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Abstract. Let (X,),., be a sequence of independent and identically distributed random variables,
defined over a common probability space (2, F, P) with a continuous distribution function F. Let M, ,
denote the r*" upper extreme among (X1,X2,...,Xn),n > 1. For alarge class of distributions, we obtain
Kiefer’s form of law of the iterated logarithm for (M, -, ), properly normalized, where (%) is a sequence
of integer valued random variables.

1. Introduction

Let (X,),,~; be a sequence of independent and identically distributed (i.i.d.) random variables (r.v.s.)
defined over a common probability space (Q,F, P) and let the common distribution function (d.f.) F be
continuous. Denote the right extremity of F' by w(F') and note that w(F) = oo if F'(z) < 1, for all = real.

Let (1) denote an increasing sequence of integer valued r.v.s. defined on the same probability space.
Assume that there exists a non-decreasing subsequence (ny) of positive integers (natural numbers) such that
T
5 5 1 almost surely (a.s.) as k — oo.

g

Forany n > 1, let X1, < Xa, < X3, <... <X, , denote the order statistics of X7, Xs,..., X;,. Then,
Xn—r41,n stands for r*" upper order statistic or the r* upper extreme. In this paper, we denote Xn—rt1n
by M, ,, so that M, , stands for the partial maxima.

Under the setup of de Haan and Hordijk (1972), Hiisler (1985) obtained the law of iterated logarithm
(LIL.) for (M) over subsequence (ng) of integers, which is either atmost geometrically increasing or
atleast geometrically increasing. He showed that if

e e N1
lim inf
k—oo TNy

>0

(atmost geometrically increasing), then the limit superior of (M; ,, ), properly normalized, is the same as
for (Ms,,) and if

.. N1
lim inf
k—oo TNy

=0
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(atleast geometrically increasing), then the limit superior of (M, ), properly normalized, will be a function
of o, where
v =inf{y >0: Z(lognk)_y < o0}
k

As noted by de Haan and Hordijk (1972), some distributions belonging to the domain of attraction of
Gumbel law satisfy the conditions imposed in their paper. However, Vasudeva and Savitha (1992) observed
that distribution functions (d.f.s) belonging to the domain of attraction of Fréchet law or Weibull law donot
come under the setup of de Haan and Hordijk (1972). Assuming that the common d.f. F belongs to the
domain of attraction of Fréchet law, they obtained the L.I.L. for (M; ;) over random subsequences ()
such that % — 1 a.s., with (ng) either atmost geometrically increasing or atleast geometrically increasing.

N

In the case of partial sums, Gut (1986) has established L.I.L. for subsequences, under a similar setup,

and the same has been extended to random subsequences by Torrang (1987).

When . Mt
lim =00

k—oo Ty

(ng is rapidly increasing), Gut and Schwabe (1996) obtained the classical L.I.L. of Hartman and Wintner
(1941) over (ny) by replacing loglog ny by log k.

Vasudeva and Divanji (2006), obtained a L.I.L. for (M ,,) assuming that the common d.f. F belongs
to the domain of attraction of Fréchet law, and (ny) is rapidly increasing, with log k in the place of log log n.

When the common d.f. is Uniform (0, 1), Kiefer (1971) has proved that

lim inf log(n(1 = My.n)) = -1 a.s. ,
n—oo loglogn T

which gives an a.s. lower bound for log(1l — M, ,,).
The above law can be equivalently given as

lim inf (n(1 — Mnn))logll"g" =e 7 as. . (1)
n—oo
This form of the law of the iterated logarithm with (loglogn)~! in the power, was established by Chover
(1967) for partial sum S,, of symmetric stable random variables.

Hall (1979), has extended Kiefer’s law to a large class of d.f.s. His setup includes all d.f.s F with —log F'
regularly varying where FF =1 — F.

Vasudeva and Moridani (2011) have studied Kiefer’s L.I.L. for vector of upper order statistics and have
extended the results for distributions with —log F' regularly varying; for those with F regularly varying and
for d.f.s with finite right extremity. They called the class of all d.f.s with —log F regularly varying as C;;
d.f.s with F regularly varying as class Cy and d.f.s with right extremity finite and belonging to the domain
of attraction of a Weibull law as class Cs.

In this paper, we establish Kiefer’s L.I.L. for (M, -, ), when the d.f. F' belongs to the classes Cy, Cy and Cs.

In section 2 we give the statements of the results and make some interesting observations. In the next
section, some Lemmas are proved when the d.f. F is Uniform (0, 1). In the last section, all the results stated
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in section 2 are established by a transformation technique.

From Hiisler (1985), Vasudeva and Savitha (1992) and Vasudeva and Divanji (2006), we note that L.I.L.

-
results for (M, ., ) with £ 51 a.s. will be meaningful under further assumptions that (ny) is atmost
n

geometrically fast or (ny) is atleast geometrically fast/rapidly increasing.

Throughout the paper, we will be obtaining the L.I.L. results under the following setup (assumptions).

(A.) Given the sequence (73;) of integer valued r.v.s., there always exists a subsequence (ng) of natural

p
numbers such that —~ — 1 a.s. as k — oo.

n
(B;.) The sequence (ng) in (A) satisfies lim inf TEHL
k—oo TNy

> 1.

(Bs.) The sequence (ng) in (A) satisfies ng

1
< o0

lim sup
k—oo TNk

(Bs.) The sequence (ng) in (A) satisfies li L _

k—oo My

By Gut (2009), page 172, one may note that the a.s. convergence condition in (A) is necessary in establishing

L.I.L. (a.s. results) for random number of r.v.s. .

In the sequel, i.o., a.s. and s.v. respectively mean infinitely often, almost surely and slowly varying.
¢, €,k and n, with or without a suffix, denote positive constants with k£ and n confined to be integers.

2. Main results

In this section, we present L.I.L. for (M, ., ), properly normalized, for d.f.s F' which belong to three
major classes in extreme value theory, denoted for convenience by C7,Cs, and C3. The class C; is that of
all d.f.s F with —log F(x) = 27 L(z), as & — oo, where v > 0 is some constant and L(x) is a slowly varying
function. This class contains distributions with Weibullian right tail (which include Exponential, Gumbel,
Normal etc.). By Pakes (2000) we note that distributions with Weibullian tail belong to the domain of
attraction of Gumbel law, when 0 < v < 1 (F € DA.(H3)). Also, we note that when F' is Normal (y = 2) or
Exponential (y = 1), {M1 ,,} properly normalized converges to a Gumbel r.v. (see Galambus (1978)). The
class Cy is that of d.f.s F with F(z) = 277L(z), as © — oo, where v > 0 is a constant and L(z) is a slowly
varying function. It is well known that Cy is the class of all d.f.s which belong to the domain of attraction
of Fréchet law, denoted by F' € DA.(H; ) (see, Galambos (1978)). Cj is the class of all d.f.s F' (with finite
right extremity) belonging to the domain of attraction of a Weibull law, denoted by F' € DA.(Hs 5).
Throughout this section, let B,, be a solution of the equation, n(1 — F(x)) = 1.

2.1. Law of the iterated logarithm when F € Cy
. Define,

U(z) = —log(l— F(z)),x >0

and denote its inverse function by V. When U (z) = 27 L(z), by Hall (1979), note that for all functions a(.)
with 0 # a(z) — 0, as © — o0,

V(d+ta@))-V()
@)V () -y asT — o0 (2)

which implies that V is continuous for all large x, and regularly varying with exponent v~!. We have, the
following theorem
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Theorem 2.1. 1. If (1) and (ny) satisfy (A) and (By) then,

lim su log ( My, — 1) - a.s
kﬁoop (loglogny) \ V(logng) ry

where 1
= 1 f M P ———t .
¢ =inf{d zk: (log ) < oo}

2. If (1) and (ny) satisfy (A) and (Bs) then,

i log N ]\4T,7—]c 1 1
im su —1]=—a.s..
k_,oop loglogny, \ V(logny)

3. If (1) and (ng) satisfy (A) and (B3) then,

lim sup log 1 Mr.r, —-1) = S a.s
V(logng) ry

Theorem 2.2. Whenever (13), and (ny) satisfy (A) and ni — 0o as k — oo, then

1 M,
lim inf — 21 DT 1) =0a.s. .
k—oo loglogng \ V(lognyg)

Now, we consider standard probability distributions and study the L.I.L., when nj, = 2%, n; = 2* and
ng = kk.

Example 2.3. Let {X,,} be a sequence of i.i.d. unit exponential r.v.s. . Then, one can see that V(z) = x

and v =1. By Theorem 2.1, we have

1. forn, = 2k2,
lim su (MTM — k2 10g2> _1
P = - a.s..

k— 00 log k r
2. forny = 2F,
. M, ., — klog2 1
limsup (| ————— ] = - a.s. .
P log k :
3. for ni = kF,
. M, .. —klogk 1
limsup | ———— ) = - a.s. .
k—o0 log k r

Example 2.4. When {X,} is i.i.d. with common d.f. F(x) =e ¢, —oc0 < & < oo, note that, 1 — F(z) ~
e *, as t — oo. Consequently, the L.I.L. coincides with that obtained in the case of unit exponential
distribution.

Example 2.5. Let {X,} bei.i.d. standard normal. Then, one getsy = /2 and V (z) = V22 —logz — 2log 27 — log 2 ~
V2x for large x. We have,

_ ok?
1. for ny = 2%, sy [(FMrm = V@ogn))\ _ 1
kaoop Ing - r 10g2 o

2. for ny = 2%,
Jor i . VE (M, ., —V(logny)) 1
lim sup Tk = a.s. .
log k rv/log 2

k—o0

= — a.S. .
r

3. for ny = k¥,
form o (VEQM, — Viogn)
P Vdiogk

k—o0
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2.2. Law of the iterated logarithm when F € Cy

. Define, U(x)=1—F(z),z >0

and note that U*(x) = =7 L(z), where v > 0, is some constant and L is a slowly varying function. Let V*
be the inverse of U*. Observe that,

V*(y)=y‘il(;>,0<y<17 (3)

where [ is slowly varying. Note that U*(.) and V*(.) are decreasing functions and that B,, is a solution of
the equation nU*(x) = 1. By (3), one can see that B, = n%l(n)
Theorem 2.6. 1. If (1) and (ny) satisfy (A) and (By) then,

1
. M’I“T Toglog np, o
lim sup (Bk =e™ a.s.,

k—oo ng
where
(log ng )@

c:inf{dzz ! < 00}
k

2. If (1) and (ny) satisfy (A) and (Bs) then,

1
1' M’I‘,Tk Tog log ny _ 1
msup { —— =€ a.s.

k—o00 N

3. If (1) and (ng) satisfy (A) and (Bs) then,

1
T T R
im sup =e™ a.s..

k—o0 ng
Theorem 2.7. Whenever (13), and (ng) satisfy (A) and ni — 0o as k — oo,

1
M, Toglog g
lim inf (’T" =1la.s..

k—o0 ng

Example 2.8. Let {X,} be i.i.d. Pareto with F(z) =1— m% if x > 0,= 0 otherwise, v > 0. Observe that,

B, ~ nv. By Theorem 2.6, we have
2
1. for ng =2,

1
i M, ., \ o5F 4
im sup =e"™ a.s. .

1
k— o0 N
2. forny = 2F
’ k ’ Tox®
. Mr"rk o8 1
lim sup T =em™ a.s. .
3. forng = kF
. k ) _1
. Mrka Tog k 1
limsup | —5~ =e™ a.s. .

Remark 2.9. Wlhen F is Fréchet with parameter v, the d.f. is given by F(x) = efw%,x > 0. One can
see that By, ~ n~. Hence, the L.I.L. results of example 2.8 hold good, when (X,) is i.i.d. with Fréchet
distribution (parameter ).

Example 2.10. Let {X,} be i.i.d. Burr with F(z) =1 — m,x > 0,= 0 otherwise, p > 0,7 > 0. Note
that, 1 — F(z) ~ L. Note that, B,, ~ nw

xPY
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1. forng = 2’“2,
1

M, ., \ ©=F N
-1 = e a.s. .
ne”~

lim sup
k—o0

— 9ok
2. forng = 2%,
) M, P=* n
limsup | —5+ =e™ a.s..
k— o0 ’]”Lk,;

_ Lk
3. forny = k",
. MT - Tog k 1
limsup | — =em™ a.s..
k— o0 nk‘;

2.8. Law of the iterated logarithm when F € C4
Let {X,} be ii.d. with common d.f. F and let w(F) = sup{z : F(z) < 1} be finite. Suppose that F

belongs to the domain of attraction of the Weibull law ie., FeDA.(Hy ),y > 0. Let MT/n be the 7" maxima
of (Z1,%s,...,2Z,) where {Z,} are i.i.d. r.v.s. given by
(4)

Ly =———,n2>1
Let F* denote the d.f. of Z,,n > 1. Note that F*¢DA.(H, ) (for details, see Galambos (1978)). Define

U* =1— F*. Let V* denote the inverse. Then, we have the following theorem.

Theorem 2.11. 1. If (1) and (ny) satisfy (A) and (By) then,
liminf (B, (w(F) — My, )) ™% = e a.s. ,

k—o00
1
where = inf{d : — .
¢ = inf{ zk: (Tognr)? < oo}
2. If (1) and (ny) satisfy (A) and (Bs) then,
likminf (Bp, (w(F) — Mrﬁk))‘“g“}g"k =e™ as. .
—00

3. If (1) and (ng) satisfy (A) and (Bs) then,
liminf (B, (w(F')— M,,

k—o0

Theorem 2.12. Whenever (1), and (ny) satisfy (A) and ni, — oo as k — oo,

lim sup (B, (w(F) — M,,Jk))l”gl&g"k =1la.s..

k—oco

Example 2.13. Let {X,,} be i.i.d. Weibull with d.f. F(z) = e ") ifx <0, = 1 otherwise, ¥ > 0, we

have B, ~ nv. Then,

_ ok? . 1 Tog & =1
L. for ny = 2%, hmlnf(n;m( Mer)) =e™ a.s
k—o0 ’
k 1 s R 1
—_ . . = log k ==
2. fornp =27, lim inf (nkw (- M, Tk)) =e™ a.s. .
k—o0 ’
1
=1
=e™ a.s

3. fO’I’ ng = kky lim inf (nk% (—Mrﬂ_k)) fos
k— o0
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3. Results for Uniform population

In this section, we extend Kiefer’s law in (1) to random number of r.v.s.. Suppose that {U,} is a
sequence of i.i.d. Uniform (0,1) r.v.s. defined over the same probability space (2, F, P) on which {X,}

is defined. Let M, stand for the rth upper extreme among (U, Us,...,U,),n > 2, so that M; ., is the
rt" upper extreme among (Uy,Us,...,U,, ). We first establish a Lemma giving necessary bounds that are

applied in the subsequent Lemmas.

Lemma 3.1. Given 6 > 0,e > 0, > 0 with € < 0 and ¢ < 1, one can find constants C1,Cy > 0 and
integer ng > 0 such that for all n > ny,

1 Ci
P Mr* n] = 1- < < 5
< (€] n(logn)g:«’> (logn)f+e (5)
and
1 Cy
P My oy >1— — | > : 6
< (=<l n(logn)6r> (logmn)¥—< ©)

Proof. To show (5), put [(1+ ¢)n] = n’. Then,

1 1
P\M:,>1———— | =1-P (M, <1— —— .
( o aogn)ef) ( o aogn)g?)

1

n(logn)

P (M > 1 ) =1 Z( )@= F= g (F =g
=0

Expanding (1 — 3,,)" ~* using Taylor’s theorem, one gets

r—1r—k
POt 1-5) =1- X5 () (")
k=0 (=0
k 41
()
=1-T,—Ts,, say, (7)

where dj, = (—1)""*71(1 — d})"~*~1 with d € (0, B,).
Consider,

e AN
kzlz( ()

Observe that the term of T4 ,, corresponding to £k =1=01is 1.
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For k+1=r,since 0 < k <r—1, (8,)" will have coeflicients

) (e ()T )

e (S e e e ) = ()

On similar lines, one can see that the terms of 77, with 1 < j+4 <7 — 1 will be 0. Consequently,

Tip=1- (7:) (B)" .

Consider, , .

n n' —j il
Ton= d .
" j_oj<j>(r+1—j>6"

Then, Ton| >r(n —1— 1)r+1 (ﬁn)TJrl .

From (8), we have

P (M}, > Bn) = <T;> (B7) = To.n-

Note that,

() 0 = e 21T = s )

Consequently, one can find a ¢; > 0 and ng > 0 such that for all n > ng,

C1
PlM:, >1- - | < .
< ’ n(logn) = > (logn)fte

One can establish (6) on similar lines. The details are omitted. O

Lemma 3.2. Let (1) and (ng) satisfy (A) and (By). Then forr > 1,

lim inf (nk (1 - M* )) ERTTE = e r  a.s.,

k—o0 Tk
. 1
where C = 1nf{d . ; W < OO}
Proof. In order to prove (9), it is sufficient if one shows that for 0 < € < ¢,
1 cte
P ((ng (1= M;,,)) ™05 < e 5 i0.) =0
and
1 c—e
P ((nk (1 =M, ))lereme < e i.o.) =1.
Note that,

1 —(cte 1
P ((nk (1= M, )= <e (e i.o.):P ( >l i.o.).
ni(log ng)

Let
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/ 1 # '
Tpy=1-——"75 and Ay = (MT_’Tk > xk) .
ny(logng)

For any € > 0, one can write

P(Ay, i.0) =P ((M:m > x;) N ( Tk _ 1’ > e’> Zo)
: o
=P ((M:Tk > x;) N ( L 1‘ < e’) i.o.)
: e
* 4 Tk AN
— — > .0.
+P((MT7Tk>mk)ﬁ(nk 1’_6)20)

=P(By, i.0.) + P(C}; i.0.), say.

-
k1‘<e’U
ng

Note that,
(Cr i.0.) C (

Hence, P(Ay i.0.) = P(By i.0.). Also,

N N

Tk—l‘ > ¢ i.o.) and P(

Tk—l’ Ze'i.o.) =0.

(By i.0.) = (M:ﬂ > a2y, (1 — €)] < 7 < (1 + €)] zo)

c (M:’[nk(m,)] > a2y, (1 — €)] < 7 < [n(1 + €)] zo)

The fact that ;—k — 1 a.s. implies that [ng(1 —€')] < 7% < [nk(l +€)] a.s. .
k
As such,

P (M:y[nk(m,)] > 2y, (1 — €)] < 1 < [n(1 + €)] i.o)
=P (M:,[nk(1+e’)] > x), i.o.) = P (Dyi.0.), say.
Consequently, one gets from the above discussion

P(Ak ZO) = P(Bk ZO) S P(Dk ZO)
To show P(Dy, i.0.) = 0, define n}, = [(1 + €')ny]. Then,
/ 1
( ) ( M, k) ( M nk(lognk)JTr)

From Lemma 3.1 one can find ¢y > 0 and k1 > 0 such that for all k£ > kq,

1 C2
PM:, >1- — ] < .
< " ni(logny) )> (log my )<

Since Y, W < 00, from Borel-Cantelli lemma, one gets P(Dy, i.0.) =0

which in turn implies that P(Ag i.0.) = 0.
In order to show (11), Consider

P ((ni (1= M;,,)) = < e o )=P (M:mc S U N zo>
(logny)
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Let x; =1- o and define AL = ( L > xk)

(logny)

By proceeding as above one can show that

P (A} i0) =P (M. >z}, [n(1—€)] <7 < [ng(L+€)] i.0.)

Tk
2P (M:,[nk(ka)] > a, (1 = €)] < 7 < [ni(1 +€)] 20)

From the fact that T— — 1 a.s., note that [ng(1 —€')] < 7 < [nx(1+ €')] a.s. . Consequently,

Let n} = [ng(1 —€)],k > 1, and let M;, . denote the r'" largest observation
M

among X;,ny_; < j < nj,k>1. Note that,
My e = My > My

and that (MT, n;;) forms a sequence of mutually independent r.v.s.. Now, in view of (13), the relation (11)

will be established, once we show that
P (Mn > ! zo) =1 (14)

Note that,

o e N1
liminf — % > 1
k—oo TNy

nk+1

implies that there exists p > 1, such that > p for all k large. Using this fact and proceeding as in
lemma 3.1, one can find a c3 > O and ko > 0 such that for all k > ko

/ 1
P M,,.,nu >1-— s Z s (=9
k ni(logng) = (log ny)

Since ), W = 00 and (M; n,k,) are mutually independent, by Borel-Cantelli lemma one gets

/ 1
P MTATL,/ > ]. - 7076 Z..Oa = ]..
o ny(logng) =

. !’
From the relation M, < M ,, we have
"k "k

P M:n// > ]. - % Z.Oq = ].-
Tk ni(logng) =

In turn, P(A} i.0.) = 1. Hence the proof is complete. [

Lemma 3.3. L )
liminf (n(1 — M},,)) =" =e™ " a.s. .

n—oo

Proof. The theorem is proved once we show that for any € € (0,1)

P((n(1=;,) o < o= 5 i0.) =0 (15)
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and
1 (1—e¢)
P ((n(l — M7,)) P < e zo) =1 (16)
or equivalently
—(1
P (log(n(l -M:)) < —+9 loglogn i.o.) =0 (17)
’ r
and
P (log(n(l - M;,)) < — loglogn i.o. | =1. (18)
Given Uy, <Usp < oininal < U, as the order statistics of random observations Uy, Us, Us, ..., U,

from Uniform (0,1), from Kiefer (1971) note that

lim inf lognlUvn _ 1a.s. (19)
n—oo loglogn

Define Y; = 1 — U; and note that Y; is U(0,1),5 =1,2,...n. Assuch Y7,Y5,...... , Y, becomes a random
sample from U(0,1). Let the order statistics be Y1, < Yo, ... <Y, _pt1n <...Ynn. Then Y, 41, =
1 — Uy, which is same as M’ ,, in our notation. From (19), one gets

. logn(l— M)
liminf ———— = =1 a.s.
n—00 loglogn

which proves the lemma. [

Lemma 3.4. If (1) and (ng) satisfy (A) and (Bz), then

1

1
likn_1>i£f (ne(l— M, )@= =e v a.s.. (20)

Tk

Proof. Equivalently we show that for any € € (0,1)

1 1
P ((nk(l — M, ) EEE < e_( :fﬁ) zo) = (21)
and
1 1—
P ((nk(l - M:m)) toglogni 67( " 2 i.o.) =1 (22)

Proceeding as in Lemma 3.2, one can show that for ¢ > 0

Tk

r ((nk(l - M) Ty < o~ U i.o.)

1
Toglog ny, (A+e) |
<P<(nk(1—M:nL))lglg Fcem z.o.)

(1+¢)

=P <log(nk(1 =M ,)) < - log log nk) .

Applying lemma 3.3 and observing log log nj, ~ loglogn; one gets,

(I+¢)

r (log(nk(l - M:n%)) < = log log ny, i.o.) =0.
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Now, we need to show that

i (”k(l - Mr,m) < 67(1?) log log nx ZO) =1.

Again arguing as in lemma 3.2, it is sufficient if one shows that
—@loglognk .
Png(l =M, p)<e 7 io.) =1
or

P (nk (1 _ Mnk> < (logny)~ "+ zo) — 1.

Define my = min{j : n; > k¥}. By condition (Bz), one can find a A > 1 such that for all j large, say,
J = jo,nj+1 < Anj. Consequently, whenever my — 1 > jo, one gets n,,, < Ay, . By the definition of my,
we hence have for my > jo + 1,

EF < ny,, < AER. (23)
In turn, for my > jo + 1,

(k + 1)F+1 _ T _ Ak + 1)k
Ak Nom,, Kk ‘

Consequently,

. Mgy
lim —* = 0.

k—oo My,

In other words, the subsequence (n,,, ) satisfies (B;1). By Lemma 3.2,
log1 ! —c
lim inf (nmk (1 M, )) TR _ 5
fe— 00 T,

where

1
c=1inf{d: — < o0}
; (log nyn, )

From (23) note that ¢ = 1. Consequently,

P (nj (1 — Mr,r]-) < (logn;) =z i.o.)

>P (nmk (1 - Mr,n%k) < (10g nmk) e ZO) =1.

which completes the proof. [

Remark 3.5. Note that ny = 2]“2, k>1, givesc= % and ny, = 22k,kz > 1 gives ¢ =0 in lemma 3.2. Hence,
when (ny) is atleast geometrically fast,

liminf(ng(1 — Mrnk))m
k—o0

becomes a function of (ny), unlike in the case of atmost geometrically increasing subsequences. As such,
when (ny) is rapidly increasing i.e., "Z—:l — 00 as k — 00, as in Gut and Schwabe (1996), we obtain L.I.L.
by replacing loglogny by logk.

Lemma 3.6. If (71,) and (ng) satisfy (A) and (Bs).

lim inf (ry, (1 — M ))ﬁ =e

T
k—oc0 Tk
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Proof. Equivalently we show that for any € € (0,1)

P ((nk(l _ M7 )T < e 20) =0 (24)
and
P((m(1- M, )™ < e i0.) =1, (25)

As in lemma 3.2, in order to establish (24) it is sufficient if one can show for ¢ > 0, that

1
Tk nkk‘r

Proceeding as in lemma 3.1, one can find ¢4 > 0 and k3 > 0 such that for all k > k3

« 1 C4
P<Z\47‘,’n§c >1- ’I’kalte> < Jelte”

Since ), kl% < 00, from Borel-Cantelli lemma, we get

P(Mr,>1— — o) =00 P((ne(1— M) " <em 5 i0) =0
ot > fnkka.o. =0or ((nk( — M, ))EF<e z.o.>7 .

We now establish (25). For ¢’ > 0 but small, let M/ |, _,),,,, denote the " highest among (X”Lﬁl’ . ’X”Z)’
where n} = [(1 — €')ng]. Note that MT/ ny < M7 and that (M

r,nj

) are mutually independent. From the
fact that X/ s are i.i.d., we have

, 1 1
P(Mrn// >1_15> :P<M* " " >1- 15)'
M nkk. = r(ny—mny_q) ’I’ka' ™

Proceeding as in lemma 3.1 one can find ¢; > 0 and k4 such that for all & > k4

’ 1 Cs
P (Mmg >1-— " k“) > REr
ki T

Since Y, 71— = oo and (M,/,nk) are mutually independent, by Borel-Cantelli lemma we get

/ 1
P (M’I‘n” > 1-— T 7,0) = 1
Tk nik s

Consequently,

1
P (M:,ng>1 — — i.o): lor P ((nk(l — M* ))‘Og’“<e_( v i.o.): 1.

nkk = TNk
Hence the proof is complete. [

Lemma 3.7. For any sequence (ny) with n — 0o as k — oo,

limsup (ng (1 — M, )) "™ =1 a.s. .

Tk
k—oc0
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Proof. We show that for any ¢ > 0

1
P (k1= M) 5% > e io) =1 (26)
and
1
P ((nk(l — M, )R s i.o) =0, (27)

which in turn establishes the theorem. Recall that nj, = [(1+ ¢')ng] and n} = [(1 — €')ni],0 < € < 1. As
in lemma 3.2, the result is proved once it is shown that

1
P ((nk(l - Mr,n'k)) CERETE S e i.o) -1
and
P ((nk(l - M7-,ng)) CERETE S g i.o) =0.

From lemma 2.1, one can find ¢g > 0 and k5 > 0 such that for all k > ks,

Ce
P Mr n’ 1—-— Z _—_—
( . < nk(lognk)€> (logny)re
Consequently,
. 1
lim P M,,, <1— ——— | =1.
k—oo Tk nk(log nk)f
Define
A= M, <1 L
rk — T,y nk (lOg 'I’Lk)e .
Note that

P (A, i.0) > lim P(A,;) = 1.

k—o0

Hence,

1
P ((nk(l - Mr,n’k)) CEET S o i.o.) =1

In turn, (26) follows.
The proof is complete if one shows that

P ((nk(l — M) > et i.o) ~0.
Again arguing as in lemma 3.2, it is sufficient if one shows that

P ((nk(l - Mm/k,)) T e zo) =0. (28)
From Theorem 2 of Kiefer (1971), one can note that

P ((n (1= M,p)) et > e zo) =0

which implies (27). Hence the result is proved. O
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4. Proofs of the theorems presented in section 2

Given that (X,,) is a sequence of i.i.d. r.v.s. with a common continuous d.f. F define U,, = F(X,),n > 1,
and observe that {U,,} is a sequence of i.i.d. Uniform (0, 1) r.v.s.. Recall that M,.,, is the " upper extreme of
X1, Xs,..., X, and that M*_ the r*" upper extreme of Uy, Us, ..., U,. Note the relation, My, = F(M,,).

n

4.1. Proof of (1) of Theorem 2.1
We need to show that for € € (0, ¢)

(log ng) M, 7. cte .
P ’ -1 .0.] =0. 2
((loglognk) V(log nk) ” Ty "0 0 (29)
and
(log ng) M, ;. c—e .
P : -1 0. =1.
((log logni) \ V(logny) Ty (30)

In order to show (29), one can proceed on lines similar to lemma 3.2. Recall that for ¢ € (0,1),n} = [(14€)ny]
and n} = [(1 — €)ng]. Then,

(log ng) M, ;. cte .
P : —1 .0.
((loglognk) V (log n) 7 Ty

(log ny) M, cte .
<P E_—1) > 0. | .
- ((log log nkg) \ V (logny) ry 7

By (12) we have

1
P (1 - M:n/) <— ol =0 (31)
Tk nk(lognk)T
From the relation MT*‘n;c = F'(M, ), note that
* 1
LMy < e = F(Myy) < ———
" ng(logng) ny(log ng)

cte

& —log(1 — F(M,,,)) > log(ny(logng) =)

& U(My) > logn + S

log log ng
r

c+e€
r

o M >V <1og ng + log log nk)

Cc

& M, — V(logng) >V <log ng + re log log nk> — V(lognyg). (32)

r

From condition (2), we have as k — oo,

log1 log1
Vilogng [ 1+ cteloglogne — V(lognyg) ~ —(c+ €) log log ny V(logng).
r  logng ~(rlogny)

Consequently, from (32), for k large, we have
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1
cte

1—M* _
ny(logng)

rng,

(c+ €) loglog ng

& M, — V(1 Vil
rny, ( og nk) > ’7(7“ lognk) ( Ognk)
log ny, My, D) s € +e
loglogng \ V(logng) ry

Hence from (31), (29) follows
Again from lemma 3.2, recalling that

1
P (1—M:n,,> < o] =1
o nk(logng)

and proceeding on the above lines, (30) can be established. The details are omitted.
Proofs of (2) and (3) of Theorem 2.1 and Theorem 2.2 can be obtained using lemmas 3.4,3.6 and 3.7
respectively and proceeding on the above lines. Hence the details are omitted.

4.2. Proof of (1) Theorem 2.6.

The theorem is proved once it is shown that for 0 < e < ¢
P (MT,T,C > By, (log nk)% z’.o.) =0
and
P (Mmk > By, (logng) ™ 10) ~1.
Arguing as in lemma 3.2, it is sufficient if one shows that for ¢ > 0
ot

r (Mr,n;c > By, (lognk)if i.o.) =0

and

€

P (Mmg > By, (logng) ™ zo) —1.

By lemma 3.2, we have for € € (0, c),

nk(logng)

P <1 — M’"JL;C < T —— ’L.O.) =0 (33)
and
P <1 — My < ——————— z.o.) =1 (34)

Using the relations
M;"n;c =F(M; ) and U'(z) =1— F(z) ~ 277 L(z),

from (12) one gets,

1
P <U*(Mm;c )< zo) =0. (35)
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By (3) note that

* 1 * * * 1
U (M) <——— & VAU (M) > V| ——
nk(lognk) r nk(lognk) r
3 cte cte
&M, >ny (logng) 1 (nk(log ng) v ) . (36)

From the properties of a s.v. function, by Seneta (1976) we have for any J > 0,

l nk(lognk)%)

. ) _
o) =y =
Choosing § = ﬁ, one can find a kg such that for all k > kg,
cte l(n)
I {ng(logng) = ) > —————. 37
(mellogm) ™) = = (37)

Also, n(1 — F(B,)) ~ 1 implies that B, = n%l(n)7 since 1 — F(z) is regularly varying with index —v.
Consequently, using (37) in (36), we note that for k > kg,

1 c+g
(U*( ) < ) > (Mr,n;, > Bnkaognkw) .

ng (log nk) T

Now, (35) implies that
e+ €
P (Mm/k > B, (logng) ™ zo) =0. (38)
By proceeding on similar lines and using the fact that for § > 0

l (nk(log nk)%e>
L(r)

one can show that (34) implies

lim(log ng) ~° =0,

(see, Seneta (1976)), choosing ¢ =

P (Mnk > B, (logny) ™ zo) ~1. (39)

Now (38) and (39) together establish the theorem.
Proofs of (2) and (3) of Theorem 2.6 and Theorem 2.7 can be obtained on similar lines by applying lemmas
3.4,3.6 and 3.7 respectively. The details are omitted.

4.8. Proof of (1) Theorem 2.11

For F with w(F) < oo, from section 2, recall the relation,

1
n>1,

Ip =~ N 2>
w(F)— X,

where Z,, has d.f. F* € DA.(H; ). Consequently, for any y > 0,

) =P(2<) =P (X, cuB) - 1) = F (wr) - 1)
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Note that, F € DA.(Hs,) iff F* € DA.(Hy,). Also, recall that M, , is the 7" upper extreme of
(X1,Xs,...,X,). Define M,iln as the r*" upper extreme of (21, Za, ..., Z,),n > 1. Observe that,

" 1

T W(F) = My,

Since F*¢DA.(H; ), from Theorem 2.6 we have,

1
" log log ny

TN <

lim sup
k— oo Bnk

Substituting, no 1

one gets the required result.
The proofs of (2) and (3) of Theorem 2.11 and Theorem 2.12 follow on the above lines. The details are
omitted.
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