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A note on characterization related to distributional properties of
random translation, contraction and dilation
of generalized order statistics
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Abstract. The Erlang-truncated exponential distribution has been characterized through translation
of two non-adjacent generalized order statistics (gos) and then the characterizing results are obtained for
Pareto distribution through dilation of generalized order statistics (gos) and power function distribution
through contraction of non-adjacent dual generalized order statistics (dgos). Further, the results are
deduced for order statistics and adjacent dual generalized order statistics and generalized order statistics.

1. Introduction

Kamps (1995) introduced the concept of generalized order statistics (gos) as follows: Let X1, X, «--,
X, be a sequence of independent and identically distributed (iid) random variables (rv) with the absolutely
continuous distribution function (df) F(z) and the probability density function (pdf) f(z), z € (a,b). Let
neN,n>2 k>0 m=(mi,me,- - ,my_1)€R", M, = Z;:: mj, such that v, = k+(n—r)+M,> 0
forall r € {1,2,--- ,n—1}. If my = my = --- = m,,_; = m, then X(r,n,m, k) is called the 7" m — gos
and its pdf is given as

r—1

ot w”{l—mxﬂ"‘“} f(z), a<z<b W

fX(nn,ch) (33) = ('I" — 1)' [F(Hf)] m+1
where

Vﬁn) =k+Mn-r)(m+1), 1<r<mn,
c™ = H%("), 1<r<n.
i=1

Based on the generalized order statistics (gos), Burkschat et al. (2003) introduced the concept of the dual
generalized order statistics (dgos) where the pdf of the r'* m — dgos X*(r,n,m, k) is given as

C(n)l

fX*(r,n,mk)(l‘) = ( r— ![F(x)}’ﬁ")*l {

1= [F(z)]"*
r—1)

r—1
1 ] f(z), a<x<b,
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which is obtained just by replacing F'(z) = 1 — F(z) by F(x). If support of the distribution F(z) be over
(a,b), then by convention, we will write X (0,n,m, k) = a and X*(0,n,m, k) = b.

Ahsanullah (2006) has characterized exponential distribution under random dilation for adjacent gos. In
this paper, distributional properties of the gos have been used to characterize Erlang-truncated exponential
distribution for non-adjacent gos under random translation, dilation and contraction, thus generalizing the
results of Ahsanullah (2006). One may also refer to Arnold et al. (2008), Beutner and Kamps (2008),
Nevzorov (2001), Navarro (2008), Oncel et al. (2005), Wesolowski and Ahsanullah (2004) and Castatio-
Martinez et al. (2012) for the related results.

It may be seen that if Y is a measurable function of X with the relation Y = h(X), then

Y(r,n,m, k) = h(X(r,n,m,k)) (2)
if h is an increasing function, and

Y*(r,n,m,k) = h(X*(r,n,m,k)) (3)
if b is a decreasing function, where X (r,n,m, k) is the 7" m — gos and X*(r,n,m, k) is the r** m — dgos.

We will denote
(i) X ~ Erlang — truncated exp(f(ay)) if X has an Erlang-truncated exponential distribution with the

daf

Fz) =[1—e P2 0 <2 <00, f>0,A>0,

where ay =1 — e~

(i) X ~ Par(B(cy)) if X has a Pareto distribution with the df
F(x) =1—27P) 1<2 <00, >0,A>0.
(ii1) X ~ pow(B(ay)) if X has a power function distribution with the df
F(z) =) 0<z <1, >0,A>0.
It may further be noted that if log X ~ Erlang — truncated exp(S(ay)), then
X ~ Par(B(an)), (4)
and if —log X ~ Erlang — truncated exp(5(ay)), then
X ~ pow(f(ax)) (5)

It has been assumed here throughout that the df is differentiable w.r.t. its argument.

2. Characterization results

Theorem 2.1. Let X(r,n,m, k) be the r'" m — gos from a sample with absolutely continuous df F(z) and
pdf f(x). Then for 1 <r < ng < ny, we have that

X(nl _n2+r_j7nl_jvmvk) é X(r7n27m,k)—|—X(n1 _n2_j7n17mak)v j:()v]-v

where X (ny — ng — j,ny,m, k) is independent of X (r,ns,m, k) if and only if the random variable (rv) X,
has Erlang-truncated exp(B(cy)) distribution and X LY denotes that X and Y have the same df .
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Proof. To prove the necessary part, let the moment generating function (mgf) of X (ny —ng +r,n1, m, k)
be Mx, .o (t), then

4 X(r,ng,m,k)+Y

X(ny —ng +r,ny,m, k)
implies
d

MX(nlan#»r,nl,m,k) (t) = MX(T,nQ,m,k) (t)MY(t)'

Since for the Erlang-truncated exp(8(«,)) distribution we have that

(ﬂz) t
cn) F((m+1) 5(ax)(M+1)) d t -1
M,y () = -1 7 TN H (1 - W> )
(r = stemmen + 1) A%
therefore
( r (n2)
ny)
My(t) _ MX(n17n2+r,n1,m,k)(t) o Onl —no—1 ((m+1) B(a;)(m—i—l) +T>
My, ty  (m+1)m—ne (n2)
X("‘"Q‘m‘k)( ) ( ) F((;Yn-i-l) - ,B(Oéx)(m-‘rl) + (n1 —ne +7‘))
as C’n?l)n2+r 1 — C(nl)cr(:l)nz 1, 77(“:1)112%»7“ — ’7(n2) and ’77(:17)”2 — 77(‘"2) _|_ r(m + ].)

But this is the mgf of X(ny —na,n1,m, k), the (n; — n2)* m — gos from a sample of size n; drawn

from Erlang-truncated exp(8(c)) and hence the result.
For the proof of sufficiency part, we have by the convolution method

Yy
fX(nl—n2+7",7L1,m,k) (y) = / fX(r,nz,m,k)(x)fY(y - :B) dx
0
(n1)
= Blax) Cn\Zny 1 /y[ Blax)(y— ar)]viﬁwng
(n1 —Ng — 1) (m—l—l)”l n2—1 0
> [1 _ (e ﬁ(ax)(y—ﬂf))m-‘rl}m—nz—le(T,n%m’k) (m)dm, (6)

1
as ’77(1?1)77,2 - ’y’lgrlll n2) 1

Differentiating both the sides of (6) w.r.t. y, we get

diny(nlfanrr,nl,m,k) (y) - (nl g — 1) (m+ 1)n1 no—1

n1)
d Blax)(ng —ng — 1)(m+1) nll o1 / Blax) o—Bloax)(y— g;)] Tt (1)

[1 _( Alax)ly— z))m+1]n1 2T QfX(T’I’Lz,m,]C)('/L‘) dx

(n1) (n1)
B B(O‘ )7711 —ng Cn1 —no—1 ﬂ a B(a,\)(y m)]’yiﬁl)w
(nl—ng—l) (m—l—l”l n2—1 >\

x[1 — (e—,ﬁ(ax)(y—x))m—kl]m—nz—le(T na k) (x) dx
Now since,

)

ng

/6( ) C’r(LZLl)ng 1 Blax)z ’y "1
fX(nlf’rLQ,’nl,m,k) (.’L‘) - (nl —ng — 1) (m + 1)n1 no—1 [e ] -

X[l _ (S*B(O‘A)I)m+1}n1*n272[1 o (efﬁ(a,\)m)m+1}
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Blay) C("l)

— ni—ny—1 [ fﬁ(ax)I]Vg
(n1 — Ng — 1)'(m + 1)"1_n2_1

l,)n2 [1 _ (efﬂ(ax)z)rm#l]

nl—n2—2

(n1)
ﬂ(a)\) Cnl—ng—l [e—ﬁ(ax)r]’Yf:lJnZ‘f‘(m‘f‘l)[1 _ (e—B(ak)m)m+1]"1*”272

(n1 —ng — DI(m + 1)rr—n2—1

implying that

(n1)
,6(0[,\) (nl — N2 — 1)(m + I)Cn1l—n2—1 [6—6(ax)x]7;qun2+(m+1)[1 _ (e—ﬂ(ax)x)m+1}nlin272

(n1 —ng — DI(m + 1)r1—n2—1

C«(nl)

ni—nz—1

T o)

ny—ng—2

fX(nl—ng—l,nl—l,m,k)(x) - (m + 1)(77,1 — N2 — 1)fX(n1—n2,n1,m,k)(x)

- (n) (n1) ((m=1) A : ) (m)
and after noting that C}, ", = v, C, 2 and grgy +(n1—n2—J47) = Gy Yty = Yny Snatrdg-
This leads to

d 1
@fX(nl—n2+r,n1,m,k)(y) = 6(05)\)7§n )[fX(nl—n2+r—1,n1—1,m,k)(y) - fX(n1—n2+r,n1,m,k)(y)]7

or

fX("l—nz-‘rT,nl,m,k) (y) = 5(00\)’7}”1)[FX(nl—n2+T—1,n1—1,m7k) (y) - FX(nl—nz-"—T,nhm,k) (y)] (7)

Now (Kamps, 1995)

Cr(Lnl—jzl)—&-r—Q
FX(nlfnngrfl,nlfl,m,k) (y) - FX(nlfnngT,nl,m,k) (y) = (nl “ne +r 711)!(2777, n 1)n17n2+r71
_ (n1) _ o —
X [F(y)] a1 = (F(y))m et (8)
Therefore, in view of (1), (7) and (8), we have that

fy

ﬁ = B(a)\)

F(y)

implying that
F(y) = e 0lexy
and hence the proof. O

Corollary 2.2. Let X(r,n,m,k) be the r*" m — gos from a sample with absolutely continuous df F(x) and
pdf f(x). Then for 1 <r < ns <mnj, we have that

X(nl —nNg +71 7‘7'377'1 7j7m7k) g X(T7n27m7k)X(nl — N2 7j7n17m7k)a ] = 07 13 (9)
where X (ny —ng — j,n1,m, k) is independent of X (r,ng, m, k) if and only if X1 has Par(8(«y)) distribution.

Proof. Here the product X (r, na, m, k)X (ny—n2—j,n1,m, k) in (9) is called random dilation of X (r, na, m, k)
(Beutner and Kamps, 2008). Note that

log X(ny — ng + r,ny,m, k) 4 log X (r,n9,m, k) + logX(ny —ng,nim, k)
implies
X(ny —ng +r,ny,m,k) 4 X(r,ng,m, k)X (n1 — na2,ny,m, k)

and the proof follows in view of (2) and (4). O
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Remark 2.3. At j =0 and S(a)) = «, we have

X(T + 1an1amak) i X<T7 ng,m,k)X(l,nl,m,k)
as obtained by Beutner and Kamps (2008).

Remark 2.4. Let X,., be the r*" order statistic from a sample with absolutely continuous df F(z) and
pdf f(x). Then for 1 < r < ng < ny, we have that

d .
X’I’L1—7’L2+7‘—j!n1—j = X'r:n2 . X’Vll—ng—jZTL]? J=0,1,

where X, _p,—jin, is independent of X,.,, if and only if the random variable (rv) X; has Par(8(ay))
distribution. .
At j =0 and fB(ay) = o, we have X, 1.0, = Xy, —1X1:m,, as given in Castano-Martinez et al. (2012).

This is of the form X, 4 Xy, V, again an unsolved problem (Arnold et al., 2008).

Corollary 2.5. Let X*(r,n,m,k) be the r'" m — dgos from a sample with absolutely continuous df F(x),
and pdf f(x). Then for 1 <r < ny < ny, we have that

X*(nl —’I'L2+7'—j,7’l1 _.jamvk) i X*(T7n27m7k)X*(n1 _n2_j7n17m7k)7 j:Oala (10)

where X*(ny —ng — j,n1, m, k) and is independent of X*(r,na, m, k) if and only if the random variable (rv)
X1 has pow(B(ay)) distribution.

Proof. Here the product X*(r,ng,m,k)X*(n1 —na — j,n1,m, k) in (10) is called random contraction of
X*(r,n2,m, k) (Beutner and Kamps, 2008). It may be noted that

—log X(ny — ng + r,ny,m, k) 4 log X (r,ng,m, k) —log X (n1 — na,ny,m, k)
implies

X*(ny —ng +r,ny,m, k) 4 X*(ryng,m, k) X*(n1 — na,nq, m, k)
and the result follows with an appeal to (3) and (5). O

Remark 2.6. Let X,., be the " order statistic from a sample with absolutely continuous df F(z) and
pdf f(z). Then for 1 <r < ny < np, we have that

d .
Xr:nlfj = Xr:n2 . Xn2+1:n17j7 J= 07]-7

where X, 1., —; is independent of X.,,,, if and only if the random variable (rv) X; has pow(8(ay)) distri-

bution. This is of the form X,.,, 4 Xy, W, which at r = 1 and B(a)) = a, reduces to Xi.,, 4 X1, W.
This is discussed by Arnold et al. (2008).
At j =0 and B(ay) = a, we have

d
Xr:nl = r:nl—Ian:nla

where Xp1.,1 ~ pow(ani) as given by Wesolowski and Ahsanullah (2004) and Castafio-Martinez et al.
(2012).

Theorem 2.7. Let X(r,n,m, k) be the r'" m — gos from a sample with absolutely continuous df F(x) and
pdf f(x). Then for 1 <r < ng <mny,

X(nl fn2+r—j,n1—j,m,k) g X(n17n2,n1,m,k)+X(7’,n2fj,m,k), j:0717

where X (r,ngs — j,m, k) is independent of X(ny — na,ny,m, k) if and only if the random variable (rv) Xy
has Erlang-truncated exp(B(cy)) distribution.
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Proof. To prove of the necessary part follows from Theorem 2.1. To prove the sufficiency part, we have

fX(n1 n2+rn1,mk) / fX (n1— nz,nl,mk)( )fY( —.’E) Xz

Blay) C"% Y e ()1 (72) )\ 115 —
- (T—l)!<m+11)7“—1/0 [6 B( ,\)(y )WT [17(6 (y )) +1] le(nl_n%nlvm»k)(x)dx' (11)

Differentiating both the sides of (11) w.r.t. y, we get

%fX(nlfnngr,nl,m,k)(y) _ ﬁ(a?i(rz)l()r(nm+—|—11r ?nz / Blax)[e —B(ax)(y— x)] 7{"2) 4 (m+1)
x[1— (e PN W=elymtr=2 fy g ok (@) d
Blan) 1w ¢ / Blay) e~ PN =)
o im 1y
X [1— (e PN aymt =l g ma) () daz

- B(Of)\)’)’r [fX(nl —nao+r—1,n1,m, k)( ) fX(nl—n2+r,n1,m,k)(y)]

or,

fX("l—nz-‘rT,’ﬂl,m,k) (y) = 5(00\)%(0712) [FX(nl—n2+7‘—1,n17m;’€) (y) - FX(nl—n2+T7n1,m7k) (y)] (12)
Now (Kamps, 1995)

o)
FX(nl—n2+T—1,n1,m,k) (y) - FX(nl—TLQ-i-T’,TLl,m,k') (y) = (nl — N + r _Tbll)il(zT-:lT+21)nl_n2+r_1
_ (n1) _
X[F(y)] " =nat[1 = (F(y))mHm—metr=L, (13)
Therefore, in view of (1), (12) and (14), we have

/)

= = Blax

Ay

implying that
F(y) = e Pleny
and the Theorem is proved. [

Corollary 2.8. Let X (r,n,m,k) be the r'" m — gos from a sample with absolutely continuous df F(z) and
pdf f(x). Then for 1 <r < ng <mng,

X(ny—ng+r—j,n,mk) 4 X(n1 —no,ny,m k)X (r,ne —j,m, k), 5=0,1,
where X (r,ng — j,m, k) is independent of X (ny —mna,ny,m, k) if and only if X1 has Par(8(«y)) distribution.
Proof. Consider

log X (nq1 —ng +7,n1,m, k) 4 log X (n1 — na,ni,m,k) + log X(r,na2,m,k)
implies

X(ny —ng +r,ny,m, k) £ X(ny —nag,ny,m, k)X (r,ng, m, k)

and the proof follows in view of (2) and (4). O
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Remark 2.9. Let X,.,, be the r*" order statistic from a sample with absolutely continuous the df F(z) and
pdf f(x). Then for 1 < r < ng < ny, we have that
d .
an—n2+r—j:n1 = an—TLQ:TLlXTZTLQ—j) J= Oala

where X,.,,_; is independent of X,,, _p,.n, if and only if the random variable (rv) X; has Par(8(a,))
distribution.

At j = n1—n9 and B(ay) = a, we have that X,,, .41,
as obtained by Castaflo-Martinez et al. (2012).

d . d
= anfngzanr:nga that is Xs:n1 = Xr:ansfr:nlfr

Corollary 2.10. Let X*(r,n,m, k) be the r'" m — dgos from a sample with absolutely continuous df F(z)
and pdf f(xz). Then for 1 <r <mns < ny,

X*(ny —ng+7 —jona,mk) £ X*(ny —ng,na,m k)X (r,na — j,m, k), j=0,1, (14)
where X*(r,ng — j,m, k) and is independent of X*(n1 — na,ny,m, k) if and only if X1 ~ pow(B(ay).
Proof. This can be shown by considering

—log X(ny —na +r,n1,m, k) 4 log X (nq — na,ni,m, k) —log X (r,ne, m, k)
implies

X*(ny —ng + r,ng,m, k) 4 X*(n1 — ng,ny, m, k) X*(r,ng, m, k)
and the result follows with an appeal to (3) and (5). O

Remark 2.11. Let X,., be the " order statistic from a sample with absolutely continuous the df F(z)
and pdf f(z). Then for 1 <r < ny < ny, we have that

d .
= Xn2+1:n1 . Xngfrfjjtlzngfjv ] = 0717

Xn277‘7j+1:’ﬂ1
where X, _r_jt1:n,—; is independent of X,,, 1.5, if and only if the random variable (rv) X; has pow(8(a))
distribution. . ;

At r =1 and B(ay) = a, this reduces Xp,—jin; = Xnyt1m Xni—jini—j OF Xping = Xrt1:ng Xy, Where
X ~ pow(ra) as obtained by Navarro (2008) and Castano-Martinez et al. (2012).
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