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Relations for moments of generalized order statistics from
Marshall-Olkin extended Weibull distribution and its
characterization
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Abstract. Marshall-Olkin extended Weibull distribution was introduced by Marshall and Olkin (1997)
and extensively studied by Ghitany et al. (2005). In this article recurrence relations for single and product
moments of generalized order statistics (gos) for Marshall-Olkin extended Weibull distribution have been
driven. Moments of order statistics and k-upper records are discussed as special cases. Characterization
of Marshall-Olkin extended Weibull distribution through conditional expectation is also presented.

1. Introduction

Let X1, Xs,...,X, be a sequence of independent and identically distributed (iid) random variables (rv)
with absolutely continuous distribution function (df) F(x) and the probability density function (pdf) f(z),
r € (a,f). Let n €N, (n>2), k>1, m = (my,ma,...,m,_1) € R M, = Z;:Tlmj, 1<r<n-1
be the parameters such that v. = k+n—r+ M, > 1, forall r € {1,2,...,n — 1}. Then X (r,n,m, k) are
called generalized order statistics (gos) if their joint pdf is given by
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on the cone F71(0) <z <...<x, < F7I(1), where F(z) =1 — F(x).

Choosing the parameters appropriately, models such as ordinary order statistics (v, = n —i+ 1; i =
1,2,---,n,ie. my =mg =--my_1 =0, k=1), kY™ record values (vi =k, ie. mi =mg=--- =
mup—1 = —1, k € N), sequential order statistics (y; = (n — i + 1)ay; ag, a9, -+ ,a, > 0), order statistics
with non-integral sample size (y; = o — i+ 1, a > 0). Pfeifer’s record values (y; = B4; 81,082, ...,08n > 0)
and progressive type II censored order statistics (m; € Ny, k € N) are obtained (Kamps (1995), Kamps
and Cramer (2001)).

For ; # vy, i # j for all 4,5 € (1,2,...,n), the pdf of X(r,n,m, k) is given by Kamps and Cramer
(2001) in the following way
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The joint probability density function (pdf) of X (r,n,m,k) and X(s,n,m, k), 1 <r < s < nis given
as
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where a < x <y < 3 and
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It may be noted that for my =mo =--- =m # —1,
B (—1)r— ( r—1 )
) = o =i i ()
() (o — (1) ( s—r—1 ) A
a; " (s) = (m41)s—7"1(s—r—1)! s—1 (4)

Therefore (pdf) of X (r,n,m,k) given in (1) reduces to

Ftnmm@) = G [P@] " F@)al (Pla), )

and joint (pdf) of X (r,n,m, k) and X (s,n,m, k) given in (2) reduces to

fX(T,n,m,k:),X(s,n,m,k) (l‘, y) = (’l" )l(; - ) [ 7(‘T)]mf(x) g:r;l (F(I)) (6)
[l (F(y)) = b (F (@) HE@) 7 f(y), a<a<y<p
where

Cro1 ZH%‘ , Yi=k+(n—i)(m+1),

i=1
—;(1—@’”“ m# —1
ho(z) = m+1 ’
—log(1l —x) , m=—1

and g, () = hp(x) — hp(0), 2 € (0,1).
A random variable X is said to have the Marshall-Olkin extended Weibull distribution if its pdf is of the
form

A0 z0te—"
1= (1= A)e "]’

f(z) = x>0, A>0,0>0 (7)
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and corresponding df

2
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() i-d—ne] ° (8)
Now in view of (7) and (8), we get
_ 1;176 [
Fla) = —=[1=(1=Ne™ /(@) (9)
where F(z) =1 — F(z).
The relation (9) will be utilized to establish recurrence relations for moments of gos.
2. Single moments
Theorem 2.1. For the Marshall-Olkin extended Weibull distribution as given in (7) and n € N, m € R,
E>0,1<r<n,j=12...
B0 (ryn,m k)] = BX(r = Lni k)] = S B[X7(rin, i, )]
Tr
i1 =)« (=1 i—0(1-1) .
o ; T E[Xx7 (r,n,m, k). (10)
Proof. We have by Lemma 2.3 (Athar and Islam (2004))
B r _ )
E[E{X (r,n,m, k)}] — E[E{X(r —1,n,m,k)}] = Cr—z/ (@) ) ai(r)[F(2)]" du
« i=1
where £(z) is a Borel measurable function of x € («, ).
Then for £(z) = 27, j > 0,
: : B _
E[X(r,n,m, k)| — E[X7(r — 1,n,m, k)| = Cr_s j/ zd =t Zai(r) [F(x)]’y dx. (11)
« i=1
On using (9) in (11), we get
. 00 r
E[Xj(r, n,m, k)| — E[Xj(r - 1,n,m, k)] = HLCM / zi=f Zai(r) [F(:c)]%_l{l —(1- )\)e_xe}f(a:)dx
Tr 0 i=1
zcrfl -

Now writing expansion of e~  in the integrand of second part of (12), we have

E[X7(r,n,m, k)| — E[X?(r — 1,n,m, k)] = %% OOO 2770 Zai(r) [F(m)]%ﬂf(x) dx
" i=1
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which after simplification yields the (10). O
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Corollary 2.2. For miy =mo = ... =my,_1 = m # —1, the recurrence relation for single moments of gos
for Marshall-Olkin extended Weibull distribution is give as

. 1 © 1\l )
E[X7(r,n,m, k)| -E[X7 (r—1,n,m, k)] = ﬁE (X9 (r, n, m, k)]~ (197 Ny l.l) B[00 (0, m, k).
T s 1 °

=0
Proof. This can easily be deduced from (10) in view of the relations (3). O

Remark 2.3. Recurrence relation for single moments of order statistics (at m =0,k =1) is

; J i—0 J1=2) (=1 i—6(1-1)
E(X! )= E(X! — _F(X)Y) — E E(X] .
( r‘n) ( r—1: n) + 9(7?, —r4 1) ( rin ) G(TL —r4 1) i I ( rn )
Remark 2.4. Recurrence relation for single moments of k — th upper record (at m = —1) will be
G iA1=
E(X®PY = B(X} J g X (R)yJ N S B(X W) 00D,

=0

Remark 2.5. For 6 =1, we get recurrence relation for single moments of generalized order statistics from
Marshall-Olkin extended exponential distribution and at § = 1, X = 1, we get the relation for standard
exponential distribution.

3. Product moments

Theorem 3.1. For distribution as given in (7). Fiz a positive integer k and forn € N, m e R, 1 <r <
s<n,

E[X'(r,n,m, k)X (s,n,m, k)] — E[X"(r,n,m, k)X (s — 1,n,m, k)]

99 E[Xl(r,n,m,k)xf—"(s,mm,k)]
")/q

Z (ryn,m, k) XI 00D (g, n,m, k)|. (13)
T 1% '

Proof. We have from Lemma 3.2 (Athar and Islam (2004)) that
E[{X (r,n,m, k), X (s,n, 1, k)}] E[&{X (r,n,m, k), X (s — 1,n,m,k)}]

=C,- 2/ / al"( (?i )%Zaz IJ;((?)dydx.

1= T+1

If we let £(x,y) = 2'y?, then
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In view of (9), note that
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Therefore,
E[X"(r,n,m, k)X (s,n,m, k)] — E[X"(r,n,m, k)X’ (s — 1,n,m, k)

]
:‘75;81/ / iy 1 - (1- A ey}z ) ( ) Zl ;;((i))g,(y))dydx
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which after simplification leads to (13). O

Corollary 3.2. Formiy =mg = ... =my_1 = m # —1, the relation for product moment is given as
E[X'(r,n,m,k)X?(s,n,m, k)] = E[X'(r,n,m,k)X7(s—1,n,m,k)| + J E[X"(r,n,m, k) X7~ %(s,n,m, k)]
Vs
i(1— ) o= (—1)! 4 ;
—j(a ) ( l') E[Xz(r,n,m,k:)Xj_e(l_l)(s,n,m,k)]. (14)
oo v

Proof. Equation (14) can be reduced from (13) in view of (3) and (4) or by replacing m with m in (13). O

Remark 3.3. Recurrence relation for product moments of order statistics (at m =0,k =1) is

3 T ] 3 S K2
B(XH) = B 1) + o= 5y (B - nY- E podee-n).
=0

Remark 3.4. Recurrence relation for product moments of k — th record values will be

BICX9) (X)) = By KO,y ]+ [y (xp=o)-a-x 3 S ploryi(xegyioa-v]

0 1=0
Remark 3.5. At i =0, we obtain recurrence relation for single moments as given in (10).

Remark 3.6. At 6 =1, we get recurrence relation for product moments of generalized order statistics from
Marshall-Olkin extended exponential distribution.

4. Characterization

Let X(r,n,m,k), r =1,2,... be gos, then the conditional pdf of X(s,n,m,k) given X (r,n,m,k) = x,
1<r<s<n,in view of (5) and (6) is
Cs_1 _
S F m—"r+1 F _ F s—r—1rp ys—1
T F @I B (F) = A (F @) G )

Theorem 4.1. Let X be an absolutely continuous rv with df F(x) and pdf f(x) with F(x) < 1, for all
€ (0,00). Then for two consecutive values r andr+1,2<r+1<s<mn,

fs\r(y‘x) =

E[X%(s,n,m, k)| X(l,n,m, k) =z] = A(x)+ B, l=rr+1 (15)

where A(x) = log{exe — (1 =N} and B=log(1 =)+ 3>, % if and only if

F(x)zl_[l (i‘e Y=t z>0, A>0,0>0 (16)
— J— eflj
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Proof. We have for s > r +1,
s|r = E[XG(San7ma k)|X(T,TL,m,]€) :Z‘]

_ Cs— 1 > F(y)\r—1 (F(y))mtlqs—r=1 f(y)
- Croa(s— ; — ! (m+1)s—r—1 /x ye( F(z ) [1 B (F(x))mﬂ] F(z) dy. (17)

Ezgv which implies y? = [log(e®” — (1 — A)) + log (1 — A) — log u]. Thus, (17) becomes

el

Let u =

sl

B o 1
Folr = (s —r— D! (m+1)
Set u™t! =t to get

E[Xe(s,n,m, k)X (r,n,m, k) = x|

1
— / log(e® — (1 — A))+log (1 — A)—log u] w1 [1—u(m+D]s=r=1 gy,
0

¢ 1 Hj:T Vi ! e s—r—1
=log{e® — (1 =N} +1log(l—2A)— D) (sfrfl)!z;erl)S*T/o logt tm+t1 11 —t) dt
20 1 H;:r Vi Vs Vs Ir
= log{e™ — (1= A} +logll = 2) - (m+1) (s—r—1)!(+nlz+1)s‘7‘B(m+1’s_r) [w(m—kl) _w(m+1)}

where 9 (z) = % InT'(z) (Gradshteyn and Ryzhik (2007), pp. 540). Since ¢(z —n) —(z) = = > p_; %
(Gradshteyn and Ryzhik (2007), pp. 905), we have that

1
E[X?(s,n,m, k)| X (r,n,m, k) = 2] = log{e®” — (1 — \)} +1log(1 — \) + > —.
Z Vi
j=r+1
Hence (15).
To show (15) implies (16), we have ggj,41(x) — gs)r(x) = —,Y%H. Therefore in view of Theorem 2.1 of
Khan et al. (2006), we have
1 9;|T(x) Ox~1

Y Gojr+1(Z) = Gsjr(zy [T — (1 = A)e==]
which implies that

6

_ e T
F@) =g a0

and hence the result. [

x>0, A>0, >0,
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