawlas and Szynal, (2001)]. The work of Burkschat et
al. (2003) may also refer for lower generalized order statistics.

Recurrence relations for single and product moments of lower generalized
order statistics from the inverse Weibull distribution are derived by Pawlas
and Szynal (2001). Khan et al. (2008) and Khan and Kumar (2010, 2011a, b)
have established recurrence relations for moments of lower generalized order
statistics from exponentiated Weibull, Pareto, gamma and generalized expo-
nential distributions. Ahsanullah (2004) and Mbah and Ahsanullah (2007)
characterized the uniform and power function distributions based on distribu-
tional properties of lower generalized order statistics, respectively.

Kamps (1998) investigated the importance of recurrence relations of order
statistics in characterization.

In this paper, we establish explicit expressions for single and product mo-
ments of [gos from Frechet-type extreme value distribution. Results for order
statistics and lower record values can be deduced as special cases and a char-
acterization of Frechet-type extreme value distribution has been obtained on
using a recurrence relation for single moments.
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The two-parameter Frechet-type extreme value distribution know as Type
IT Extreme value distribution if its pdf is of the form
f(x) = afa@De=B/2 25 0,0>0,8>0a,A>0 (1.4)
and the corresponding df is

F(z)=e W% 2>0,a>00>0, (1.5)

where a and 3 are shape and scale parameters respectively. More details on
this distribution and their applications can be found in Maswadah (2005).

2 Relations for single moments

We shall first establish the explicit expression for E[X'(r,n,m, k)] . Using
(1.2), we have when m # —1

(rcill)! /0 ) o (F(x)" f(@)gp H(F(z))dz  (2.1)

E[X"(r,n,m, k)] =

By using binomial expansion, we can rewrite (2.1) as

E[X"(r,n,m, k)] = € TZ_I(—W ( rel ) /O " (F )y

(r— Dl(m + )71 &= a
(2.2)

By setting t = —InF(x) in (2.2), we obtain

13 _ ﬂjcrfl o _1)a r—1
E[X"(r,n,m, k)] = = Dl(m+ 1)1 GZ( 1) ( )
X D(L = (j/a)(rr—a)/™ " (2.3)
and when m = —1 that

, J/e3i
E[X"(r,n,—1,k)] = ((’;)_ 1‘; T(r — (j/a)). (2.4)

Special cases
i) Putting m = 0, £ = 1 in (2.3), the explicit formula for single moments of
order statistics of the Frechet-type extreme value distribution can be obtained
as

E(X)_,11,) = FT(1 - (j/a))orzni:(_l)a ( r—d ) (n—r+1+a)d/o"1

a
a=0
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where,
n!

(r—1n—r)

ii) Putting £ = 1 in (2.4), we deduce the explicit expression for the moments
of lower record values for the Frechet-type extreme value distribution as

Or:n -

Y1 (o).

E(Xim) R

3 Relations for product moments

On using (1.3) and binomial expansion, the the explicit expressions for the
product moments of lgos X" (r,n,m, k) and X" (s,n,m,k), 1 <r < s <n can
be obtained when m # —1 as

05,1
(r—1Dls—r—1)(m+1)52

S e (T (7 [reer- s

a=0 b=0
(3.1)

E[X"(r,n,m, k) X" (s,n,m, k)] =

where

f@%Z/wamm““%”WHFV@Mw (3.2)

by setting ¢t = —InF'(z) in (3.2), we obtain
I(y) = Fl(s =+ a — b)(m + 1))/
IG(1—-(i/a),(s—r+a—0b)(m+1)(—=InF(y))), (3.3)

where IG(.,.) denotes the incomplete gamma function defined by

z
IG(l, z) = / u' e du.
0
Using the series expansion

IG(1 — (i/a),(s — r +a — b)(m + 1)(~InF(y)))
=[(s —r+a—b)(m+ 1)(=InF(y)))]~ @
= pells = rHa =B m + D(InF)))

2= et 1= (i/a))
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(see Gradshteyn and Ryzhik (2000)),/(y) in (3.3) can be expressed as

(s=r+a—0b)(m+1
cle+1-(i/a))

I(y) = 3" Z(—l)e )]C(—lnF(y)))wl—(i/a)

On substituting the above expression of I(y) in (3.1), we find that

E[X"(r,n,m, k) X" (s,n,m, k)]

6i05 1 \ S a+b+c
:(r—l)(s—r—l)(m+1)52 ZZ(_D

y ( - 1 ) ( 5_2—1 ) [(s —C&Cial—_bz%; D]

:xﬁwy%F@»%blf@x—menﬂl“mwy (3.4)

Again by setting t = —InF'(z) in (3.4) and simplifying the resulting equa-
tion, we get

E[X"(r,n,m, k) X" (s,n,m, k)]

6Z+JOS . r—1s—r—1 oo a+b+c
_(r—l)(s—r—l m+152a:0 P ;
r—1 s—r—1\[(s=r+a—-0b)(m+1)°
X( a )( b ) e+ 1 (ifa))
X (s-) O (e 42 — (i 4 j) ) (3.5)

and whenm = —1 that

E[X"(r,n,—1,k) X" (s,n, —1,k)]

-y B (1)

Tl = (i+])/a)
(s —a—1—(i/a))
Special cases:

i) Putting m = 0, £ = 1 in (3.5), the explicit formula for the product
moments of order statistics of the Frechet-type extreme value distribution can

a=0

(3.6)
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be obtained as

E(XTZI r+1: an s+1: n ﬁlJr]C r,8im Z Z a+b+c
c=0

(7))

(s—=r+a—>)F (i) /@) —c— o

_ 1 + p)(E+i)/e@)—e=2n 92
XC!(C+1—(i/a))(n s+1+0b) (c+ (i+7)/a),
where,

CVr,s:n = G

(r—Dl(s—r—1)(n—s)

ii)Putting £ = 1 in (3.6), we deduce the explicit expression for the product
moments of lower record values for the Frechet-type extreme value distribution
as

j [Ciarl = e s—r—1
] J _ __1\s—r—a—1
E(XL(T)XL(S)) Cr=Dli(s—r—1) (1) a

. Tl—(i+4)/a)
(s—a—1-(ifa))

a=0

4 Characterization

Before coming to the main characterization theorem, we shall produce the
following relation proved by Pawlas and Szynal (2001) which will be used in
sequel.

ELX5 2, m, ) = S (BIX 1, m, K)] =LY, R))

Jj+1
(4.1)
Theorem 4.1: Let X be a non-negative random variable having an abso-
lutely continuous distribution function F'(z) with F'(0) =0 and 0 < F(x) < 1
for all x > 0, then

E[X"7Tt (r n om, k)] = %(E[X’j“(r—l,n,m, EN]=E[X" T (r,n,m, k))])
(4.2)
if and only if

F(z)=e ¥ 2>0a>008>0.
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Proof:  The necessary part follows immediately from equation (4.1). On
the other hand if the recurrence relation in equation (4.2) is satisfied, then on
using equation (1.2), we have

(rcii)! /000 2T F @) f (2)gn  (F (2))de

. O‘ﬁa(r - 1)07’—1

| E@r @ P

G+ D —1)
s [ P @)l (Pl
- [ @ e )
Al — 1) (Fa)) — Il E@) (4.3)

F(z)
Let

(4.4)
and
W(z) = [F(2)] f(ﬂﬁ)g;fQ(F(ﬂﬁ)){(T—l)(F(x))m—7’"9”];((5 )@))}
Thus,
Crfl > jto+1 Yr—1 r—1
=) /O T ()] f () gy, (F(2))da
aﬁacr—l o G170
B (j+1)(7"—1)!/0 z' T (z)dz. (4.5)

Now integrating RHS in (4.5) by parts and using the value of h(x) from (4.4),
we obtain

(Tofi)! /0 T e R f () g (F () da

Oéﬁacr,1

G- 1)!/0 o [F ()] f(x) g, (F(z))dz

which reduces to

(Toi_i)! /OOO o [F(x)] g (F () {af*F () — 27 f(z) }dx = 0.

(4.6)
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Now applying a generalization of the Miintz-Szész Theorem (Hwang and

Lin,

1984) to equation (4.6), we get

f(x) _ aﬁax—(aﬂ)

which prove that

F(z) —e B 2 >0,a>0,>0),

References

1]

[10]

Ahsanullah, M. (2004): A characterization of the uniform distribution
by dual generalized order statistics. Comm. Statist. Theory Methods,
33, 2921-2928.

Burkschat, M., Cramer, E. and Kamps, U. (2003): Dual generalized
order statistics. Metron, LXI, 13-26.

Gradshteyn, 1.S. and Ryzhik, .M. (2000): Table of Integrals, Series and
Products Academic Press, San Diego.

Hwang, J.S. and Lin, G.D. (1984): On a generalized moments problem
IT. Proc. Amer. Math. Soc., 91, 577-580.

Kamps, U. (1995): A Concept of Generalized Order Statistics. B.G.
Teubner Stuttgart.

Kamps, U. (1998):  Characterizations of distributions by recurrence
relations and identities for moments of order statistics. In: Balakrishnan,
N. and Rao, C.R.,

Khan, R.U., Anwar, Z. and Athar, H. (2008): Recurrence relations
for single and product moments of dual generalized order statistics from
exponentiated Weibull distribution. Aligarh J. Statist., 28, 37-45.

Khan, R.U. and Kumar, Devendra (2010): On moments of lower gen-
eralized order statistics from exponentiated Pareto distribution and its
characterization. Appl. Math. Sci. (Ruse), 4, 2711-2722.

Khan, R.U. and Kumar, Devendra (2011 a): Lower generalized order
statistics from exponentiated gamma distribution and its characteriza-
tion. ProbStats Forum, 4, 25-38.

Khan, R.U. and Kumar, Devendra (2011 b): Expectation identities of
lower generalized order statistics from generalized exponential distribu-
tion and a characterization. Math. Methods Statist., 20, 150-157.



62 Devendra Kumar

[11] Mbah, A.K. and Ahsanullah, M. (2007): Some characterization of the
power function distribution based on lower generalized order statistics.
Pakistan J. Statist., 23, 139-146.

[12] Maswadah, M. (2005): Conditional confidence interval estimation for
the Frechet-type extreme value distribution based on censored general-
ized order statistics. J. Appl. Statist. Sci., 14, T1-84.

[13] Pawlas, P. and Syznal, D. (2001): Recurrence relations for single and
product moments of lower generalized order statistics from the inverse
Weibull distribution. Demonstratio Math., XXXIV, 353-358.

ProbStat Forum is an e-journal. For details please visit; www.probstat.org.in.



