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Recurrence relations for marginal and joint moment generating
functions of upper k-record values from Gompertz distribution

Jagdish Saran, Taruna Kumari

Department of Statistics, University of Delhi, Delhi 110007, India

Abstract. In this paper the recurrence relations for marginal and joint moment generating functions
of upper record values as well as upper k-record values from Gompertz distribution have been obtained.

1. Introduction

A random variable X is said to have the Gompertz distribution if its probability density function is given
by

f(m)zﬁe'“exp(—g(eax—l)), z>0,aa>0,8>0, (1)

and the cumulative distribution function is given by

F(:c)zl—exp(—i(ew—l))7 x> 0. 2)

The Gompertz distribution in (1) was introduced by Gompertz (1825). This distribution is applicable
as a model for surviving distributions which has an increasing hazard rate for the life of the creatures
and systems. Prentice and El-Shaarawi (1973) have used this model in their studies, Elandt-Johnson and
Johnson (1980) have shown that this distribution is widely used in actuarial works.

It is easy to see from (1) and (2) that for the Gompertz distribution

f(@) =6+ o{=In(l = F(x))}][1 - F(z)]. (3)

Suppose {X,,,n > 1} is an infinite sequence of independent, identically distributed (i.i.d.) random variables
with common cumulative distribution function (c.d.f.) F(z) and probability density function (p.d.f.) f(z).
Let us assume that F is continuous so that ties are not possible. Let Y,, = max{X;, Xo,..., X,,},n=1,2,...
We say X is an upper record value of this sequence if Y; > Y;_1, 7 > 2. The indices at which the upper
record values occur are given by the upper record times {U(n),n > 1}, where

Then Xy (,,) and U(n) are the sequences of upper record values and upper record times, respectively.
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Similarly, for a fixed k > 1, we define the sequence {U(n : k),n > 1} of upper k-record times of
{Xn,n > 1} as follows

U1:k)=
U(TL +1: k) = mln{] > U(n : k) : Xj:j+k:71 > XU(n:k):U(n:k)+k—l}a

where Xj., denotes the jth order statistic of a sample (X1, Xs,...,X,), (cf. Kamps (1995a,b)). Then
Xu(n:ky and U(n : k) are called the sequences of upper k-record values and upper k-record times, respectively.

For k=1andn=1,2,..., we write U(n : 1) = U(n) and Xyn.1) = Xum)-

Chandler (1952) introduced record values and record value times. Properties of record values of i.i.d.
random variables have been extensively studied in the literature. Various developments on records and
related topics have been reviewed by a number of authors including Glick (1978), Nevzorov (1987), Resnick
(1987), Nagaraja (1988), Ahsanullah (1988, 1995), Arnold and Balakrishnan (1989), Arnold et al. (1992,
1998) and Ahsanullah and Nevzorov (2001).

In this paper, we establish some recurrence relations for marginal and joint moment generating functions
of upper k-record values from the Gompertz distribution. The corresponding results for upper record values
(k = 1) have also been deduced as special cases. Similar work has been done for the power function and
Gumbel distributions by Ragab and Ahsanullah (2000) and Ahsanullah and Raqab (1999), respectively.

For convenience, let us denote the marginal moment generating function of Xy (n:k) by My (nu)(t) and

its rth derivative with respect to t by Mg()n:k)(t). Similarly, let My (m nk(t1,t2) and M[(f(;) nek) (t1,t2)

denote the joint moment generating function of X/ () and Xy (p.x) and its (7, s)-th partial derivative with

respect to t; and ta, respectively. Also, for k = 1, we write My (,.1)(t) = My ) (t), M[(]T()ml)(t) = M[(f()n) (t),
My (mom:1)(t1,t2) = My(mon) (t, t2) and M((Jrffyin;l)(th ta) = M((Jr(’iin)(th ta).

2. Relations for marginal moment generating functions of upper k-record values

The p.d.f. of upper k-record values Xy (,.x), 7 > 1, as given by Dziubdziela and Kopocinski (1976) is as
follows (for k > 1):

kn

m{—ln(l —F(@)}" 1= F@)]* ' f(z), —oo0 <z < oc. (4)

fU(nk)(x) =
Theorem 2.1. Forn>2,r=0,1,2,..., and o, 8 > 0,

(r+1) _ D 1 (r-+1) () (r-+1) (r-+1)
MG Dy (8) = MG (04 - (MG ()4 (DM, 3o () = BR{MEE (1) = MG, (0} (5)

: d™ My (
where MI(;()n:k)(t) = %Iv)() and M[(]O()n:k) = My (n:)(t), provided the marginal moment generating

function ezists.

Proof. Forn >2,r=0,1,2,..., we have from (4)

Moy () = gy [ e[t = F@)" 1 = P f(a)da,

On using (3), we have

My k) (t) = (nkiﬁl)!/e“”[— In(1 — F(x))]" " '[1 = F(z)]*dz + (nkioi)! /e“”[— In(1 — F(z))]"[l — F(2)]"dz
0 0

= kﬂIn—l,k +n05[n,k7 (6)
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where

A e
Inkzi

n! Jo

e®[—1n(1 — F(z))]"[1 — F(x)]*dx.

Integrating by parts treating e*® for integration and rest of the integrand for differentiation, we get

n+1 e e}
A / e[~ In(1 — F()]"([1 - F(x)]F" f(x)de

nlt
- | e - - R s .
Similarly,
sk = o [ eI = P - ) (o)
- [ e = P - P e 5

By using (7) and (8) in (6), we get

tMU(n:k) (t) = kﬁ |:MU(nk) (t) - MU(nfl:k:) (t):| + no |:MU(n+1:k) (t) - MU(n:k) (t):| . (9)
Differentiating (9), (r 4+ 1) times with respect to ¢, we get

EMG R () + Ok DM () = KB [ME(0) = MG, ()] + ma MG () = MG )]

which, when rewritten, yields (5). O

Remark 2.2. The recurrence relation in Theorem 4 can be used in a simple recursive process to obtain all
the marginal moment generating functions of all upper k-record values. By putting ¢ = 0 in (5), we deduce
the recurrence relation for single moments of upper k-record values from Gompertz distribution as given
below:

T T 1 T r T
a0 =t + L[4 val) - pr{alt) —alH)] w22, (w0)

where a(T_L = E(X{}(n k)) denotes the rth moment of nth upper k-record value. Also, for k = 1, we write

ozELT )1 =a). It may be noted that the relation (10) for £ = 1 verifies a result obtained by Khan and Zia
(2009) for single moments of upper record values from Gompertz distribution.

Now, applying the relation (5) recursively in itself, one can easily establish some simple recurrence
relations as given in the following two corollaries:

Corollary 2.3. Forn>2,1<m<nandr=20,1,2,...,
r+1 r+1 r+1 r+1 r+1
M, () = MTED (@ +Z L[S O+ e DM (- BE{ MG (0 - MS 0 0}] ()

Corollary 2.4. Forn>2,r=0,1,2,

(r+1) _(r+ 1)(7'+1) 2 © (r+1) (@)
MU(nJrl:k)( ) - (n)(r+1)ar+1 U(n r: lc + Z (z+1 aerl

. {(nfz)ath}M(rfjk))()fﬂk{M[(f(lel%() My ;Lk)(t)}] (12)
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Remark 2.5. By putting ¢ = 0 in (11) and (12), we get the simple relations for the single moments of
upper k-record values as follows.
Forn>21<m<nandr=0,1,2,...,

r+1 r+1 T r+1 r+1
O‘gz-s-l:;c* ( )"‘Z {7”"‘1 () 5l<;{ = z('—l;k)}]

and forn >2,r=0,1,2,...,

DN+ & (@) .
r+1 T + 1 (r+1—1) (r4+1—1) r+1—1
aiz«kl:;v = (r+1)a7~+1 Z (H‘l)al-‘rl ' |:{(n - l)a}an ik ﬂk{ A ik - agfifl:z}} .

3. Relations for joint moment generating functions of upper k-record values

The joint density function of X (m.x) and Xy (n), 1 <m < n, n > 2, as discussed by Shy et al. (2010)
is given by (for k& > 1):
k.n
m—1l(n—m—1)!

fU(m:kLU(n:k:) (xvy) = ( [_ hl(l - F(x))]mil[l - F(y)]kil

“[=In(1 - F(y)) +In(1 — F(x))]”mlm, —00 <z <y < oo. (13)

Theorem 3.1. Form>1,r,s=0,1,2,..., and o, 8 > 0,

(r+1,s) (r+s+1)
M (1. k)(tlat ) = mot [maMU(m—i-l:k)(tl +t2) + Bk
{M(r(;s:)l)(tl o) = MG (t17t2)} (r+ MG k)(tl,t2)}, (14)

and, forl<m<n-2,r,s=0,1,2,..., and a, 8 > 0,

M(T+1 S) (tl,tQ)

(r+1,s) —
M (ti,t2) = o+t [ U(m-+1,n:k)

U(m,n:k)
(r+1,s r+1,s T8
BRI (trata) = MUGE) (st f = (DM (ta), (15)
provided the joint moment generating function exists.

Proof. Using (13), we can write

MU(m,n:k)(tlatQ) = (m _ 1)'(in_ m — 1)' /Z 6t2y[1 - F(y)]kflf(y)f(y)dy, (16)

where

I(y) = [ e n(1 — F@)]" = In(1 — F(y) + In(1 — Pt 4@ g
On using (3), we have

I(y) = B/Oy e*[—In(1 — F(gc))]m—l[— In(1 - F(y)) +In(1 — F(I))]n_m_ldx

+a / e[~ In(1 — F(2))]" [~ In(1 - F(y)) + In(1 — F(@))]"™ 'dz

= 6Qm,n + an+1,n+17 (17)
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where

y

Q= [ =1 = F@)™ [ In(1 = F(y) + In(1 — F(a))]" " da.
0

Integrating Q. », by parts treating e*'* for integration and rest of the integrand for differentiation, we get

f(x)
[1— F(x)]

Q= B [Tt ot = P I - F) + (1 = P
1 0

dxr

S e - P - o) + - R L s

Similarly,

Qmitnt1 = M /y e"?[—In(1 — F(z))]™ - [-1n(1 — F(y)) +In(1 — F(x))}"’m”ﬂda@

t 0 [1—F(z)]
m Y s a1 - B [~ In(1 — F(y)) + In(1 — Pt L& g, (19)

i Jo [1 - F(2)]

By using (18) and (19) in (17), and then (17) in (16), we get

LMy (m ek (t1, t2) = Bk [MU(m,n—l:k) (t1, t2 My (m—1,n—1:1) (1, 752)]+ma |:MU(m+1,n:k) (t1, t2 =My (m k) (t1, tz)} .

Differentiating the above relation, (r 4+ 1) times with respect to ¢; and then s times with respect to to, we
get

r+1,s TS r+1,s r+1,s
th((J(Jrrn,n:)k) (tl’ t2) + (’I“ + 1)M((](m),n:k:) (tl’ t2) :ﬁk |:M((J(:rn,n)—1:k) (tl’ t2) _M((J(:rn—l),n—lzk) (tl’ tQ)}
r4+1,s r+1,s
+ma M[(J(erl),n:k:) (tl’ tg) _Ml(J(m,n)k) (tl’ t2):| . (20)

Upon rewriting (20), we will get the relation in (15).
Proceeding in a similar manner for the case n = m + 1, the recurrence relation given in (14) can easily
be established. [0

Theorem 3.2. Form >1,r,s=0,1,2,..., and a, 5 > 0,

r,s+1 r,s+1 7,8
QM) oyt t2) = [t = BB+ Q] Myt (b t) 4 (s + DM L (t )
FRBMGEED (1 4 1) + ma [M(U’“(;"’L{L)(tl ) = MU tQ)] , (21)
and, forl<m<n-2,r,s=0,1,2,..., and o, 8 > 0,
aln —m)ME 0 () = [t — KB+ aln —m)]MI ) (b o) + (s + M) (1 1)
rs+1 r,s+1 r,s5+1
FRBME (o) +ma [ MR (k) = MUY L ()], (22)

provided the joint moment generating function exists.

Proof. By using (13), we have

Mt 0112) = oy [ € = P

[ (1= F) + tnl1 - PP 1= ) 2 g,
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Now, on using (3), we have

Moy t1,12) = oo [ / B (1~ F ()]

“[=In(1 - F(y)) +In(1 - T 1[5[1 = F(yl+a[l = Fy){—In(1 - F(y))}]
- F(yn’“-l%dym
N 1 >~ etlm —In(1 — T m—1 T & T
where
= 5/00 e [—In(1 = F(y)) + (1 — F(x))]""" 1 = F(y)]*dy
+a /OO e [—In(1 = F(y)) + (1 = F())]""" ' [1 = F(y)]*[-In(1 = F(y))ldy
=[f+a{-In(1 - F(z))}] /OO e[~ In(1 — F(y)) + (1 — F(2))]" ™ [1 = F(y)|"dy
- a/°° e - [=In(1 = F(y)) + In(1 — F(2))]""™[1 - F(y)]*dy
=B+a{-In(1-F@)HAn-m-1+ ahn_m, (24)
where

Anem = /OO e"¥[~In(1 — F(y)) +In(1 — F(2))]""™"[1 — F(y)]*dy.

Integrating A, _,, by parts treating e?2¥ for integration and rest of the integrand for differentiation, we get
k oo
)
(n—m)
to

An—m e¥[~1In(1 — F(y)) +In(1 — F(2))]" ™[ = F(y)]* " f(y)dy

[ e m = P) + (= P - PR ) (25)

Similarly,
Apomo1 = %/wehy[f In(1-F(y)) +In(1 — F(x))]""™ 1 - F(y)]** f(y)dy
D) T e B I P Py (29

By using (25) and (26) in (24), and then (24) in (23), we get

ta My (mnik) (t2, t2) = a(n — m) [My (m ns1:x) (E15 t2) — My m e (t1, t2)]
+ ma[MU(erl,nJrl:k) (th t2) - MU(erl,n:k:) (t17 tQ)}
+ BE[My (m k) (t1, t2) — My mn—1:1) (1, 2)]-

Differentiating the above expression, (s + 1) times with respect to t5 and then r times with respect to t1,
we get
r,s5+1 r,s+1 r,s+1
MY (s t2) + (s + DM L (. t2) = aln = m) [MEED () = MOEED, (1, 12)|

+mao [MO(;:}E b l: k)(tl’ to)— M[(]T(;:_ll) e k)(t17 tz)] +Bk {M((;(::i)k) (t1, tz)*Ml(&’::,lL)_Lk) (t1, t2):| . (27)
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Upon rewriting (27), we will get the relation in (22).
Proceeding in a similar manner for the case n = m + 1, the recurrence relation given in (21) can easily
be established. O

Remark 3.3. The recurrence relations in Theorems 3.1 and 3.2 can be used in a simple recursive process
to obtain all the product moment generating functions of all upper k-record values.

Remark 3.4. By putting t; = to = 0 in Theorem 3.1, we get the recurrence relations for the product
moments of upper k-record values as follows:
Form>1rs=0,1,2,...,and o, 8 > 0,

(r+1,s) (r+s+1) (r+s+1) (r+1,s) (r,s)
m,m—+1:k — am—i—l -k [ﬁk{ am—l,m:k’ - (T + ]‘)am,m—i-l:k} ’
and for 1<m<n—-2,r,s=0,1,2,...,and o, 8 > 0,
(r+1,s) _  (r+1,s) (r+1,s) (r+1,s) (r,s)
Xk — Ymtdnik + {Bk{ mn—1ik — Xm—1n—1:kS — (T + ]‘)am,n:k} ’ (28)

where a( )k = E(XU(m k)XU(n k)) denotes the (r, s)-th product moment of the mth and nth upper k-record
values.

Also, for k =1, we write afn’i)l =o'y fl).

It may be noted that the relation (28), for k = 1, verifies the result obtained by Khan and Zia (2009)

for product moments of upper record values from Gompertz distribution.

Remark 3.5. By putting t; = to = 0 in Theorem 3.2, we get some other recurrence relations for the
product moments of upper k-record values as follows:
Form>1,r,s=0,1,2,...,and a, 3 > 0,

kg 1

r,s+1 r,s+1 r+s+1 r+s+1 r,s+1
afn,m+%:k = [1 - Ol] a7(71,m+)1:k + a [(S + 1) ’En’ﬂ)7,+1 .k + kﬁ ( ) + ma{agmrl:k ) - 045n+1m)1+2;k}i|7
and for 1<m<n—-2,r,s=0,1,2,...,and o, 8 > 0,

(r,s+1) kﬁ (r,s+1) 1 (r,8) r,s+1) (r,s+1) (r,s+1)
am,n+1:k - [1_OM] am,n:k +m |:(S+ ]‘)am,n k+kﬁam n—1: k+ma{am+1,n:k - am+1,n+1:k}:| .

Remark 3.6. By putting to = 0, t; = ¢t and m = n in (15) or, equivalently, putting to = ¢, t; = 0 and
m = n in (22), one can easily deduce and verify the recurrence relation for marginal moment generating
functions of upper k-record values, as given in (5).

Now, applying the relations (15) and (22) recursively in itself, respectively, one can easily establish some
simple recurrence relations as given in the following corollary:

Corollary 3.7. For1<m<n—-2,r,s=0,1,2,..., and o, 8 > 0,

r+1

-1 s
(r+ D)THEDMES (1) + Z

M{EEE (1) = ma + t
1

i+1 .
U(m,n:k) :| (7« + 1)(1)

{moz + 1t

r+1—i,s r+1—1i,s r+1—i,s
: [maMg(mHn)k)(tl,tgHﬂk{ M EE ) (t,t) —Ml‘](;_l,n)_l:k)(tl,tz)}], (29)
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and

- ] (s + D)EDMED ()

(r,s+1)
My (v 1k (P10 12) = la(n
to — Bk - ' ] %
+|: 5 ﬂ +1:|Z|: ):| (8+1)(Z)M[(](m+i 1)k)(t1,t2)
=0
i+1 -
+Z [ ] (s+1)® 5kM[(](;L+n D i (t1,12)
r,s+1—1 r,s+1—1
+ ma{MI(](mtrl D ptta) = MUt . (30)

Remark 3.8. By putting t; = t; = 0 in (29) and (30), we get the recurrence relations for the product
moments of upper k-record values as follows:

( y 1 r+1
r+1,s - T 1
amnk‘ |:m04:| (7“+1 = Z

1 o i r4+1—i,s r4+1—i,s r+l1—i,s
moj (r+ 1) [ma-al 750 + {5 — ol T .

and

s+1 s 7
sty |1 (s+ 1)t 4|1 — __ Bk _ (s 4+ 1)Dgmet1-D)
m,n+1:k m) m:k O((’I’L _ m) gt a(n _ m) m n—ik

- 1 Z+1 7 r,s+1—1 r,s+1—1 r,s+1—1
+ [m)} (s+1)® [ﬂk ] )+ ma{agn’_s_lyn_i):k — 047(71’4_17”+1)_Z,:k}},
0

4. Relations for upper record values

Putting £ = 1 in the results obtained in Sections 2 and 3, one can easily deduce the corresponding results
for upper record values from the Gompertz distribution which are given below.

As defined earlier in Section 1, the moment generating function of Xy, is denoted by My (,)(t), the
rth derivative of My (,)(t) with respect to ¢ by Mz(j()n)( ), the joint moment generating function of Xy,
and Xy (n) by My(m,n)(t1,t2), and the (r,s)-th partial derivative of My (y, n)(t1,t2) with respect to ¢; and
to, respectively, by MI(](m) o (t1,t2). Also o) = E(Xt () and as) = E(XT () XTr(n))-

Theorem 4.1. Forn>2,r=20,1,2,..., and a, 5 > 0,
(r+1) _ ag(r+1) (r+1) (r) (r+1) (r+1)
MY () = MEED @) + - [ (0 + -+ DM () — 8{ME D @) - MGy 0] 6

Remark 4.2. Setting ¢ =0 in (31), we get
. i 1 . . ,
olfV = ol + — |+ D)ol - {al D —al7VY].

which is in agreement with Khan and Zia (2009).

Corollary 4.3. Forn>2,1<m<n,r=0,1,2,..., and o, 8 > 0,

(r+1) 4 4 — 1 (1) (r) (r+1) (r+1)
MG 0 = MEED O+ 37 = (G0 + -+ DM 0 - B{Mg 0 - M 0 }]- 32)
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Remark 4.4. Putting ¢t = 0 in (32), we get
8 = a1+ 3% L nalf — pal® )]

Corollary 4.5. Forn>2,r=20,1,2,..., and o, 8 > 0,

(r+1) _ (r+1)r+1) JViC) (r4+1)® . (r+1—1)
MU(n-i—l)(t)_W U(n—r( +Z () gitd [[(”_Z)O‘th]MU(n—i) ()
r4+1 1
S L OB i 1“»(0}] (33)

Remark 4.6. By putting t = 0 in (33), we get forn > 2, r=0,1,2,..., and o, 8 > 0,

(r+1) _ (r+1)(T+1) . (r+1)(i) (7"+1 %) (r+1=i)  (r+1-i)
A = e + 2 Gy [ = Dl = p{ag 0 - oI,

Theorem 4.7. Form>1,r,s=0,1,2,..., and a, 3 > 0,

(r+1,s) o (r+s+1) r+s+1)
MU(m’mH)(tl’tQ) C oma+t [ MU( +1) (tr+t2) + B{ m) (1 +t2)
r+1,s T,8
_M( (_:n l)m)(t17t2)} ( )MI(J(WE m+1)(t17t2):|,

and, forl<m<mn,r,s=0,1,2,..., and o, 8 > 0,

r+1,s r+1,s r+1,s
Méf(jn,n))(tl’ ty) = pep—— [maM[(](;_i_l),n) (t1,t2) + 3{ U(; n) 1)(t1,t2)
My 1)(7:1,7:2)} —(r+ 1)M[(f(’2,n)(t1,t2)}. (34)

Remark 4.8. By setting ¢t; = t2 = 0 in (34), we get
r+1.s r+1,s 1 r+1,s r+1,s r,s
afn,—zl’ )= £nil n) a[ﬁ{ Entl 1) Sn ln) 1} (r+1)af; )}»
which is in agreement with Khan and Zia (2009).

Remark 4.9. By putting t5 =0, t; = t and m = n in (34), it reduces to the recurrence relation for marginal
moment generating functions of upper record values from Gompertz distribution, as given in (31).

Theorem 4.10. Form >1,r,s=0,1,2,..., and o, 8 > 0,

M(r s+1) (t17 tg) _ [tz — B+ a]M(r ,5+1) (t17t2) + (5 + 1)M(T75) (tl,tg)

U(m,m+2) U(m,m~+1) U(m,m+1)
r+s+1) r+s+1 r,s+1
+BMYES (8 + t2) +ma [M[(](jnjl)) (t + t2)fM[(J(mtrl)vm+2)(t1,t2)}, (35)

and forl<m<n-2,rs=0,1,2,..., and o, 8 > 0,

7,8 r,s+1
[a(n = m)] M) (k) = [t = BB + aln — m)]MT ) (b, ta) + (s + M) (1, 82)

r,s+1 r,s+1 r,s+1
+ﬂMU(m+n) 1)(t1,t2)+ma[M( (m—:-l) ny(t1582) — M[(](m—:-l) n+1)(t17t2)}' (36)
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Remark 4.11. By setting ¢; = t5 = 0 in (35) and (36), we get the recurrence relations for product moments
of upper record values from Gompertz distribution. That is:
Form>1,rs=0,1,2,...,and o, 8 > 0,

r,8 r,8 1 r,8 rds r+s r,s
ofith= 1= LJoliattl o i ol bl ool -l ]

and for 1<m<n-—2,r,s=0,1,2,..., and o, 8 > 0,

(rys+1) _
m,n+1

N

1 r.s ,s+1 r,s+1 ,s+1
aln —m) 7) [(s + l)agn”n) + ﬂaﬁ,’;’n,f + moz{oz,(nﬂ,n) - a;:+1’n)+1}:| .

aln—m
Remark 4.12. By putting t; = ¢, t; = 0 and m = n in (36), one can easily get and verify the recurrence
relation for marginal moment generating functions of upper record values from Gompertz distribution, as

given in (31).

Corollary 4.13. For1<m<n-2,7r,s=0,1,2,..., and o, > 0,

r+1 r i+1
(r41,5) _ -1 1) 14(0,9) i 1 i
Mgy (1012) = | o | O DMy (tst2) £ 3 (S om0+ )
r4+1—i,s r+1—i,s r+1—i,s
. {mOéMI(J(:FnJan% (t1,t2) + B{Mé(jn)n71; (t1,t2) — M((](;,Ln),l)(tla t2)}} ) (37)
and
1 s+1 " ﬂ s 1 g
M(r,s-{-l) Foto) = | — 1 (s+1)M(Ta0) ti.t _27F 1
U(m,nt1) (1 72) aln —m) (s+1) U(man—s)(f1:82) + a@z—fn)+' —|a(n—m)

U(m,n—1

s +1
i r,s+1—1 1 i r,s+1—1
s+ DOMTET (1, t) + Y a(nm)] (s+1)® {ﬁMg(’mf;_l)_i) (t1,t2)
=0

s H1—i s +1—i
Fma{ MY () = MU0 () (38)

Remark 4.14. By putting t; =t =0 in (37) and (38), we have for 1 <m <n—2and r,s =0,1,2,...,

-1 i . i 1 o i r4+1—1,s r4+1—i,s r+1—1i,s
af i = [} (1) e+ 3 (1) [ma} (D) [macal 11 +{ el 5 =l L,
=0

mao
and
(rus+1) . (r.0) B - LT ( )
r,s+1) - (s+1) 7,0 o () r,s+1—1
= 1 1 1 :
R e T B R (e e P e ICER A
- I ( ) ( ) )
i r,s+1—1 r,s+1—1 r,s+1—1
+ |:OM:| (5 + 1)( ) {ﬂam,n—l—i + ma{am+1,7L—i - am—&-l,n—i—l—i}]
=0
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