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Abstract

Order statistics, record values and several other model of ordered random variables can
be viewed as special case of generalized order statistics [Kamps, 1995]. In this paper
the probability density function for single and the joint probability density function of
two concomitants of generalized order statistics from bivariate Pareto distribution have
been obtained and expressions for single and product moments are derived. Further
the results are deduced for k — th upper record values and order statistics.
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1 Introduction

The concept of generalized order statistics (gos) have been introduced and extensively
studied by Kamps(1995). Begum (2003) obtained the moments of concomitants of order
statistics from bivariate Pareto II distribution. In this paper we have obtained the mo-
ments of concomitants of generalized order statistics gos from bivariate Pareto distribution.

The random variables X (1,n,m, k), X(2,n,m,k),..., X(n,n,m,k),k > 0,m € R are
n gos from an absolutely continuous distribution function (df) F'() and probability density
funtion (pdf) f(), if their joint density function is of the form

n—1 n—1
k(TT%) (I1 [ = F@)™ @) [1 = Flea)] " flwa) (L.1)
j=1 i=1

on the cone F71(0) <2y < a9 < ... <m, < F7I(1).
where v; =k + (n—j)(m+1) for all j, 1 < j <mn, kis a positive integer and m > —1.
If m =0 and k = 1, then X(r,n, m,k) reduces to the ordinary r — th order statistics

and (1.1) will be the joint pdf of order statistics X1., < Xo., < ... < X, from df F(). If
m = —1 and k = 1, then (1.1) will be the joint pdf of the first n upper record values of
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the identically and independently distributed random variables (iidrvs) with df F() and
pdf f0).

In view of (1.1), the pdf of X (r,n,m,k) is

Cr_1 = _ —
Franm(@) = G5 E @D @)gh (F(@) (12)
and joint pdf of X(s,n,m,k) and X (r,n,m,k),is 1 <r <s<n.
Cs—l

fr,s,n,m,k(mvy) = ( 1 [F(m)]mf(x) g;q‘_l(F(aj))

r—Dl(s—r—1)
[l (F () = hon (F@) T HEQ T f(y), a<z<y<p (1.3)

where,

T
Croa=]]v, vi=k+m-)(m+1), i=12..,n
=1

1
_ 1_ m+1 _1
hp(z) =< m+1 (1-=) , m#
—log(1 — ) , m=—1

and g (x) = hy(z) — hy(0), z € (0,1).

Let (X;,Y;),i=1,2,...,n, be n pairs of independent random variables from some bivariate
population with distribution function F(x,y). If we arrange the X variates in ascending
order as X (1,n,m,k) < X(2,n,m,k) <,...,< X(n,n,m, k) then Y variates paired ( not
necessarily in aescending order ) with these generalized ordered statistics are called the con-
comitants of generalized order statistics and are denoted by Y[y . 1 1], Yi2.n,mok]s -5 Ynynam.k]-

The pdf of Y}, k), the 7 — th concomitant of generalized order statistics is given as

lr,n,m,k] (y) Z/_ f(y]a:) fr,n,m,k(x) dx (1-4)

and the joint pdf of Y}, o x and Y, m are

00 1
Spsmminse) = [ [ Fnler) Falen) fronmaor ) dey doy (15)
-0 J—o0o
where frsnmi(21,22) is the joint pdf of X(r,n,m,k), X(s,n,m,k) ,1<r <s<n.

The most important use of concomitants arises in selection procedures when k < n in-
dividuals are chosen on the basis of their X-values. Then the corresponding Y-values
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represent performance on an associated characteristic. For example, X might be the score
of a candidate on a screening test and Y the score on a later test.

There are vast study on concomitants of order statistics by several authors in literature.
An excellent review on concomitants of order statistics is given Bhattacharya (1984) and
David and Nagaraja (1998). O’Connell and David (1976) studied order statistics and their
concomitants in some double sampling situations. Do and Hall(1991) obtained distribution
theory using concomitants of order statistics with application to Monte Carlo simulation
for the bootstrap. Tsukibayashi (1998) obtained the joint distribution and moments of
an extreme of the dependent variables and the concomitant of an extreme of the indepen-
dent variables. Balasubramanian and Beg(1996, 1997, 1998) studied the concomitants for
Marshall- Olkin bivariate exponential distribution, Morgesnstern type bivariate exponen-
tial distribution and Gumbel’s bivariate exponential distribution and gave the recurrence
relation between single and product moment of concomitants of order statistics. Begum
and Khan (1997, 1998, 2000) studied the concomitants for Gumbel’s bivariate Weibull dis-
tribution, bivariate Burr distribution, Marshall and Olkin bivariate Weibull distribution
respectively. Ahsanullah and Beg (2006) studied the concomitants for Gumbel’s bivariate
exponential distribution and derived the recurrence relations between single and product
moment of gos. Nayabuddin (2013) studied the concomitants of gos for bivariate Lomax
distribution.

The pdf of bivariate Pareto distribution is given as [Johnson and Kotz, 1972]

p(p + 1) (ab)?*!

f(x7y)=(baz+ay—ab)p+27 p>0,z>a>0,y>b>0 (1.6)
and corresponding df is
bP D p)p+1
F(w,y)=1———i+ (ab) p>0,2>a>0,y>b>0. (L.7)

yP aP  (bx + ay — ab)Pt?’
The conditional pdf of Y given X is

a(p +1)(bx)*

= >b>0 1.8
the marginal pdf of X is
pa?
f(a:):ﬁ, p>0, x>a>0 (1.9)
and marginal df of X is
aP
F(m)zl—ﬁ, p>0, x>a>0. (1.10)
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2 Probability Density Function of Y., 1

For the bivariate Pareto distribution as given in (1.6), using (1.2) and (1.8) in (1.4), the
pdf of r — th concomitants of gos Y., k) for m # —1 is given as:

_plp+1) (r — 1)
g[r,n,m,k](y) - ab (T‘ _ 1 ’I’TL i 1 r—1 Z
® sa\pyr—it2 Y al—p+2
x/a <5> [1 + (g - 1) E] dz. (2.1)
Let z = 2, then the R.ILS. of (2.1) reduces to
_plp+1) (r — 1)
g[r,n,m,k](y) ab (1" _ 1 m i 1 —1 Z
1
PYr—i y_ Bl
></0 p [1+ (b 1)2] dz. (2.2)
Note that [Prudnikov et al, 1986]
—a > (=1)? (a), 2P
(14 2) :Z%. (2.3)
p=0 P

Thus using relation (2.3) in (2.2),we get

plp+1) r—1
9lrn,m,k] (y) = b (T’ . 1) m+ 1 r—1 Z ( )
( !
Xi — p+2) (%—1) 1 (2.4)
& pyr—i+1+1 '

To prove that fboog[,ﬂ,n,m,k] (y)dy =1

We have,

0o p(p+1) Cr_1 = '(r - 1)

r,n,m d = B _1 Z ’

/b Iirmmi] (4) dy b (r—1)(m+1) 1;( A

l
o2 (-1 (p+2) (41
x/ Z (b ) 1 dy. (255)

- A pyr—i+1l+1
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Since

A(A+1)m,
Nm
Thus, using relation (2.6) in (2.5), we get

b (r—1)Y m+1’"1 i Jpy—it1

(A+m)= [Srivastava and Karlsson, 1985]. (2.6)

!
y
+2)i(pyr—i + 1 <5—1)
/ (p+ 2)i(py )i dy. (2.7)
p’)‘r—z + 2)1 )
Noting that [Prudnikov et al, 1986]
0 L (1P (a)y(b), 2
2Py B D (2.8)
Conditionally convergent for |z| =1, z # 1, if —1 < Re(w) < 0.
In view of (2.8),(2.7) becomes
pp+1) Z <r — 1) 1
b (r—1) m+1’“1 i )pyvr—it+1
o0 pyr—i+1, p+2
X/ 2F1 ) 1-— % dy (29)
b PYri +2
Let t =¥ — 1, then
r—1 1
= +1 RV —
Plp )(r—l m—i—lr12 < i )p%_i+1
o0 PYr—i+1, p+2
></ JF) Ct | (2.10)
0 PYr—i +2
Note that[Prudnikov et al, 1986]
a b
> m) " (c) I(p) P(a —p) T'(b —p)
PRy ;o —ma | dr= ( . (2.11)
| . D(a) T(5) T(c — p)
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Therefore in view of (2.11),(2.10) reduces to

r—1
(r— 1)0!(;@1+ 1y g(_l)i( i 1>B<mk+1 +Ho=r)+i, 1)

For real positive «, ¢ and a positive integer b, we have

Z(—l)"(z)B(a—l—a, ¢) = Bla, c+b).

Thus using relations (2.13) in (2.12), we get

_ Cr— k
- (r—l)!(m{i-l)r B(m—i—l tn-r, T)

=1.

3 Moment of Y|, i

(2.12)

(2.13)

In this section,we derive the moments of Y'[r,n, m, k] for bivariate Pareto distribution by
using the results of the previous section. Using (2.4), the moments of Y[r,n,m, k| is

)
E(Y[f’ii,)m,ko :/b yklg[r,n,m,k] (y) dy

p(plj'l)(r_l le (7"—1>

l
o =D e (i)
></ M dy
b — I! PYr—i +1+1

Now using relation (2.6) in (3.2), we get

p(p+1) E (7“—1) 1
b (r—1) m+17’1 i )pye_i+1

l
00 e g1
Dy + 10 (F1)
X/ yk1z p+ (P’Yr i+ )l b dy.
b

P (Pyr—i +2)i i
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Using relation (2.8) in (3.3), we have

p(p+1) Z (r—l) 1
b (r=1)X m+1r1 i )py—it1

0o PYr—i+1, p+2
X/ yk12F1 ; 1- % dy (34)
b PYr—i+ 2

Let z =¥ — 1, then R.ILS. of (3.4) reduces to

= P+ - 12 (")

(7“—1) m+1

0 PYr—i+1, p+2
X / (1+2)M9F, ;o —z | da (3.5)
0 PYr—i +2

Expanding (1 + 2)* binomally in (3.5), we get

_ e o1yt
= p(p+1)(r_1) m+1r IZ ( i )p%—i-i'l

Bk [ pPyr—i+1l, p+2
X E it By ;o —z | dz. (3.6)
t
t=0 0 PYr—i +2

Using relation (2.11) in (3.7), we get

B(Yema) = O z O e e | (B BT

Remark 3.1 : Set m = 0, k = 1 in (3.7), to get moments of concomitants of order
statistics from bivariate Pareto distribution as

T

E(Y[fk;])) — (b i <ktl> Dk +1 —lf)(;‘(f;r)t +1— k) I (1 B p(nki;j_l))_l'

=1
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Remark 3.2 : At m = —1 in (3.7), we get moments of concomitants of k — th upper
record value from bivariate Pareto distribution as

k1
(k1) ik FI\NT(k1 +1—8)T(p+t+1—ki)
E(Y[r,n,—l,k]> = (b)™ ; < . ) o 1) <1

B k'lp; t)—T.

Means of the concomitants of order statistics (Remark 3.1)

Table 3.1

b = 1.0000 p = 3.0000
n\r 1 2 3 4 5 6 7 8 9 10
1 1.5000
2 1.4000 1.6000
3 1.3750 1.4500 1.675
4 1.3636 1.4091 1.4909 1.7364
5 1.3571 1.3896 1.4383 1.5259 1.7889
6 1.3529 1.3782 1.4125 1.4641 1.5569 1.8353
7 1.3500 1.3706 1.3970 1.4331 1.4873 1.5847 1.8771
8 1.3478 1.3652 1.3867 1.4143 1.4519 1.5085 1.6101 1.9153
9 1.3461 1.3612 1.3793 1.4016 1.4303 1.4694 1.5280 1.6336 1.9505
10 1.3448 1.3580 1.3736 1.3923 1.4154 1.4451 1.4855 1.5462 1.6555 1.9832

Table 3.2

b = 2.0000 p = 4.0000
n\r 1 2 3 4 5 6 7 8 9 10
1 2.6667
2 2.5714 2.7619
3 2.5454 2.6234 2.8312
4 2.5333 2.5818 2.6649 2.8865
5 2.5263 2.5614 2.6124 2.6999 2.9332
6 2.5217 2.5492 2.5858 2.6391 2.7304 2.9738
7 2.5185 2.5411 2.5695 2.6075 2.6627 2.7574 3.0099
8 2.5161 2.5352 2.5585 2.5879 2.6271 2.6841 2.7818 3.0425
9 2.5143 2.5309 2.5505 2.5745 2.6047 2.6450 2.7037 2.8042 3.0722
10 2.5128 2.5275 2.5445 2.5646 2.5892 2.6202 2.6616 2.7217 2.8248 3.0997
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Table 3.3

b = 3.0000 p = 5.0000
n\r 1 2 3 4 5 6 7 8 9 10
1 3.75
2 3.6667 3.8333
3 3.6429 3.7143 3.8928
4 3.6316 3.6767 3.7519 3.9398
5 3.6250 3.6579 3.7049 3.7832 3.9790
6 3.6207 3.6465 3.6806 3.7292 3.8102 4.0128
7 3.6176 3.6389 3.6656 3.7006 3.7506 3.8340 4.0426
8 3.6154 3.6335 3.6553 3.6826 3.7186 3.7699 3.8554 4.0693
9 3.6136 3.6294 3.6479 3.6702 3.6981 3.7349 3.7874 3.8749 4.0936
10 3.6122 3.6262 3.6422 3.6611 3.6839 3.7124 3.7499 3.8035 3.8927 4.1159

It may be noted that in Tables 3.1, 3.2 and 3.3, the well known property of order statistics
> E(Xim) =nE(X) (David and Nagaraja, 2003) is satisfied.

Means of the concomitants of lower record values(Remark 3.2)

Table 3.4
k = 2.0000 k = 3.0000 k = 4.0000
r | b=1.0000, p=3.0000 | b= 2.0000, p = 4.0000 | b= 3.0000, p = 5.0000
1 1.4000 2.5454 3.6316
2 1.4800 2.5950 3.6648
3 1.5760 2.6491 3.6998
4 1.6912 2.7081 3.7366
5 1.8294 2.7725 3.7754
6 1.9953 2.8427 3.8162
7 2.1944 2.9194 3.8592
8 2.4333 3.0029 3.9044
9 2.7199 3.0941 3.9520
10 3.0639 3.1936 4.0021
11 3.4767 3.3021 4.0548
12 3.9720 3.4205 4.1104
13 4.5664 3.5496 4.1688
14 5.2797 3.6905 4.2303
15 6.1356 3.8442 4.2951
16 7.1628 4.0118 4.3632
17 8.3953 4.1947 4.4350
18 9.8744 4.3942 4.5105
19 11.6493 4.6119 4.5900
20 13.7792 4.8493 4.6737
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4 Joint Probability Density Function of Y}, ,, 1y and Y,

For bivariate Pareto distribution as given in (1.6), using (1.3) and (1.8) in (1.5), the joint
pdf of r —th and s — th concomitants of gos Y|, , ;1) and Y, px) for m # —1is

Cs—l
(r—1Ds—r—1)(m+1)2

S e ()

(@)= T2(1)PF2p? (p + 1)°

9lr,s,n,m,k] (yla yQ) =

=0 j=0 J
X / . . I(z2,y1) dx2 (4.1)
o (w9)P0s=i=1) (bxy + ays — ab)P+?
where,
Hasy) = [ L ! d (4.2
L2,Y1) = “ ( C61)p(s—r-ﬁ-i—j)(m+1)—p (b.%’l +ay; — ab)p—i—? 1 : )
or 2 )
_ T
Hazn) =07 [ are (4 55 da, (13)

where a=p(s—r+i—j)(m+1)—p, 8= (p+2) and A = ay; — abd.

Using (2.3) in (4.3), after simplification, we get

Hoag) = 3 (- el L

u=0

>l

|27 — @] @)

Subsituting the value of I(z9,y1) from (4.4) in (4.1), we get

Cs—l

(r—1D(s—r—1)!(m+ 1)3—2 (@)= 2 (0)Pp*(p 4+ 1)°

9lr,s,n,m,k] (yla y2) =

=0 j=0

e ——

p(Ys—j—1) (bZEQ + ays — ab)p+2

(@) 2 (D)% 22 (p 41)2C s i . 1yt <r—1> <3_7«_1)

(r=Dis—r—=D(m+1)"" = = i J
gans Du (D" S (B (=5) 1
xNE) 5; ul " ;} v! : 1-0+v)2—-0—a+v+u) (46)
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where § = ays — ab and 0 = py,_; —

Putting the value of 6, A\, 6 and « in (4.6), we get

Csy
(7" - 1)!(5 —r— 1)](m + 1)5—2

G[r,s,n,m,k] (y17 y2) = (b)2p+2p2(p + 1)2

x § N 1) (r : 1) (8 - ; - 1) (1 —b) (g — )"

=0 j=0
u v
s ul e v! (W+1+p—pysj)v+u+2p+2—py)

(4.7)

To prove that [;™ [;™ g s nmi) (U1, y2)dy1 dys =1

we have,

o0 oo o0 oo - o (B ()"
/b /b G g (U1, v2)dyt o = A /b /b (1 =0 Pl =) Py
u=0 .

% i (5)1} (_b_by2 )U 1 dur d (4 8)
s ol W+ ltp—pre )W tut2pt2—pp) '

2])“1‘2 2 2 r—1 s—r—1 _ _ _
. O)PTp*(p+ 1)°Cs_q Z l+] <7" ' 1) <5 7" 1) (4.9)

(r—1Dl(s—r—1)Y m—|—152Z=0 — (

.

Setd=1—pys—j+p+1land g=2—py_i+2p+2in (4.9), then
b)u
A Lo

v b yz) 1
E: dyy dio. 4.10
% (0t d)(oturg) W (4.10)

Noting that [Srivastava and Karlsson, 1985]

A ()‘ + 1)m+n

A+m+n)= Ty

(4.11)
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(Mman = A)m(A+m)p.
Now using relation (4.11) and (4.12) in (4.10), we have

A o (9)u(B)ul(d)e <bby1)”
‘gd/ B2 =02 @, ol 2
~ g+v, B
< [T -0an SN P
b gHv+1
- A(b)—(ﬁ—n oo (bbyl)v (g+)
a gd(ﬁ—l)/b Z g+1 d+1) vl g+v+1—ﬁdy2'

=0
Using relation (2.6) in (4.14), we get

b

A(b)~ =D / e B) ﬁz o(g— /3+1> B (5)"

T AB-Dg- 5+ 1) d+1 “hr ), 0 W
_(B— d7 9_64‘17 /8
A(b)~(B-1) o0 5 b
— —b -
d(ﬁ_l)(g_ﬁ+1)/b (92 ) @ st d+1, g—B+2 vzt

Noting that [Prudnikov et al, 1986]

o (a1) (a2) (a3) ]
/ 13 Fy —x | dz
0 (b1)  (b2)

) I'(s) I'(ay — s) I'(az — s) ['(az — s)
F(CLQ) F(ag) F(bl — S) F(bg — S)

I'(by) T'(b2
['(a1)

0 < Re <s <Reaj; j=1,23].

Thus in view of (4.16, (4.15) becomes

A d
T (B-12(g+2-28) (d+1-B)
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Now putting the value of ¢, d, 8, A in (4.17), we get

Cur SN (1) (s
g[’/’,S,nm’Ir,k](yl7 yZ) = (7” _ 1)'(8 —r— 1 m + 1 s Z ; ]
1=

><B<mlj_1+(n—r+i), 1>B<L+(n—s+j), 1) (4.18)

=1 in view of (2.13).

5 Product Moments of two concomitants Y}, ,, ,, 1, and Y[,

Product Moments of two concomitants Y., k) and Yis nom k) 1S as

k) oyl
E(Y[iﬁ)m K, i)m k] / / TUS? Grsnm (W, v2) dyr dys. (5.1)

In view of (4.7) and (5.1), we have

E Y(kl) kz) b b5 > (ﬁ)u (ﬁ)u
< [ryn,m,k] [snmkz] yl_ ) (2_ ) Z u!
u=0
X Z v b y2) ! dyy dys.  (5.2)
(W+T+p—prs—j)v+u+2p+2—pyi)
Setd=1—pys—j+p+1land g=2—py—; +2p+2in (5.2), to get
< (B (557"
— _ A B et 11
A/ / 21 —0) Py =) ”
u=0
X i ) ! dy; d (5.3)
s Wrd)(otutg) '
Using relation (2.6),(4.11) and (4.12) in (5.3), we get
A< i (9 (B (@ i)
= — — b B Y2
5 ), ey 2 G, @i, o
0o __b
, (g4 ) (=52)) )
X{/b Z g+1—|—v u! dyl} dyo (5-4)

66



Haseeb Athar and Nayabuddin / ProbStat Forum, Volume 08, April 2015, Pages 54-74

A [ S (@ (B (@ (i
dg J, T T,

“dg ), =
(g+v);  (B)

X{/ Y (g1 — b) Pl
b

Now letting t; = ﬁ in (5.5), we have

D ] dy1} dys.

(g+v+1)

b )7)

Jo (d)w (—3

dg Jp —~ (g + 1 + 1)y vl

o0 5 (9+ v); (B)

X{/ (b-i— %) 1tﬁ_22F1 ;o —bt dt} dyo.
0 (g+v+1)

k
Expanding (b + %) ' binomally in (5.6), we get
b v
— é / y2 . ,8 Z (d)’U (_b—yg)
dg Jp s (g + 1 d +1), v!

k1 o0 (g+v);  (B)

x{bl 3 (kll> / {PH—I=2, — dt} dys.
1=0 0 (g+v+1)

Using relation (2.9) and (2.6) in (5.7), we have

BH+l—k— 1D (k1—1+1)

kl B+1 kl)
Z( (g+k1i+1-08-1)

oo —b v

-B 'v 9+k1+1—l—5) (yg—b)
X dysa.
/b Z g+k1+2—l—,8) o W

v=0

Using relation (4.10) in (5.8), we get

_ 2 k- ﬁ+1z<k1> BH+l—k— 1Dk —1+1)
(g+ki+1—-08-1)

- (d);  (9+ki+1—1-08); (B
X / vs? (y2 = 0) 3Py T
b (d+1); (9+ki+2—-1-7)
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Letting z = ﬁ in (5.9), we get

_ D k- ﬂ+1z<k1> BH+l—k— DT (ky—1+1)
(g+ki+1—-08-1)

)

) 1\ k
X / <b—|— *) 2Zﬁ_23F2
0 z

k
Expanding <b + %) ’ binomally in (5.10), we get

(5.10)

(d);  (g+k+1-1-58); (B) ]
—bz | dz

(d+1); (g+ki+2-1-7)

_ A ks i (k1> T(B+1—ki — DTk —1+1)
dT(B) (g+k+1-8-1)

k co
% i ko / Z[j+ll—k2—23F2
/) Jo

)

(d);  (g+k+1-1-5); (B) ]
—bz | dz

[1=0 (d+1); (9g+ki+2-1-0)
(5.11)
Now in view of (4.16) and (5.11), we have
ul k (B4l —ki — DDk —1+1)
_ Abk1+k2—2,8+2p+4 ( 1>< ) 1 1
»> o
F(ﬁ 4+l — ko — 1)F(k‘2 — 1+ 1) 1 1
L'(3) (g+k1+k2+2—l—ll—25)(d+k2+1—6—(ll)'
5.12)

Putting the value of A, d, g and S in (5.12), we get

itk (p )2 &k T(p+1+1—Fk)D(ky —1+1)
(=D (s —r—1) m+15 2zz(z>< ) T'(p+2)

1=01,=0

Tp+li+1—k)l(ka — 11 +1) vt zﬂ(r—l)(s—r—l)

I'(p+2) = = i J
y 1 1
[p{k+(n—s+j)m+ 1)} — (ke =l)] [plk+n—r+i)(m+1)} —(ki+kr—1—1)

(5.13)
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Which after simplification, yields

k1 ko
(k1) (k2) k1 +k (p+1+1—Fk)l(k1—1+1)
E(Yv[r,n,m,k]Yr[s,n,m,k']> =bmT Z Z ( ) ( ) F(p T 1)

=01;=0

S

F(p+l1+1—k:2)F(k:2—l1+1) ki+ko—1—11\"1 ko — 1\ —1
* o+ ) g@— o) -=0)

Jj=r+1

(5.14)
Remark 5.1 : Set m =0, k =1 in (5.14), to get product moments of concomitants of
order statistics from bivariate Pareto distribution as

E( [(kl])Y[ k2> bk1+k2i:z (kl)( ) p—|—l—|—1r_(§:2 1()k1—l+1)

=0 1=

F(p+l1+1—k2)r(k2—l1+1) - ki+ko—1—11\"1 s ko — 1 -1
1-— l1-— .
Flp+1) 71;[1< pn—i+1) ) j:l:£1< p(n—i-i—l))

Remark 5.2 : At m = —1, in (5.15), we get product moment of concomitants of k —
th upper record value from bivariate Paretodistribution as

1
(k1) (k2) kitk ki1 (p+1+1—Fk)T(ky —1+1)
(i on) =503 () () P

=0 1,=0

F(p—i—ll +1 —kg)r(kg - +1) <1 B k1 + ko —l—ll)—r(l B ko —l)—(S—"')
F'(p+1) pk pk ’
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Product moments between the concomitants of order statistics (Remark 5.1)

Table 5.1
ag = 2.0000 ko = 5.0000 ¢ = 2.0000
n s\r 1 2 3 4 5 6 7 8
11 2.3333
2 1 1.9667
2 2.2500 2.7000
3 1 1.8928
2 1.9964 2.1143
3 2.3071 2.4464 2.9928
4 1 1.8606
2 1.9227  1.9896
3 2.0345 2.1057 2.2389
4 2.3700  2.4540 2.6129 3.2442
5 1 1.8425
2 1.8866 1.9331
3 1.9528  2.0009 2.0744
4 2.0719 2.1233 2.2016 2.3486
5 2.4293 2.4901 2.5833 2.7599  3.4680
6 1 1.8308
2 1.8650 1.9005
3 1.9116 1.9480 1.9981
4 1.9814 2.0192 2.0713 2.1507
) 2.1071  2.1475 2.2031 2.2880 2.4476
6 2.4842 2.5321 2.5984 2.7000 2.8929 3.6721
7 1 1.8228
2 1.8506 1.8793
3 1.8864 1.9157 1.9535
4 1.9351 1.9652 2.0041 2.0576
5 2.0083 2.0395 2.0800 2.1357 2.2205
6 2.1399 2.1733 2.2166 2.2762 2.3672 2.5384
7 2.5349 2.5747 2.6264 2.6977 2.8072 3.0153 3.8611
8 1 1.8168
2 1.8403 1.8644
3 1.8693 1.8938 1.9241
4 1.9065 1.9315 1.9625 2.0025
5 1.9573 1.9830 2.0148 2.0560 2.1126
6 2.0335 2.0602 2.0934 2.1362 2.1952 2.2853
7 2.1706 2.1992 2.2347 2.2806 2.3439 2.4406 2.6228
8 2.5821 2.6162 2.6587 2.7138 2.7899 2.9067 3.1292  4.0379
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Product moments between the concomitants of k£ — th upper record statistics
(Remark 5.2)

Table 5.2

b = 1.0000 p = 3.0000 k = 2.0000

= © 00 O Ul W H®
—
<

[an}

1 2 3 4 5 6 7 8 9 10
1.1667

1.2000 1.2500

1.2400 1.3000 1.3750

1.2880 1.3600 1.4500 1.5625

1.3456 1.4320 1.5400 1.6750 1.8437

1.4147 1.5184 1.6480 1.8100 2.0125 2.2656

1.4977 1.6221 1.7776 1.9720 2.2150 2.5187 2.8984

1.5972 1.7465 1.9331 2.1664 2.4580 2.8225 3.2781 3.8477

1.7166 1.8958 2.1197 2.3997 2.7496 3.1870 3.7337 4.4172  5.2712
1.8599 2.0749 2.3437 2.6796 3.0995 3.6244 4.2805 5.1006 6.1258 7.4072

Table 5.3

b = 1.0000 p = 4.0000 k = 3.0000

= © 00 ~JO Ttk W H—H®»
—
<

[aw}

1 2 3 4 5 6 7 8 9 10
1.0750

1.0818 1.0900

1.0893 1.0982 1.1080

1.0974 1.1071 1.1178 1.1296

1.1062 1.1168 1.1285 1.1414 1.1555

1.1159 1.1275 1.1402 1.1542 1.1696 1.1866

1.1264 1.1390 1.1529 1.1683 1.1851 1.2036 1.2239

1.1379 1.1516 1.1668 1.1835 1.2019 1.2221 1.2443 1.2687

1.1504 1.1655 1.1820 1.2002 1.2203 1.2423 1.2665 1.2932 1.3225
1.1641 1.1805 1.1986 1.2184 1.2403 1.2643 1.2907 1.3198 1.3518 1.3870
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Table 5.4
b = 2.0000 p = 5.0000 k = 4.0000
s\r 1 2 3 4 5 6 7 8 9 10
1 4.1777
2 4.1871 4.1975
3 4.1969 4.2079 4.2194
4 4.2073 4.2188 4.2310 4.2438
) 4.2182 4.2303 4.2431 4.2567 4.2709
6 4.2297 4.2425 4.2559 4.2702 4.2852 4.3010
7 4.2418 4.2552  4.2694 4.2844 4.3002 4.3169 4.3345
8 4.2545 4.2687 4.2836 4.2994 4.3160 4.3335 4.3521 4.3716
9 4.2679 4.2828 4.2985 4.3151 4.3326 4.3511 4.3706 4.3912 4.4129
10 4.2820 4.2977 4.3142 4.3317 4.3501 4.3696 4.3901 44118 4.4347 4.4588
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Appendix: Clarification of equation (2.1) in the text.
We have the pdf of X (r,n,m,k) as

fr(x) =

P @ (@) (Fla) o
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and the pdf of Y}, ,, ,,, ), the rth concomitant of generalized order statistics is

g[r,n,m,k] = / fY|X(y|x) f(r,n,m,k)(l') dx (2)
Using (1) in (2), we get

i = oy [ Frixlole) (P f@)ghy (@) da ®

Now expanding ¢/ ! (F(x)) = [ﬁ{l - (F(a:))mﬂ}]r binomially in (3), we get

r—1\ [ - _
oo 0) = [y 12 v [CEerswe o

Since for bivariate pareto distribution pdf is

p(p + 1)(ab)P*!

f(a:,y)z(beray_ab)pH, p>0,2>a>0,y>b>0 (5)
and corresponding df is
b aP (ab)Pt!

Play) =1-=-2 4

o a  Grtay—apprz P> 0e>a>0y>56>0 (6)

The conditional pdf of Y given X is
a(p +1)(bx)P*

= b>0 0 7

flylz) v tay —abyprz VP00 >0, (7)
The marginal pdf of X is

_ o 0 0 8

fl@)= ", p>0z>a> (8)
The marginal df of X is

ap
Flz)=1-—, p>0,z>a>0 9)

xP’
Now using (7),(8) and (9) in (4), we get after simplification
p(

p(p+1) r—1
9rn,m,k] (y) ab r—1 Z ( )

(r—l) m-l—l

ST e (g o

which is the expression (2.1) in the manuscript.
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