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Concomitants of generalized order statistics from
bivariate Lomax distribution

Nayabuddin

Abstract. In this paper probability density function (pdf) for rth, 1 < r < n and the joint (pdf) of rth
and sth, 1 < r < s < n, concomitants of generalized order statistics from bivariate Lomax distribution is
obtained. Also single and product moments are derived. Further the results are deduced for moments of
kth upper record values and order statistics. Also their means and product moments are tabulated.

1. Introduction

The Lomax distribution introduced and studied by Lomax (1954). He used this distribution to analyze
business failure data. Lomax distribution has been studied by several authors in literature. Balkema
and de Haan (1974) showed that the (df) of Lomax distribution arises as a limit distribution of residual
lifetime at great age. According to Arnold (1983), the Lomax distribution is well adapted for modeling
reliability problems. Nayak (1987) used multivariate Lomax distribution in reliability theory. Balakrishnan
and Ahsanullah (1994) derived the relations for single and product moments of record values from Lomax
distribution. The Lomax distribution is also known as the Pareto distribution of second kind.

In this paper, we consider the bivariate Lomax distribution (Sankaran and Nair, 1993) with probability
distribution function (pdf)

f(x,y) = arage(c+ 1) (1 + aqx + asy) "2 2y, ¢, 01, a0 > 0, (1)
and corresponding df

F(z,y) =1— (14+ o124+ aoy)™¢, x,y,¢,a1,a3 > 0.
The conditional pdf of Y given X is

as(c+1)(1 + az)eth)

= , y>0. 2
flylz) (1 + a1z + azy)©r?) Y (2)

The marginal pdf of X is
f@) = ot >0, 3)

(1 + oqa:)(c-i-l) » ¥
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and the marginal df of X is
Flz)=1—-(1+a1z)"¢ 2 >0. (4)

The concept of generalized order statistics (gos) was given by Kamps (1995). Several authors utilized the
concept of (gos) in their work for detailed survey one may refer to Khan et al. (2006), Ahsanullah and beg
(2006), Anwar et al. (2007), Beg and Ahsanullah (2008), Faizan and Athar (2008), Tavangar and Asadi
(2008), Khan et al. (2009), Tahmasebi and Behboodian (2012), Athar et al. (2012), Athar et al. (2013),
Athar and Nayabuddin (2013), Athar and Nayabuddin (2013), among others.

Letn€ N,n>2k>0,m=(my,ma,...,m,_1) €R"L M, = Zﬂ;rlmj, such that v, = k+n —r+
M, > 0 for all r € {1,2,...,n — 1}. Then X (r,n,m,k),r € {1,2,...,n} are called gos if their joint pdf is
given by

n—

( Hlvj) (ﬁ (1= Fe)]™ fw)) [1 = Flen)]" ™ f(@a) (5)
i=1

j=1

on the cone F71(0) <z; <2y < ... <z, < F71(1) of R™.

Choosing the parameters appropriately, models such as ordinary order statistics (y; = n —14i+ 1;i =
1,2,...,n, i.e. m; = mg = ... = mp_1 = 0,k = 1), kth record values (y; = k, i.e. m; = mg... =
mu—1 = —1,k € N), sequential order statistics (y; = (n — i+ 1)ay; a1, @a, ..., a, > 0), order statistics with
non-integral sample size (y; = (o — i + 1);a > 0), Pfeifers record values (v; = B8i;81,082,...,0, > 0) and
progressive type II censored order statistics (m; € Ng, k € N) are obtained (Kamps, 1995, 2001).

In view of (5) with m; =m;i=1,2,...,n— 1, the pdf of rth gos, X (r,n,m, k) is

Fx oy = (fr—f)![F(xn%—lf(wg:;lw(m)) (6)

and joint pdf of X(s,n,m,k) and X (r,n,m, k), 1 <r <s<mn,is

e P @l (@) e () = o (F@)

X[F) " fy), a<z <y <p, (7)

fX(T,s,mm,k) (Iy y)

where

Croy = [ =k +(—i)(m+1),
i=1
1

h(z) =4 m+1
—log(1 — z) , m=—1

1—z)™  m#£ -1

and
Im(2) = hm(z) — hn(0), 2 € (0,1).

Let (X;,Y;),i=1,2,...,n, be n pairs of independent random variables from some bivariate population
with distribution function F'(z,y). If we arrange the X variates in ascending order as X(1,n,m, k) <
X(2,n,m,k) <--- < X(n,n,m,k), then Y variates paired (not necessarily in ascending order) with these
generalized ordered statistics are called the concomitants of generalized order statistics and are denoted by
Yiinmk) Yemkls > Yinnm,k]- Lhe pdf of Y}, o 27, the rth concomitant of generalized order statistics
is given as

Ilrn,m.k] =/ Ty 1x WIZ) fx (rnmo) (2)dx (8)
—o0o
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and the joint pdf of Y, m k) and Yis p m i is

(o] i)
Gir,s,m,m k) (Y1, Y2) = / / fyix rlen) fyx (y2l22) fx (ros,nom k) (1, 22)d2zrdas. (9)
— 00 — 00

It is well known that the distribution function of order statistics are connected by the relations (David,
1981)

Ry = 3 0o () (M) Rt

i=n—r+1

where F,.,(x) is the df of rth order statistics.
Thus the pdf of rth concomitants of order statistics Y|, is

n

s = Y 0 (0 (M)t

t=n—r+1
and the kth moments of YJ,.,, is

n

W @) = D (—D”*”(;_i) (?)ufﬁ)ﬂ(y)- (10)

1=n—r+1

Here some important transformation and formulas are presented, which will be used in the subsequent
sections (Prudnikov et al., 1986; Srivastava and Karlsson, 1985)

_ =t
()\)_nfm,nfl,z?),...,A#O,il,i?,..., (11)
(1+2) “:i ”Zp (12)
p=0
(h4m) = 20 (13)

N
where (\),, = LO+m) N £0,-1,-2,...

N6
AA+ Dmn
()\+m+n):%, (14)
()‘)m-i-n
(MNman = (N)m(A +m)n. (15)
Important identities/result in hypergeometric function are
[ a b [e’e)
’ . (a)p(b)p (_Z)p
2F1 ;0 TR = Z (C) p| (16)
C p=0 p

is conditionally convergent for |z| = 1,z # —1 if —1 < Re(w) <0,

oIy ;1 :m, Re(c—a—0b)>0, ¢c#,0,-1,-2,..., (17)

/Ooxp—lgFl B P )pF(C)F(p)F(“_p)F(b_p), (18)
0

. T(@T ()T (e - p)
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if0<Rep<a, Reb; larg m| <m

o | (e (a2) (as) T(by)T(b2)T ()T (a1 — 5)T(az — 5)0(as — 5)
S P A = e S (T (as T (b — $IT(h ’ (19)
0 (b1), (ba) (a1)T(a2)I'(a3)l'(by — s)L'(by — 5)
if0<Re<s<Rea;; j=1,2,3
[N, 1, —m, 1, 2-b
F ool bammoy " 1 20
3kba ) T EN—D(a=-1) 2 ) (20)
| b, a-—-m, 3 2—b—N, 2—a
[N, 1, 1 (-1 N, m-1, 1
3y A = B 1 (21)
L Lom (N+1-1); m, 2—N—1
form=1,2,...,l=—-N,-N—-1,-N—1,...
For real positive k, ¢ and a positive integer b
: b
Z(—l)“( )B(a+ k, ¢) = B(k, c¢+b). (22)
a
a=0
Note that (Erdélyi et al., 1954)
o INQ) r
/ Mz —y)P e = (Fi)fi)li (#=2 0 < Rep < Re < A (23)
y
> Twl(p — By v
/ 2 Ya +x) M (x +y) Pdr = S TvTe) (p=v+p) y TRy ;14 (24)
0 F(‘U + p)a# i + p
if larga| < II, Rev > 0, |argy| < II, Rep > Re(v — p).
Note that (Srivastava and Karlsson, 1985)
= (ap);  (bg);  (ck) e ii e T 0 T () 27 -
lim;n 3 5 pouy - - Z_
(@) (Bm); (W); r=0s=0 1= 1( J)f’+ I (B Tz () ™
is known as Kampé de Fériet’s series.
Note that (Prudnikov et al., 1986)
|t ] S (@)k(02)k(op)k (2) 26
= 7 2 BB Go R 20
61 BQa "'aﬂq k=0 4

is known as generalized hypergeometric series.

2. Probability density function of Y[, »,m. k]

For the bivariate Lomax distribution as given in (1), using (2), (3), (4) and (6) in (8), the pdf of rth
concomitants of gos Y[r,n,m,k] is given as

asCr_c(c r—1 /OO o 1
9trimm.#1 (9) (r—D!(m+1)" ! Z ( ) o (1+aiz+ ay)t? (1 + ayz)ctr—i=1) (27)
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Let t = ajx, then the R.H.S. of (27) reduces to

r—1
asCr_y r—1 —(c+2) —c(yr—i—1)
= c(e+1) ( )/ (14+t+ agy) (14¢)=c ==Y dt. (28)
(r—D!(m+1 ; 0
Using relation (24) in (28), we get
Cr 1
rn,m = TC\C +1
Grnmti®) = 4 1 T AT gy +a2y e+ Z
r—1 1 (CA/rfi - )7 1
X ( i >(c+1)2F1 ;o Tay | . (29)

Tt (¥i +2)

We now prove that [ gj,,.m,x(y)dy = 1. We have,

[e%e) Cr 1 r—1 i r—1 1

=0

/oo as (C’Y'r‘ i )v ( )
x| — P P 30
c+1
o (14 agy)let) (yri +2)

Using relation (16) in (30), we get

_ aCracet ) '3 (r—l) (1)’ i(cw,i—c»(l)p(—l)p /°°( 1
0

(r—=1!(m + 1)7“71 i=0 ¢ Yr—i +1 p=0 (cyr—i +2)p P! 1+ agy)(eth)

Let t = 1 + agy, then R.H.S. of (31) becomes

__Crclet ) Nm (T L S @i = hWaCL T ey
<r71>!<m+1>r*1§( 1)< i )C%—H-lpz:% (Vi +2), P! /1 T — )t (32)

Now using relation (23) in (32), we get

Cra . (- 1)¢<7“—1> 1 Z(C’VH-—C)p(l)p(—l)pf(c—p).

T —Dl(m+1) ree 1) pre eyr—i +1 (cYr—i +2)pI'(c+1)

In view of (11), we have

p=0

r—1 (cyr—i — ©), 1, 1
Ch— -1 1

- =l ”c+1z (r‘ )_13F2 1. (33)

(r—=1im+1 = v )it (cYr_i +2), (1—¢)

Using relation (21) in (33), we get
i — 1
r— 1) (c’Vr 1 C>7

= r o Fy ;o1 . (34)

(r— 1) ! Z ( (1-c¢)

Now in view of (17) in (34), we have

/OOO Ylrn,m, k) () dy = (T_Sm i (1) (r ; 1)B(mi1 +(n—r)+1, 1) =1

in view of (22).
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3. Moment of Y[, n m,k

In view of (29), we have

E<}/[E°a73 m k]) = / yag[r,n,m,k] (y)dy
C,_ = . (r—1 1
= L —ele+1) (_1)1(’“ , )
(r—=1l(m+1) = i Jeyr—it1
x/°" SRR e ooy | d
0 Y (1 + agy)(etD > (i +2) ; 2 Yy
Cr_ = u(r-1) 1
= ! c(c+1)z(1y(7” , )
(r—D(m+1)" = i Joey—i+1

XZ (eYr—i— (1) /O°° ya((a?)(_o@y)p dy.

— (cvr—i +2)p! 1+ agy)lett)

Letting t = 1 4+ asy in (35) we have

oo

(052)“ (T - 1) (m + 1) i=0 Z ’Y’r 7 + 1 (C’eri + 2)])'

78

_ ! Croicle+1) - Z (7" - 1) (=1) Z (crr—i = )p(D)p(=1)" 715(0“)(1 — )Pt ge. (36)

In view of relation (23), (36), becomes

_ (02) Gy 1c<c+1>’“zl<r—_1> (U S (i = pW)pl-1) Te—a=pLp+1+a)

N (r—D(m+1)""" = cYr—i +1 = (cYr—i +2)pp! I(c+1)

Now on using (11) in (37), we get after simplification

_ a;acr 1C(C + 1) r—1 (T:l)(il)z F(C _ a)r(l 4 CL) (C'eri - C)7 17 (1 + Cl) 1
3472 )
(7" - ]‘) (m + ]') ’70 CYr—i + 1 F(C + 1) (C'Yr—i + 2)v (1 —c+ CL) J
After application of (20) in (38), we have
B cay “Cr_q (c —a)l(c—a)T(1+a) Pl (r — 1) 7 L, (=) o
r—Dlm+1)y" T(c+1) yn asa ’

Applying (17) in (39), we get

B (o;)“ (r— 1)5;1 ! o ?c))F 72_; (T ; 1) %1_(1
[

g “Cr_q I(c+1—a)l Pl

C(r=D!(m+1)" T'(c
which after application of (22), yields

+1

s

k+(n—r)(m+1)—2

E(y(a) ) _ 1 Cr_1 F(C +1-— a) F(l + a) F(m—ﬂb)
it (c2)" (m+1)" I(c) p(Em=L)
1 T(c+1—a)T(1+a) 1

(02)" cl'(e) [l (1= 25)

r—1 k a
B — o
. )S ( +(n—r)+i - ,

. (37)

. (38)

. (39)
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Remark 3.1. Set m =0, k = 1 in (40), to get moments of concomitants of order statistics from bivariate
Lomax distribution

(a) 1 n! Te+l-a)T(1l+a)l(n—r+1-29)
E< ) (a2)® (n—r)! cl'(e) F'n+1-19)

[r:n]

and at r = 1, we get

a 1 n  T(c+1—-a)T(1+a)
E<y[(1:)"]> - (a2)? (nc —a) I'(c) ' (42)

Further, in view of (10), (42) becomes

n

26 = 2 (0 O emamr - w

i=n—r+1

Remark 3.2. At m = —1 in (41), we get moment of concomitants of kth upper record value from bivariate
Lomax distribution

@ 1 T(c+1—a)D(14a) 1
E = ’
(y[r,n,—l,k}}) (O&Q)a CF(C) (1 — %)r

Here in Table 3, it may be noted that the well known property of order statistics Y. | E(X;.n,) = nE(X)
(David and Nagaraja, 2003) is satisfied.

4. Joint probability density function of Y[, n,m k] and Ys n m,k

For the bivariate Lomax distribution as given in (1), using (2), (3), (4) and (7) in (9), the joint pdf of
rth and sth concomitants of gos Y|, ;. im k) and Ys n m k) is given as

L Ceil(et 1) ik ing Zﬂ<r v(srv
g[r,s;ﬂ,m,k}](yhyQ) - (7’ — 1) (S o 1) m+ 1 s—2 Z Z _7

=0 j=0
x/m ! ! (@, y1)d (43)
x2, x
o (14 aqwo)c=—i—D (1 + ayza + agys)°t? 2§10z
where
*2 (651 1
I = — dzy. 44
(z2,01) /o (14 ayay)elmr+imdmt—c (1 + o214 agy; )°2 o (44)
Let t1 = (1 4+ ay21), then the R.H.S. of (44) reduces to
14+aixo tl
Hazy) =77 [ e ) Pan, (15)
1

where a =c¢(s—r+i—j)(m+1)—c, 8 = (c+2) and A = azy;. Now on using (12) in (45), and simplifying,
we get

I(w2,1) = ﬁz

p=0

(1)” 1
(—a+p+1)

(1 + ayag)~@7P7H) — 1]
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Table 1: Mean of the concomitant of order statistics

nir|la=1L,c=2|a=2,c=3|ay=3,c=4
111 1.0000 0.2500 0.1111
211 0.6667 0.2000 0.0952
2 1.3333 0.3000 0.1270
3|1 0.6000 0.1875 0.0909
2 0.8000 0.2250 0.1039
3 1.6000 0.3375 0.1385
411 0.5714 0.1818 0.0889
2 0.6857 0.2045 0.0969
3 0.9143 0.2455 0.1108
4 1.8286 0.3682 0.1478
511 0.5556 0.1786 0.0877
2 0.6349 0.1948 0.0936
3 0.7619 0.2192 0.1021
4 1.0159 0.2629 0.1166
5 2.0317 0.3945 0.1555
6|1 0.5454 0.1765 0.0870
2 0.6061 0.1890 0.0915
3 0.6926 0.2063 0.0976
4 0.8312 0.2320 0.1065
5 1.1082 0.2785 0.1217
6 2.2165 0.4177 0.1623
711 0.5385 0.1750 0.0864
2 0.5874 0.1853 0.0902
3 0.6527 0.1985 0.0949
4 0.7459 0.2166 0.1013
5 0.8950 0.2436 0.1105
6 1.1935 0.2924 0.1262
7 2.3870 0.4386 0.1683

Table 2: Mean of the concomitant of record statistics

a=1,¢c=2 k=1

ar=2,c=3, k=2

ar=3,c=4, k=3

—
o

© 00 O Uik W=

1.0000
2.0000
4.0000
8.0000
16.0000
32.0000
64.0000
128.0000
256.0000
512.0000

0.2000
0.2400
0.2880
0.3456
0.4147
0.4977
0.5972
0.7166
0.8599
1.0319

0.0909
0.0992
0.1081
0.1180
0.1287
0.1404
0.1532
0.1671
0.1823
0.1989

80
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Therefore, in view of (43), we have
A e+ 1)*(a1)(a2)*Con
(r—Ds—r—1)!(m+1)"2

() o Ee

=0 j=0

* a1+ aqwy) (0579 { —(a—p—1
X 1+oz a-p )—l]dx. 46
/0 (1+ iz + agye)ct? ( 122) ' (46)

9lr,s,n,m,k]| (y17y2) =

Letting t2 = (1 + a122) in (46), and using relation (12), we get

- 2(C+1)2( )205 L r—1s—r—1 i r—1 s 1
g[r,s,n,m,k](yhyZ) = (7”'—]_) (s—r—]_) (m+1)5 QZ 2 ( ].) ( X >( X >

=0 j
— (B)i(—3) 1
BZ -3) l; T -0 0@ —0—atitp 7

where § = apys and 0 = cy,—; —c.
Set d=1—60and g =2—60 — « in (47), to get

B c2(c+1)2(a2) PP RrcF el iy b (1) (o1 — (8)p(=3)" = Bhul=3)
- S e v ()T ) S v & o @

(r=D!(s = (m+1)" "5 7=

After substituting the value of A and ¢ in (48), we get

_ e+ 1)*(a2)"Csa = QTZES = z+J(7“—1) <S_f_1>(a2y2)—ﬂ(a2y1)—ﬁ

(r—l)(s—r—l) = = j
& w)z(a;;)l > <5>p<o;;1 i
=Nl S (g+p+ip! (49)

Using relation (13) and (14) in (49), it becomes

B 02( )QCS X rzf:lsfrfl Z+J<T_1) (s—T—1>1
(r—=1D!(s—r—1D(m+1)°7 i j dg

i=0 j=
( p+l ) (d)l(ﬁ)p (a;11 )p (0;12 )l
(azyl (a2y2)? gpzo (g+Dpy (d+1) ;! l?? '
Therefore
B 02(C+1)20 r—1s—r—1 B iJrj(T_l) (8—7"_1>1
lr,s,n,m,k] (ylvyZ) = (r — ]_)'(s L 1) (m n 1)5 3 o ( ].) i j dg
(@) (02) puao| W@ )
(O‘le)ﬁ (042?%2)’8 121 (g + 1), (d—|— 1)’ ’ agy2’ syl

where F112110[ ] is as defined in (25).
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We now prove that [ [0 gjr.s.nmk (Y1, y2)dy1dys = 1. We have

/ / 9lr,s,n,m,k] y17y2 dyldy2 = A/ /
(a2y1)? 04292

. (9); B (d); (B) L
X F90 ' Gy’ cam dy1dys
(g+1); (d+1);

where
A= Ale+1)2Coy == (= 1)+ (r - 1) <S —r— 1) 1
(r—1Dl(s—r—Dlm+1)"2& ¢ ; j g
Then,
- ,dd:A//Mﬂ
/0 /0 Iir.s.m.m.k) (Y15 Y2)dy1dys o Jo (coy1)? (agy2)?
Ly ()

0o o0 (g)l p (ﬁ)l(d)l(/@)p(agyl Otzyz)
XZZ(9+1+)l+p (d+ 1) P! o dyidy. (51)

p=01=0

On applying (15) in (51), we can write

[eS) =1 \! ) ) -1 \p
(az) /B (ou2) (c2) (9+Dp(B) o)
_ A/ 2Y2 / P P 2Y1 d dus. 59
(a2y2)? lz: (9 + 1l 1)1 I! { o (o2y1)? 1,2:(:) (g+1+1), p! y1} v (52)
Now using relation (26) in (52), we have
i )1(B)i( l i (B (g+1)
= A/ 0‘2'"’2 / ; dyidys. (53)
ﬁ 0421/1
(2y2) . g+1ld+1 ) (aoyy )P (g+1+1)
Now letting {1 = - in (53), to get
i =1yl oo B (g+1)
= A/ 042y2 Z MO (a%ﬁ) / Y ;0 —t1 | dtidys.
(a2y2)? —0 9+1ld+1) I! 0 (g+141)
Now in view of relation (18), we have
[e'S) =1\
as @iB)i(dh (a53) (g+10)
= A/ 2 dysa. o4
amﬂlz G+id+ D I B-Dig+i+i-p" 54
Further, using relation (13) in (54), to get
gA % () (g B+ DB (o)
= cob2” g 55
(9—5+1)/o Oé2y25lzg Brond+1 0 (%)
Now using relation (26) in (55), we have
o0 +1-=7); ;oo
B gA (ar2) (g B) (B8) () 1
B ( - 6 + 1) (0& )’83F2 ’ Q2Y2 dyQ' (56)
! oo (9+2-6); (d+1)
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Set to = W in (56), to get
" 5 o (g+1=8): (B): ()
== (—g/‘ﬁ/ (tg)(ﬁ 1) 13F2 , —tQ dtz (57)
g 0 (g+2-05); (d+1)
Now on using relation (19) in (57), we have
Agd
: (58)

T D228 1B
Now after putting the value of g, d, 8, A in (58), we get

B Cs ) r—1s—r—1 z+j (7-1> <57’1) [mi_i_lﬁ—(n_s)_f_]]—l

(r=1s —r =1 (m+1)° i j [E +(n—7) +1]

Pﬁ

=0 4=0

Therefore,
1

S Co_q . s—r—l
T,8,1,M ’ dy1dys = 3
/0 /0 lr,s,m,m.k) (Y1, Y2)dy1dyo r— D5 —r— Dl(m + 1) Zz;( )

stl lﬂ( 1>B(mi1+(nr+i), 1>B<mi+1+(nfs+j), 1):1.

in view of (22).

5. Product moments of two concomitants Y, n,m,k] and Yis n, m,k

The product moments of two concomitants Y|, ,, s ) and Y n m k) is given by

b oo o0 u
E(ﬁi’?r)z,m,k]yy[i,i,m,k]) :/0 /0 ylyg 9r,s,n,m,k] (ylayQ)dyldyQ- (59)
In view of (50) and (59), we have
(a) (b) _
(Yr[r n,m k]i/is n,m,k]) -
y (@2) yn | N O
= A/ / 2 Fi5! ; — o dy1dys.
g~ 1251 ’ gy’ azy
(a2y1)? (a2y2) (g+ 1); (d+1); 2o e
oo oo -1 =1\
d)1(8)p ()" (a )
—A/ / l+p )l( p \a2y1 2?}2 dud 60
y1y2 (c2y1)? (Qay2)? ;ZZ: (9+Digp  (d+1) p! e (60)

On applying (15) in (60), we have

—1

_af wm@mV * L (a) X (Bl 0, ()"
_A/O ) ﬁz 9+1 +1h {/0 . (%m)ﬁz (G+1+D, ! o - (61)

p=0
Using relation (26) in (6), we have
[T (e (o) (Bl ()’
_A/o yb(%yzﬁz (g+1(d+1) I
- B o+
X/ yil(a(2))5 oI ; azyu ] dy1dys. (62)
0 24 (g+1+1)




Nayabuddin / ProbStat Forum, Volume 06, October 2013, Pages 7588

Setting t; = —— in (62), to get

2Y1

_ A / i d>l (a2y2
(a2)ﬂ 0 Oégyg 5 g—|— 1 l )l l!

=0

(8); (9+10)
X/ t(B_a_l)_lgFl ;o —t1 | dt1dys.
0 (g+1+4+1)

On using relation (18) in (63), we have

A (g+DT(B—a—-1)T(a+1) as) d)l (57:)"
(o) TB)g+1+1-pB+a) /0 a2y2ﬁlz g+1 I
Now in view of relation (13) and (26), we have
_ A g '(—a—1(a+1) /Ooyb (ag)
() (g+1—-B+a) I'(B) o 2 (ays)?
(d); (g+1-B+a) (B)
x3Fy L
(d+1); (9g+2—-pF+a)
Let ty = W in (64), we have
_ 4 g TBoa_llatl) [~ g
(a2)* (g +1-p+a) L(B) o
(d); (9+1-B+a) (B)
X3y ; —t2 |dta
(d+1); (9g+2—-pF+a)
Using relation (19) in (65), to get
A TB-a-DI(a+1)T(B—b—1I(b+1) dg
 (ag)ath L(8) L(8) (d=B+b+1)(g—20+a+b+2)
Now putting the value of A, d, g and 8 in (66), we have
(a) (b) o 1 2(C+ 1)205_1 F(C*CLJr 1)I‘(a+ 1)
(Y i ionmr) = (@) = Dls—r—Dlm+ 12 T(ct2)
Tle—b+1)I(b+1) = = H-(rl)(srl)
X Tlc+2) 2o 2 (=1 . ;
y 1 1
[clk+(n—s+)(m+1)}=b] [c{k+n—r+i)(m+1)}—a—1
B 1 (c+1)2Cs_1 F(c—a+1T(a+1)
@ I oD Dl 1 T(e+2)

r—1

7 m+1

y Plc—b+1I'(b+ )Z(_l)i(r_-l)3< k +(n—7°+i)—a++b1)7

I(c+2) P

x ]z:% (1)j<$;1>3(mil+( s+j)c(nf+1), 1).

c(m

84

(64)

(65)
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In view of relation (22), we get

B 1 (c+1)2Cs_1 Fc—a+1)I'(a+1)T(c—b+1)I(b+1)
()@ (r = D)l(s —r —1)(m +1)5-2 T(c+2) T(c+2)
k a+b k b
><B(m—|—1 +n-r) - c(m+1)’ T)B(m—i—l +n-s) - c(m+1)’ s—r),

which after simplification yields

E.(Y(a) v ® ) - 1 Cs-1 T(c—a+1)T(a+1)T(c—b+1I'(b+1)
[r,n,m,k] " [s,n,m,k] ] (a2)(a+b) (m+ 1)572 F(C—|— ]_) F(C—i— 1)

k a+b k b
I + (0= 7) — gmsn) N + (0~ 8) — Gm)

k b k b :
F((m+1) +n— c(?n++l)) F((m+ y (n—r)— m)
(a) (b) _ 1 T—a+1)I(e+1)T(c-b+1)T(b+1)
FElY; Y, =
( [r,n,m, k]~ [s,n,m k]) (()42)(&+b) F(C + 1) F(C + 1)
1

Mo (-2 a2 (68)

Remark 5.1. Set m =0, k = 1 in (67), to get product moments of concomitants of order statistics from
bivariate Lomax distribution

E(Y(a) Y(b)

[rn] * [sin]

 Crsm T(c—a+DI'(a+1)T(c—b+1I(b+1)
)  (ag)leth) I'(c) I'(c)

T

—1s—r—1
" (1)”].(7“—.1)(5—7?—1) 1. .1 .
pr it i J [sc —nc—jc—c+b][rc —nc—ic—c+a+Db

<

E(Y(“) v ) 1 n! T(c—a+1I(a+1)T(c—b+1)I(b+1)
[rin] ¥ [s:n] (a2)(@t0) (0 — s)! L(c+1) I(c+1)
Fn—r+1-“)T(n—s+1-2)
X .
T(n+1—%2) Tn—r41-2)

Remark 5.2. If m = —1, in (68), then we get product moment of concomitants of kth upper record value
from bivariate Lomax distribution as

E(Y(a) Y(b) 1 F(C— a+ 1)F(a—|— 1) F(C— b+ 1)F(b+ 1) 1

[r,n,—1,k] [s,n,—l,k]> - (aQ)(a—i-b) T'(c+1) T(c+1) (1-— acizb)r(l _ %)(s—r).
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Table 3: Product moments between the concomitants of order statistics:

as =1 c=3

n|s\r 1 2 3 4 5
1 1 -0.0821
2 1 0.1231

2 -0.0615 -0.1231
3 1 ]-0.0633

2 0.1266  0.1582

3 -0.0633 -0.0791 -0.1582
4 1 0.5317

2 0.3323  0.3798

3 0.1329  0.1519  0.1899

4 |-0.0665 -0.0759 -0.0949 -0.1898
5 1 0.7669

2 0.5577  0.6135

3 0.3486  0.3834  0.4382

4 0.1394 0.1534 0.1753  0.2191

5 |-0.0697 -0.0767 -0.0876 -0.1096 -0.2191

Table 4: Product moments between the concomitants of order statistics:

g = 2 c=4

n|s\r 1 2 3 4 5
1 1 -0.0064
2 1 0.0170

2 -0.0057  -0.0085
3 1 0.0408

2 0.0175  0.0204

3 -0.0058 -0.0068 -0.0102
4 1 0.0666

2 0.0424  0.0466

3 0.0182  0.0199  0.0233

4 -0.0061 -0.0067 0.0078 -0.0117
5 1 0.0942

2 0.0691  0.0740

3 0.0439 0.0471  0.0518

4 0.0188  0.0202 0.0222  0.0259

) -0.0063 -0.0067 -0.0074 -0.0086 -0.0129
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Table 5: Product moments between the concomitants of order statistics:

ay =3 c=5

n|s\r 1 2 3 4 5
1 1 -0.0013
2 1 0.0048

2 |-0.0012 -0.0016
3 1 0.0110

2 0.0049  0.0055

3 -0.0012 -0.0014 -0.0018
4 1 0.0177

2 0.0114  0.0122

3 0.0050  0.0054  0.0061

4 |-0.0013 -0.0014 -0.0015 -0.0020
5 1 0.0246

2 0.0182  0.0192

3 0.0117  0.0123  0.0133

4 0.0052  0.0055 0.0059  0.0066

5 |-0.0013 -0.0014 -0.0015 -0.0017 -0.0022

Table 6: Product moments between the concomitants of record statistics:

s|rla=1,c=3|ay=2,c=4|ay=3,c=5
111 0.3333 0.0313 0.0074
2|1 0.5000 0.0417 0.0093
2 1.0000 0.0625 0.0123
3|1 0.7500 0.0555 0.0116
2 1.5000 0.0833 0.0154
3 3.0000 0.1250 0.0206
411 1.1250 0.0741 0.0145
2 2.2500 0.1111 0.0193
3 4.5000 0.1667 0.0257
4 9.0000 0.2500 0.0343
5|1 1.6875 0.0988 0.0181
2 3.3750 0.1481 0.0241
3 6.7500 0.2222 0.0322
4 13.5000 0.3333 0.0429
5 27.0000 0.5000 0.0572
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