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Abstract. The purpose of this paper is to consider an implemental simplified form of the distribution
for an estimate C∗

p,n(u, v) of the process yield index Cp(u, v) with asymmetric tolerance. And then, based
on the theory of testing hypothesis, we develop a simple step-by-step procedure, and provide an efficient
software procedure to calculate the p-values and some tables of the critical values using estimator of
C∗
p,n(u, v) for the practical use in decision making.

1. Introduction

Most of the research effort concerning the development and statistical study of process capability indices
are to provide a measurement of the fit between a process and the demands placed on it. They attempt
to measure the probability that the process will be able to meet the design tolerances. Until now, the goal
should be a never-ending effort to improve process capability for all processes.

The evolution of capability indices has advance very simple indices to more complicated indices that
were designed to correct some of the shortcomings of their predecessors.

Further, Vännman (1995) defined a family of process capability indices as

Cp(u, v) =
d− u|µ−m|

3
√
σ2 + ν(µ− T )2

, (1)

where USL and LSL represent the upper and lower specification limits, respectively; d = (USL−LSL)/2 is
the half-length of the specification interval, m = (USL+LSL)/2 is the center of the specification interval, T
is the target value, based on engineering considerations, µ is the process mean, and σ is the process standard
deviation, of the underlying process and under statistical controlled conditions. The capability indices Cp,
Cpk, Cpm and Cpmk are produced by letting (u, v) = (0, 0), (1, 0), (0, 1), and (1, 1), respectively, which have
been defined explicitly as

Cp = (USL− LSL)/(6σ), (2)

Cpk = min{USL− µ, µ− LSL}/(3σ) = (d− |µ−m|)/(3σ), (3)

Cpm = (USL− LSL)/(6(σ2 + (µ− T )2)1/2), (4)

Cpmk =
min(USL− µ, µ− LSL)

3
√
σ2 + (µ− T )2

=
d− |µ−m|

3
√
σ2 + (µ− T )2

. (5)
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Vännman and Kotz (1995a, 1995b) suggested that the indices with (u, v) = (0, 4), and when the normality
assumption is not serious violated and the target value is midway between the LSL and USL.

Furthermore, Vännman (1995a) pointed out that we have a two-sided specification interval for the case
T = m is quite common in practical situations. For these reasons, we study the case when Cp(u, v) in (1) is
given by

Cp(u, v) =
d− u|µ− T |

3
√
σ2 + ν(µ− T )2

=
d/σ − |δ|
3
√

1 + δ2
, (6)

where δ = (µ− T )/σ, u, v = 0 and the probability of non-conformance is never more than 2Φ(−3Cp(u, v)).
Moreover we see from (6) that the process mean µ lies within the middle 1/(u + 3v1/2Cp(u, v)) of the
specification range.

|µ− T | < d

u+ 3
√
vCp(u, v)

. (7)

Vännman (1997) proposed to take among many values of (u, v), (u, v) = (0, 4) and (u, v) = (1, 3) to generate
two indices which are most sensitive to process departure from the target value. The index Cp(u, v) is
combining the yield-based and the loss-based, furthermore, it is very sensitive with regard to departures of
the process mean µ from the target value T , and then the values of u and v in (6) should be large.

Several authors have provided techniques that allow statistically based inferences to be drawn regarding
practical implementation of the process capability (Jiao and Tseng (2004), Garg et al. (2006), Chen and
Chen (2007), Cherif et al. (2008)), and so on. In this work, under the assumption of normality and statistical
control, we use only the central χ2 distribution and the normal distribution and avoiding the non-central
χ2 distribution for determining the decision rules based on the p-value of C∗

p,n(u, v), to conclude whether
the process is capable or not. To obtain an appropriate decision rule, we develop a simple step-by-step
procedure and provide an efficient Maple software procedure to calculate the p-values. We also provide
tables of the critical values for using estimator of C∗

p,n(u, v) to determine whether their process meets the
preset capability requirement and making reliable decisions.

2. Estimation of Cp(u, v)

Let X1, X2, . . . , Xn be a random sample from a normal distribution with mean µ and variance σ2 as the
measurement of the studied characteristic. Vännman (1995a) considered the maximum likelihood estimator
(MLE) of Cp(u, v), which is defined as

C∗
p,n(u, v) =

d− u|X − T |

3
√
σ2∗ + v(X − T )2

=
D − u|η + g|

3
√
ξ + v(η + g)2

, (8)

where X =
2∑

1−1
Xi/n and σ2∗ = 1

n

n∑
i=1

(Xi −X)2 are the MLEs of µ and σ2, respectively.

Under the assumption of normality, Vännman (1997) obtained the rth moment and the first two moments,
as well as the mean and the variance of C∗

p,n(u, v) for the common cases with T = m, further provided a
simplified form for the obtained distribution. Thence, the cumulative distribution function of C∗

p,n(u, v), for
x > 0, u = 0 or v = 0, can be expressed as

F ∗
C∗p,n(u,v)

(x) = 1−
∫ D

u+3x
√
v

0

Fξ

(
(D − ut)2

9x2
− vt2

)
h(t)dt, for x > 0, (9)

Under the assumption of normality, we now define
(1)

D =
√
nd/σ, a = (µ− T )/σ. (10)
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(2)

η =
√
n(X − µ)/σ ∼ N(0, 1), g =

√
n(µ− T )/σ = a

√
n and η2 ∼ χ2

1. (11)

(3)

ξ =
1

σ2

n∑
i=1

(Xi −X)2 ∼ χ2
n−1, and ξ and η are independent. (12)

(4) Let Φ and fη denote the cumulative distribution function and the probability density function of η,
respectively, and let

h(t) = fη(−t− g) + fn(t− g) =
1√
2π

(
exp

(
− (t+ g)2

2

)
+ exp

(
− (t− g)2

2

))
. (13)

In practice, since the process capability indices are calculated on sampling observations, a certain amount of
uncertainty, due to the sampling error, is necessarily present in the evaluation of the process performances.
In the operative context, this fact is rather neglected and conclusions about the capability of the process are
often based only on the provided by sampling data. Apparently, this approach is not reliable, since sampling
errors are ignored. With regard to the sampling errors, we use the natural estimator of Cp(u, v) and provide
an efficient p-value tabulated for making reliable decisions, based on the theory of hypothesis testing.

3. Some applications to hypothesis tests

When using process capability indices, a process is defined to be capable if the capability index exceeds
a certain value c0 > 0. Some commonly used values are c0 = 1.0, 4/3, 5/3, 2. To conclude if a process is
capable or not, we need a decision ruler based on an estimator, In order to obtain such a decision rule we
consider the following hypothesis test

H0 : Cp(u, v) 5 c0

H1 : Cp(u, v) > c0.

The null hypothesis will be rejected whenever C∗
p,n(u, v) > cα, where the constant cα is determined so that

the significance level of the test is α. The decision rule to be used is then that, for given α-risk, c0 and n,
the process will be considered capable if C∗

p,n(u, v) > cα, and non-capable if C∗
p,n(u, v) 5 cα.

To find the critical region of C∗
p,n(u, v) > cα, we have to consider

α = P (C∗
p,n(u, v) = cα

∣∣Cp(u, v) = c0), (14)

which can be done using the results in (9). We see from (9) that the distribution of C∗
p,n(u, v) depends

on µ and σ, but not solely side to side Cp(u, v). Given a value of Cp(u, v) = c0 and D =
√
nd/σ =√

n(3c0(1 + va2)1/2 + u|a|), so, we will evaluate p-value to make a decision. The p-value corresponding to
w, a specific value of C∗

p,n(u, v) calculated from the sample data, is the probability of wrongly concluding
that an incapable process is capable.

p-value = P (C∗
p,n(u, v) = w

∣∣Cp(u, v) = c0)

=

∫ D
u+3w

√
v

0

Fξ

(
(D − ut)2

9w2
− vt2

)
h(t)dt (15)

where w = C∗
p,n(u, v) denotes the observed value of the test statistic.

Moreover, given values of the capability requirement c0, the parameter a, the sample size n, and risk α,
the critical value cα can be obtained by solving the following equation

α =

∫ D
u+3cα

√
v

0

Fξ

(
(D − ut)2

9c2α
− vt2

)
h(t)dt. (16)
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Given values of n, c0, and risk α, the critical value cα for |a| is the same, since form (16) is an even function
of a. Vännman and Kotz (1995a) have shown that when µ moves away from T in either direction, then
P (C∗

p,n(u, v) = x|Cp(u, v) = c0) decreases for any given values of x and a.

In general, it does not seem feasible to derive cα analytically. Instead, one can use a symbolic software,
such as “Mathematica”, “IMSL” or “Maple” etc., to numerically obtain the critical values of cα for given
values of n, a, c0 and α-risk. The critical values cα for a = 0(0.1)1, n = 30(10)210, c0 = 1 and α = 0.05,
(u, v) = (0, 4) are calculated. We find that the critical value cα can attain its maximum, this shift should
range from a = 0.48 to a = 0.55, correspond to the sample size n from 210 decreasingly to 30. But, the
difference critical values, between a = 0.50 and the others, is less than 10−3 or 10−4. In practical situations,
for these reasons we restrict our attention in this paper to the case when a = 0, 0.50.

We summarize the p-values for various sample sizes n and a range of values, w = 1(0.1)2, a = 0, 0.5,
(u, v) = (0, 4), for c0 = 1, 1.33, 1.5, 1.67, 2 in Tables 1–10.

Table 1: The p-value for Cp(0, 4) = 1.0, w = 1(0.1)2, a(= (µ− T )/σ) = 0, and n = 30(5)200
n w = 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
80 0.4382 0.0998 0.0118 0.0009 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
90 0.4408 0.0889 0.0084 0.0005 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
95 0.4420 0.0839 0.0071 0.0003 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
100 0.4432 0.0792 0.0060 0.0003 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
105 0.4442 0.0749 0.0051 0.0002 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
110 0.4452 0.0708 0.0043 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
115 0.4462 0.0670 0.0037 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
120 0.4471 0.0634 0.0031 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
125 0.4480 0.0600 0.0026 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
130 0.4488 0.0568 0.0022 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
135 0.4496 0.0538 0.0019 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
140 0.4503 0.0510 0.0016 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
145 0.4510 0.0483 0.0014 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
150 0.4517 0.0458 0.0012 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
155 0.4523 0.0434 0.0010 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
160 0.4530 0.0412 0.0008 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

Table 2: The p-value for Cp(0, 4) = 1.00, w = 1(0.1)2, a(= (µ− T )/σ) = 0.5, and n = 30(5)200
n w = 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
85 0.5064 0.2119 0.0632 0.0141 0.0025 0.0004 0.0000 0.0000 0.0000 0.0000 0.0000
90 0.5062 0.2050 0.0578 0.0120 0.0019 0.0002 0.0000 0.0000 0.0000 0.0000 0.0000
95 0.5060 0.1984 0.0529 0.0102 0.0015 0.0002 0.0000 0.0000 0.0000 0.0000 0.0000
100 0.5059 0.1922 0.0484 0.0086 0.0011 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000
105 0.5058 0.1862 0.0444 0.0073 0.0009 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000
110 0.5056 0.1804 0.0407 0.0051 0.0007 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000
115 0.5050 0.1749 0.0374 0.0053 0.0005 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
120 0.5054 0.1697 0.0343 0.0045 0.0004 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
125 0.5053 0.1646 0.0315 0.0039 0.0003 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
130 0.5052 0.1597 0.0290 0.0033 0.0003 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
135 0.5051 0.1551 0.0266 0.0028 0.0002 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
140 0.5050 0.1519 0.0245 0.0024 0.0002 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
145 0.5049 0.1462 0.0226 0.0020 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
150 0.5048 0.1420 0.0208 0.0018 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
155 0.5047 0.1380 0.0191 0.0015 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
160 0.5047 0.1341 0.0176 0.0013 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

We obtain that p-value is decreasing for various w when n and a are fixed. The p-value is quite small,
when w is very largely; in addition, the p-value is quite great when c0 is increasing.

Tables 11 ∼ 12 display the critical values cα for various d = 3σ ∼ 6σ, with sample size n = 30(10)100,
and α-risk = 0.01, 0.025, 0.05, 0.1. From these tabulates, we found that the critical value is decreasing, as
α-risk is increasing and n is fixed. The critical value is decreasing, when n is increasing for any α-risk and
a.
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Table 3: The p-value for Cp(0, 4) = 1.3333, w = 1(0.1)2, a(= (µ− T )/σ) = 0, and n = 30(5)200
n w = 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
80 0.9996 0.9869 0.8733 0.5604 0.2298 0.0617 0.0118 0.0018 0.0002 0.0000 0.0000
85 0.9997 0.9894 0.8827 0.5657 0.2251 0.0568 0.0100 0.0013 0.0001 0.0000 0.0000
90 0.9998 0.9914 0.8913 0.5709 0.2206 0.0524 0.0084 0.0010 0.0001 0.0000 0.0000
95 0.9999 0.9931 0.8992 0.5758 0.2162 0.0483 0.0071 0.0008 0.0001 0.0000 0.0000
100 0.9999 0.9944 0.9065 0.5805 0.2119 0.0446 0.0060 0.0006 0.0001 0.0000 0.0000
105 0.9999 0.9955 0.9132 0.5851 0.2078 0.0411 0.0051 0.0004 0.0000 0.0000 0.0000
110 1.0000 0.9963 0.9194 0.5896 0.2038 0.0380 0.0043 0.0003 0.0000 0.0000 0.0000
115 1.0000 0.9970 0.9251 0.5939 0.1999 0.0351 0.0037 0.0003 0.0000 0.0000 0.0000
120 1.0000 0.9976 0.9303 0.5980 0.1961 0.0325 0.0031 0.0002 0.0000 0.0000 0.0000
125 1.0000 0.9980 0.9352 0.6021 0.1924 0.0300 0.0026 0.0002 0.0000 0.0000 0.0000
130 1.0000 0.9984 0.9397 0.6060 0.1888 0.0278 0.0022 0.0001 0.0000 0.0000 0.0000
135 1.0000 0.9987 0.9439 0.6098 0.1853 0.0257 0.0019 0.0001 0.0000 0.0000 0.0000
140 1.0000 0.9990 0.9478 0.6135 0.1819 0.0238 0.0016 0.0001 0.0000 0.0000 0.0000
145 1.0000 0.9992 0.9513 0.6171 0.1786 0.0221 0.0014 0.0001 0.0000 0.0000 0.0000
150 1.0000 0.9993 0.9547 0.6207 0.1753 0.0205 0.0012 0.0000 0.0000 0.0000 0.0000
155 1.0000 0.9994 0.9578 0.6241 0.1722 0.0190 0.0010 0.0000 0.0000 0.0000 0.0000
160 1.0000 0.9995 0.9606 0.6275 0.1691 0.0176 0.0009 0.0000 0.0000 0.0000 0.0000

Table 4: The p-value for Cp(0, 4) = 1.3333, w = 1(0.1)2, a(= (µ− T )/σ) = 0.5, and n = 30(5)200
n w = 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
80 0.9956 0.9566 0.8225 0.5913 0.3476 0.1688 0.0691 0.0243 0.0075 0.0021 0.0005
85 0.9966 0.9612 0.8296 0.5937 0.3428 0.1613 0.0632 0.0210 0.0061 0.0015 0.0004
90 0.9973 0.9652 0.8363 0.5960 0.3382 0.1541 0.0578 0.0182 0.0049 0.0012 0.0002
95 0.9979 0.9688 0.8426 0.5982 0.3337 0.1474 0.0529 0.0158 0.0040 0.0009 0.0002
100 0.9983 0.9720 0.8486 0.6004 0.3294 0.1411 0.0484 0.0137 0.0033 0.0007 0.0001
105 0.9987 0.9749 0.8544 0.6026 0.3252 0.1351 0.0444 0.0119 0.0026 0.0005 0.0001
110 0.9989 0.9774 0.8598 0.6047 0.3211 0.1294 0.0407 0.0103 0.0022 0.0004 0.0001
115 0.9992 0.9797 0.8650 0.6067 0.3172 0.1240 0.0374 0.0090 0.0018 0.0003 0.0000
120 0.9993 0.9817 0.8700 0.6087 0.3134 0.1189 0.0343 0.0078 0.0014 0.0002 0.0000
125 0.9995 0.9836 0.8747 0.6107 0.3096 0.1140 0.0315 0.0068 0.0012 0.0002 0.0000
130 0.9996 0.9852 0.8792 0.6127 0.3060 0.1094 0.0290 0.0059 0.0010 0.0001 0.0000
135 0.9997 0.9867 0.8836 0.6146 0.3024 0.1050 0.0266 0.0051 0.0008 0.0001 0.0000
140 0.9997 0.9880 0.8877 0.6164 0.2990 0.1008 0.0245 0.0045 0.0006 0.0001 0.0000
145 0.9998 0.9892 0.8917 0.6183 0.2956 0.0968 0.0225 0.0039 0.0005 0.0001 0.0000
150 0.9998 0.9902 0.8955 0.6201 0.2923 0.0930 0.0207 0.0034 0.0004 0.0000 0.0000
155 0.9999 0.9912 0.8991 0.6218 0.2890 0.0893 0.0191 0.0030 0.0003 0.0000 0.0000
160 0.9999 0.9920 0.9026 0.6236 0.2859 0.0858 0.0176 0.0026 0.0003 0.0000 0.0000

Table 5: The p-value for Cp(0, 4) = 1.5, w = 1(0.1)2, a(= (µ− T )/σ) = 0, and n = 30(5)200
n w =1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
80 1.0000 0.9998 0.9953 0.9467 0.7549 0.4382 0.1776 0.0522 0.0118 0.0022 0.0004
85 1.0000 0.9999 0.9964 0.9531 0.7647 0.4395 0.1721 0.0476 0.0100 0.0017 0.0002
90 1.0000 0.9999 0.9973 0.9587 0.7739 0.4408 0.1667 0.0435 0.0084 0.0013 0.0002
95 1.0000 1.0000 0.9979 0.9636 0.7826 0.4420 0.1617 0.0398 0.0071 0.0010 0.0001
100 1.0000 1.0000 0.9984 0.9679 0.7909 0.4432 0.1568 0.0364 0.0060 0.0008 0.0001
105 1.0000 1.0000 0.9988 0.9717 0.7988 0.4442 0.1521 0.0333 0.0051 0.0006 0.0001
110 1.0000 1.0000 0.9991 0.9750 0.8063 0.4452 0.1476 0.0305 0.0043 0.0005 0.0000
115 1.0000 1.0000 0.9993 0.9779 0.8134 0.4462 0.1432 0.0280 0.0037 0.0004 0.0000
120 1.0000 1.0000 0.9995 0.9805 0.8202 0.4471 0.1391 0.0257 0.0031 0.0003 0.0000
125 1.0000 1.0000 0.9996 0.9828 0.8267 0.4480 0.1350 0.0235 0.0026 0.0002 0.0000
130 1.0000 1.0000 0.9997 0.9848 0.8329 0.4488 0.1312 0.0216 0.0022 0.0002 0.0000
135 1.0000 1.0000 0.9998 0.9865 0.8389 0.4496 0.1274 0.0198 0.0019 0.0001 0.0000
140 1.0000 1.0000 0.9998 0.9881 0.8445 0.4503 0.1238 0.0182 0.0016 0.0001 0.0000
145 1.0000 1.0000 0.9999 0.9895 0.8500 0.4510 0.1203 0.0167 0.0014 0.0001 0.0000
150 1.0000 1.0000 0.9999 0.9907 0.8552 0.4517 0.1170 0.0154 0.0012 0.0001 0.0000
155 1.0000 1.0000 0.9999 0.9917 0.8602 0.4523 0.1137 0.0141 0.0010 0.0000 0.0000
160 1.0000 1.0000 0.9999 0.9927 0.8649 0.4530 0.1106 0.0130 0.0008 0.0000 0.0000
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Table 6: The p-value for Cp(0, 4) = 1.5, w = 1(0.1)2, a(= (µ− T )/σ) = 0.5, and n = 30(5)200
n w =1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
80 0.9999 0.9978 0.9773 0.8966 0.7280 0.5066 0.3009 0.1542 0.0691 0.0275 0.0099
85 1.0000 0.9983 0.9804 0.9032 0.7338 0.5064 0.2950 0.1466 0.0632 0.0240 0.0081
90 1.0000 0.9987 0.9830 0.9094 0.7394 0.5062 0.2893 0.1395 0.0578 0.0209 0.0067
95 1.0000 0.9990 0.9853 0.9151 0.7448 0.5060 0.2838 0.1329 0.0529 0.0182 0.0055
100 1.0000 0.9993 0.9872 0.9204 0.7500 0.5059 0.2786 0.1266 0.0484 0.0159 0.0045
105 1.0000 0.9994 0.9889 0.9253 0.7551 0.5058 0.2735 0.1207 0.0444 0.0139 0.0038
110 1.0000 0.9996 0.9904 0.9299 0.7600 0.5056 0.2686 0.1152 0.0407 0.0121 0.0031
115 1.0000 0.9997 0.9916 0.9341 0.7647 0.5055 0.2638 0.1099 0.0374 0.0106 0.0026
120 1.0000 0.9997 0.9927 0.9381 0.7692 0.5054 0.2592 0.1049 0.0343 0.0093 0.0021
125 1.0000 0.9998 0.9937 0.9418 0.7737 0.5053 0.2548 0.1002 0.0315 0.0081 0.0018
130 1.0000 0.9999 0.9945 0.9453 0.7780 0.5052 0.2504 0.0958 0.0290 0.0071 0.0015
135 1.0000 0.9999 0.9952 0.9486 0.7821 0.5051 0.2462 0.0915 0.0266 0.0062 0.0012
140 1.0000 0.9999 0.9958 0.9516 0.7862 0.5050 0.2421 0.0875 0.0245 0.0055 0.0010
145 1.0000 0.9999 0.9964 0.9544 0.7901 0.5049 0.2381 0.0837 0.0226 0.0048 0.0008
150 1.0000 0.9999 0.9968 0.9571 0.7940 0.5048 0.2343 0.0801 0.0208 0.0042 0.0007
155 1.0000 1.0000 0.9972 0.9596 0.7977 0.5047 0.2305 0.0766 0.0191 0.0037 0.0006
160 1.0000 1.0000 0.9976 0.9619 0.8013 0.5047 0.2268 0.0733 0.0176 0.0033 0.0005

Table 7: The p-value for Cp(0, 4) = 1.6667, w = 1(0.1)2, a(= (µ− T )/σ) = 0, and n = 30(5)200
n w = 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
80 1.0000 1.0000 0.9999 0.9981 0.9773 0.8734 0.6340 0.3469 0.1424 0.0455 0.0118
85 1.0000 1.0000 1.0000 0.9986 0.9811 0.8828 0.6414 0.3453 0.1366 0.0412 0.0100
90 1.0000 1.0000 1.0000 0.9990 0.9842 0.8914 0.6486 0.3437 0.1311 0.0374 0.0084
95 1.0000 1.0000 1.0000 0.9993 0.9868 0.8993 0.6554 0.3421 0.1258 0.0340 0.0071
100 1.0000 1.0000 1.0000 0.9995 0.9889 0.9066 0.6620 0.3405 0.1208 0.0308 0.0060
105 1.0000 1.0000 1.0000 0.9996 0.9907 0.9133 0.6683 0.3390 0.1161 0.0280 0.0051
110 1.0000 1.0000 1.0000 0.9997 0.9922 0.9195 0.6745 0.3374 0.1116 0.0255 0.0043
115 1.0000 1.0000 1.0000 0.9998 0.9935 0.9252 0.6803 0.3359 0.1073 0.0232 0.0037
120 1.0000 1.0000 1.0000 0.9999 0.9945 0.9304 0.6860 0.3343 0.1032 0.0211 0.0031
125 1.0000 1.0000 1.0000 0.9999 0.9954 0.9353 0.6916 0.3328 0.0992 0.0193 0.0026
130 1.0000 1.0000 1.0000 0.9999 0.9962 0.9398 0.6969 0.3313 0.0955 0.0176 0.0022
135 1.0000 1.0000 1.0000 0.9999 0.9968 0.9440 0.7021 0.3298 0.0919 0.0160 0.0019
140 1.0000 1.0000 1.0000 1.0000 0.9973 0.9478 0.7071 0.3283 0.0885 0.0146 0.0016
145 1.0000 1.0000 1.0000 1.0000 0.9977 0.9514 0.7120 0.3268 0.0852 0.0133 0.0014
150 1.0000 1.0000 1.0000 1.0000 0.9981 0.9547 0.7167 0.3253 0.0820 0.0122 0.0012
155 1.0000 1.0000 1.0000 1.0000 0.9984 0.9578 0.7213 0.3238 0.0790 0.0111 0.0010
160 1.0000 1.0000 1.0000 1.0000 0.9987 0.9607 0.7258 0.3224 0.0761 0.0101 0.0008

Table 8: The p-value for Cp(0, 4) = 1.6667, w = 1(0.1)2, a(= (µ− T )/σ) = 0.5, and n = 30(5)200
n w = 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
80 1.0000 1.0000 0.9988 0.9875 0.9390 0.8226 0.6420 0.4405 0.2663 0.1431 0.0692
85 1.0000 1.0000 0.9991 0.9896 0.9445 0.8297 0.6458 0.4383 0.2597 0.1356 0.0632
90 1.0000 1.0000 0.9993 0.9913 0.9494 0.8364 0.6495 0.4361 0.2534 0.1286 0.0578
95 1.0000 1.0000 0.9995 0.9927 0.9538 0.8427 0.6531 0.4341 0.2474 0.1221 0.0529
100 1.0000 1.0000 0.9996 0.9939 0.9578 0.8487 0.6565 0.4321 0.2415 0.1159 0.0485
105 1.0000 1.0000 0.9997 0.9948 0.9614 0.8545 0.6599 0.4301 0.2360 0.1102 0.0444
110 1.0000 1.0000 0.9998 0.9957 0.9647 0.8599 0.6632 0.4282 0.2306 0.1047 0.0407
115 1.0000 1.0000 0.9999 0.9963 0.9677 0.8651 0.6665 0.4264 0.2254 0.0996 0.0374
120 1.0000 1.0000 0.9999 0.9969 0.9705 0.8701 0.6696 0.4246 0.2204 0.0947 0.0343
125 1.0000 1.0000 0.9999 0.9974 0.9730 0.8748 0.6727 0.4229 0.2156 0.0902 0.0315
130 1.0000 1.0000 0.9999 0.9978 0.9752 0.8793 0.6757 0.4212 0.2109 0.0859 0.0290
135 1.0000 1.0000 1.0000 0.9982 0.9773 0.8837 0.6786 0.4195 0.2063 0.0818 0.0267
140 1.0000 1.0000 1.0000 0.9984 0.9792 0.8878 0.6815 0.4178 0.2020 0.0779 0.0245
145 1.0000 1.0000 1.0000 0.9987 0.9809 0.8918 0.6843 0.4162 0.1977 0.0743 0.0226
150 1.0000 1.0000 1.0000 0.9989 0.9825 0.8956 0.6871 0.4147 0.1936 0.0708 0.0208
155 1.0000 1.0000 1.0000 0.9991 0.9839 0.8992 0.6898 0.4131 0.1896 0.0675 0.0191
160 1.0000 1.0000 1.0000 0.9992 0.9852 0.9027 0.6925 0.4116 0.1857 0.0644 0.0176
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Table 9: The p-value for Cp(0, 4) = 2, w = 1(0.1)2, a(= (µ− T )/σ) = 0, and n = 30(5)200
n w = 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
80 1.0000 1.0000 1.0000 1.0000 1.0000 0.9996 0.9953 0.9682 0.8734 0.6812 0.4382
85 1.0000 1.0000 1.0000 1.0000 1.0000 0.9997 0.9964 0.9729 0.8828 0.6898 0.4395
90 1.0000 1.0000 1.0000 1.0000 1.0000 0.9998 0.9973 0.9769 0.8914 0.6980 0.4408
95 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999 0.9979 0.9802 0.8993 0.7058 0.4420
100 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999 0.9984 0.9831 0.9066 0.7133 0.4432
105 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999 0.9988 0.9856 0.9133 0.7204 0.4442
110 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9991 0.9877 0.9194 0.7273 0.4452
115 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9993 0.9894 0.9251 0.7340 0.4462
120 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9995 0.9910 0.9304 0.7403 0.4471
125 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9996 0.9923 0.9353 0.7465 0.4480
130 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9997 0.9934 0.9398 0.7524 0.4488
135 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9998 0.9943 0.9439 0.7582 0.4496
140 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9998 0.9951 0.9478 0.7637 0.4503
145 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999 0.9958 0.9514 0.7691 0.4510
150 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999 0.9964 0.9547 0.7742 0.4517
155 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999 0.9969 0.9578 0.7793 0.4523
160 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999 0.9974 0.9607 0.7841 0.4530

Table 10: The p-value for Cp(0, 4) = 2, w = 1(0.1)2, a(= (µ− T )/σ) = 0.5, and n = 30(5)200
n w = 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
80 1.0000 1.0000 1.0000 1.0000 0.9995 0.9956 0.9773 0.9248 0.8226 0.6749 0.5066
85 1.0000 1.0000 1.0000 1.0000 0.9997 0.9966 0.9804 0.9308 0.8296 0.6796 0.5064
90 1.0000 1.0000 1.0000 1.0000 0.9998 0.9973 0.9830 0.9362 0.8363 0.6841 0.5062
95 1.0000 1.0000 1.0000 1.0000 0.9999 0.9979 0.9853 0.9412 0.8427 0.6885 0.5060
100 1.0000 1.0000 1.0000 1.0000 0.9999 0.9983 0.9872 0.9457 0.8487 0.6927 0.5059
105 1.0000 1.0000 1.0000 1.0000 0.9999 0.9987 0.9889 0.9498 0.8544 0.6968 0.5058
110 1.0000 1.0000 1.0000 1.0000 0.9999 0.9989 0.9904 0.9537 0.8599 0.7008 0.5056
115 1.0000 1.0000 1.0000 1.0000 1.0000 0.9992 0.9916 0.9572 0.8651 0.7047 0.5055
120 1.0000 1.0000 1.0000 1.0000 1.0000 0.9993 0.9927 0.9604 0.8700 0.7084 0.5054
125 1.0000 1.0000 1.0000 1.0000 1.0000 0.9995 0.9937 0.9633 0.8748 0.7121 0.5053
130 1.0000 1.0000 1.0000 1.0000 1.0000 0.9996 0.9945 0.9660 0.8793 0.7157 0.5052
135 1.0000 1.0000 1.0000 1.0000 1.0000 0.9997 0.9952 0.9685 0.8836 0.7192 0.5051
140 1.0000 1.0000 1.0000 1.0000 1.0000 0.9997 0.9958 0.9709 0.8878 0.7227 0.5050
145 1.0000 1.0000 1.0000 1.0000 1.0000 0.9998 0.9964 0.9730 0.8917 0.7260 0.5049
150 1.0000 1.0000 1.0000 1.0000 1.0000 0.9998 0.9968 0.9750 0.8955 0.7293 0.5048
155 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999 0.9972 0.9768 0.8992 0.7325 0.5047
160 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999 0.9976 0.9784 0.9027 0.7356 0.5047

4. Testing procedure and conclusion

As mentioned before, our goal is to provide a step-by-step testing procedure to determine whether the
process meets the capability requirement. Firstly, we determine the process capability value, c0, of Cp(u, v),
say, 1, 1.33, 1.67 or 2 etc., and the α-risk. Secondly, we calculate the value of the estimator w = C∗

p,n(u, v)
from the sample data. Thirdly, from the appropriate Table, we find the corresponding p-value based on w,
c0 and the sample size n. Finally, if the estimated of the p-value is less than or equal to α, then we conclude
that the process is capable; Otherwise, we do not have sufficient information to conclude that the process
meets the present capability requirement. We summarize this approach in the Table 13.

For example, assume that LSL = 1.7, USL = 2.3, with a target value of T = 2, Cp(0, 4) = c0 =
1.0, n = 120, α-risk = 0.025, x = 2.013, and σ∗ = 0.0728. Here we set a = â = 0.178571 and find
w = C∗

p,n(0, 4) = 1.293602, then we can find the corresponding p-value = 0.000427, and the critical value
c0.025 = 1.161771.

We can conclude that the process is “capable”, because p-value = 0.000427 < α-risk = 0.025 and
w = C∗

p,n(0, 4) = 1.293602 > c0.025 = 1.161771.
When a decision has been made about which index to use the result of the p-value is easy to apply to

conclude whether the process is capable or not. On the other hand, the numerical calculations are made
by use of the mathematic software, as IMSL, Maple etc.. We only have to integrate a function based on
the central X2 distribution and the normal distribution. Also, we may obtain the critical value cα for given
values α-risk and n. The process will be considered to be capable if C∗

p,n(u, v) > cα and non-capable if
C∗
p,n(u, v) 5 cα.
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Table 11: The critical value cα for various n and α, as µ = m = T , d = 3σ ∼ 6σ, (u, v) = (0, 4)

n\α 0.01 0.025 0.05 0.1
30 1.374927 1.296098 1.233659 1.167141

a = 0 40 1.312554 1.249051 1.198114 1.143204
f = e = 3 50 1.272809 1.218702 1.174943 1.127394
d = 3σ 60 1.244680 1.196937 1.158223 1.115778
u = 0 70 1.223540 1.180529 1.145494 1.106922
v = 4 80 1.206918 1.167621 1.135334 1.099845

90 1.193388 1.157001 1.127069 1.094021
100 1.182178 1.148180 1.120144 1.089168
30 1.833375 1.728087 1.644838 1.556149

a = 0 40 1.750071 1.665401 1.645012 1.524407
f = e = 4 50 1.697023 1.624884 1.566540 1.503155
d = 4σ 60 1.659527 1.595969 1.544259 1.487765
u = 0 70 1.631335 1.574080 1.527288 1.475947
v = 4 80 1.609184 1.556789 1.513815 1.466502

90 1.591209 1.542695 1.502788 1.458730
100 1.576255 1.530928 1.452188 1.452188
30 2.291823 2.160429 2.056357 1.945490

a = 0 40 2.187804 2.081961 1.997064 1.905547
f = e = 5 50 2.121375 2.031196 1.958263 1.879028
d = 5σ 60 2.074503 1.995051 1.930411 1.859790
u = 0 70 2.039261 1.967689 1.909196 1.845016
v = 4 80 2.011571 1.946074 1.892354 1.833210

90 1.989100 1.928456 1.878570 1.823494
100 1.970408 1.913746 1.867022 1.815316
30 2.750132 2.592463 2.467580 2.334541

a = 0 40 2.625313 2.498303 2.396429 2.286611
f = e = 6 50 2.545599 2.437386 2.349869 2.254789
d = 6σ 60 2.489353 2.394013 2.316447 2.231704
u = 0 70 2.447064 2.361179 2.290989 2.213975
v = 4 80 2.413837 2.335242 2.270779 2.199808

90 2.386872 2.314101 2.254239 2.188149
100 2.364442 2.296449 2.240382 2.178336
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Table 12: The critical value cα for various n and α, as m = T ,|µ− T | = 0.5σ, (u, v) = (0, 4)

n\α 0.01 0.025 0.05 0.1
30 1.595284 1.483903 1.393963 1.296487

a = 0.5 40 1.500480 1.408508 1.333551 1.251771
f = e = 3 50 1.438184 1.358537 1.293323 1.221911
d = 3σ 60 1.393424 1.322490 1.264242 1.200286
u = 0 70 1.359381 1.295012 1.242041 1.183749
v = 4 80 1.332435 1.273226 1.224417 1.170601

90 1.310463 1.255440 1.210012 1.159837
100 1.292130 1.240582 1.197965 1.150823
30 2.126991 1.978488 1.858571 1.728579

a = 0.5 40 2.000590 1.877964 1.778023 1.668987
f = e = 4 50 1.917530 1.811338 1.724388 1.629172
d = 4σ 60 1.857853 1.763276 1.685614 1.600341
u = 0 70 1.812463 1.726639 1.656013 1.578292
v = 4 80 1.776535 1.697593 1.632515 1.560762

90 1.747240 1.673878 1.613309 1.546410
100 1.722796 1.654068 1.597247 1.534392
30 2.658859 2.473222 2.323318 2.160855

a = 0.5 40 2.500850 2.347561 2.222629 2.086327
f = e = 5 50 2.397021 2.264274 2.155582 2.036559
d = 5σ 60 2.322420 2.204195 2.107112 2.000516
u = 0 70 2.265681 2.158396 2.070109 1.972954
v = 4 80 2.220769 2.122086 2.040736 1.951040

90 2.184148 2.092441 2.016727 1.933100
100 2.153592 2.067678 1.996649 1.918076
30 3.190567 2.967807 2.787926 2.592974

a = 0.5 40 3.000960 2.817016 2.667102 2.503543
f = e = 6 50 2.876367 2.717075 2.586646 2.443822
d = 6σ 60 2.786849 2.644981 2.528484 2.400571
u = 0 70 2.718762 2.590023 2.484081 2.367497
v = 4 80 2.664869 2.546453 2.448834 2.341201

90 2.620925 2.493978 2.408537 2.313012
100 2.562758 2.466466 2.385994 2.295922

Table 13: The procedure of the p-value for C∗
p,n(u, v)

Step p-value
1. Determine the value of c0 (set to 1, 1.33, 1.5, 1.67 or 2) and the α-risk (set to 0.01, 0.025, 0.05),

the chance of incorrectly accepting an incapable process as capable.
2. Calculate the estimator of Cp(u, v) from the sample, C∗

p,n(u, v).
3. (a). To obtain w.

(b). Calculate the value a = â = (x− T )/σ∗.
4. To find the corresponding p-value based on w, a, c0 and n.
5. If the p-value 5 α, we can conclude that the process is capable; Otherwise, we do not have enough

information to conclude that the process is capable.
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