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L-moments and TL-moments estimation and relationships for
moments of progressive type-II right censored order statistics
from Frechet distribution
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Department of Statistics, University of Delhi, Delhi-110007, India.

Abstract. In this paper, we have obtained L-moments and TL-moments of Frechet distribution and
used them to find the L-moments and TL-moments estimators of the parameters 8 and A\ of the Frechet
distribution. Also we have obtained recurrence relations satisfied by the single and product moments
of progressive Type-II right censored order statistics from Frechet distribution. This will enable one to
evaluate the single and product moments in a recursive way.

1. Introduction

Maurice Fréchet (1927) was a French mathematician who had identified one possible limit distribution for
the largest order statistic which refers extreme value distribution. The Fréchet distribution is also known as
the Extreme Value Type II distribution or Fréchet model. Also, it is one of the probability distributions used
to model extreme events (see Kotz and Nadarajah (2000), Fisher and Tippett (1928) and Gumbel (1958)).
The extreme value distribution which has importance in risk management, finance, insurance, economics,
hydrology, material sciences, telecommunications, and many other industries dealing with extreme events
as a suitable model to represent phenomena with usually large maximum observations.

The probability density function (pdf) of Fréchet distribution is given by (see Fig. 1)

f(z) = (%)_H@) exp{f (%)_9} £>0, >0, A>0, (1)

where 0 is the shape parameter (f > 0), and A is the scale parameter (A > 0). This distribution is bounded
on the lower side (x > 0) and has a heavy upper tail. The cumulative distribution function (cdf) is given by

F(x):exp{f<§>_9}, >0, 0>0, A>0. 2)

The mean, variance, skewness and kurtosis of the 2-parameter Fréchet distribution, as defined in (1), are
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given by, respectively,

u:AF(l—%), o2 = \2
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Figure 1: Pdf of Fréchet Distribution

From equations (1) and (2), one can observe that the characterizing differential equation for Fréchet
distribution is given by

[%
(5@ =" - P (3

In this paper we have derived L-moments and TL-moments of Fréchet distribution. We have also established
several recurrence relations satisfied by the single and product moments of progressive Type-II right censored
order statistics from Fréchet distribution defined in (1), which will enable one to compute the single and the
product moments in a recursive manner.

2. L-moments and TL-moments

It may be mentioned that Hosking (1990) introduced the L-moments as a linear combination of probabi-
lity weighted moments. Similar to ordinary moments, L-moments can also be used for parameter estimation,
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interval estimation and hypothesis testing. Hosking has shown that first four L-moments of a distribution
measure, respectively, the average, dispersion, symmetry and tail weight (or peakedness) of the distribution.
L-moments have turned out to be a popular tool in parametric estimation and distribution identification
problems in different scientific areas such as hydrology in the estimation of flood frequency, etc. (see e.g.
Hosking (1990), Stedinger et al. (1993), Hosking and Wallis (1997)). In comparison to the conventional
moments, L-moments have lower sample variances and are more robust against outliers. For example, L
is the same as the population mean, is defined in terms of a conceptual sample of size r = 1, while Lo
is an alternative to the population standard deviation , is defined in terms of a conceptual sample of size
r = 2. Similarly, the L-moments L3 and L, are alternatives to the un-scaled measures of skewness and
kurtosis pus and pg, respectively (see Sillitto (1969)). Elamir and Seheult (2003) introduced an extension
of L-moments and called them TL-moments (trimmed L-moments). TL-moments are more robust than
L-moments and exist even if the distribution does not have a mean, for example the TL-moments exist
for Cauchy distribution (see Abdul-Moniem and Selim (2009) and Shabri et al. (2011)). Abdul-Moniem
(2007) derived L-moments and TL-moments for the exponential distribution. Similar work has been done
by Shahzad and Asghar (2013) for Dagum distribution.

2.1. Methodology for L-moments for Fréchet Distribution

Let X1, Xs,...,X, be a random sample from Fréchet distribution defined in (1) and Xi., < Xo., <
... < X,..n, denote the corresponding order statistics. Then the r** L-moment defined by Hosking (1990) is
as follows:

Lr:1 _1kr_1 E(Xr k), 4
7";;)( ) ( B ) (Xr—er) (4)
where
r! > i—1 r—i
B(Xer) = =i/, “F@) = F@) ).

For r =1,2,3,4 in (4), the first four L-moments can be derived as follows:

Ly = E(X1.1) ?
1

Lo = iE(XZ:Q - X1:2) (6)
1

L3 = §E(X3:3 —2X23 + Xi:3) "
1

Ly= ZE(X4:4 —3X3:4 +3X0:y — X14). ®

The L-moments of the Fréchet distribution are obtained by utilizing (5) - (8) as given below:

Li=AT(1— %) ()

LQ:AF(1—;)[(2)1_2(1/9)—1} (10)

Ly=AT(1-

N 6
5)[(3)141/0) “ram b 1
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1 20 30 12

Ly= X F(]. - 5) (4)1_(1/9) B (3)1—(1/9) + (2)1—(1/0)

—1].

In particular, Ly, Lo, L3 and L4 are population measures of the location, scale, skewness and kurtosis,
respectively.
The L-skewness 73 and L-kurtosis 74 of Fréchet distribution will be given by (cf. Shabri et al., 2011)

6 6
L @I=a/eo — (2)=a/o +1
T3 = — =

2
wram 1

and

_ Ly (4)1%?1/% - (3)1§?1/9) + (2)112(1/@ -1
= )

T4 ) 1
)=a/e

2.2. Sample L-moments and L-Moment estimators

The L-moments can be estimated from the sample order statistics as follows (see Asquith, 2007):

AR (L)

T/ i=1 k=

From equations (9), (10) and (11) the L-moment estimators for parameters § and A of Fréchet distribution
will be given as

1 — 1
Lh==) X;m=X=XT(1-2),
1 "Z;' ( y
2 " . 2
l2 n(n—l) (7’ 1)Xi:n_X:X|:7(2)1_(1/9) —1].

By solving, we get
log 2 -

ézlog[l;+1}’

and

X
N
r(1 - 5)
2.83. Methodology for TL-moments for Fréchet Distribution

Elamir and Seheult (2003) introduced some robust modification of Eq. (4) (and called it as TL-moments)
in which E(X, _g.) is replaced by E(X;4¢, —kirtt,+t,) for each r where t; smallest and ¢4 largest are trimmed
from the conceptual sample. The following formula gives the 7t TL-moment (cf. Elamir and Seheult, 2003):

x:

r—1

1 r—1
L) = - Z(l)k< i >E(Xr+t1—k:r+t1+t2)~ (12)
k=0
One can observe that TL-moments are more robust than L-moments and exist even if the distribution does
not have a mean, for example the TL-moments exist for Cauchy distribution (cf. Abdul-Moniem and Selim,
2009). TL-moments reduce to L-moments when ¢; = 0 and ¢ = 0.
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TL-moments equation (12) with ¢t = 1 and t5 = 1 is defined as Lgl’l) = Lgl):
1 r—1
L(l = ; ZO < )E(Xr+1—kzr+2)' (13)
For r =1,2,3,4 in (13), the first four L-moments can be derived as follow:
LY = B(Xy.5) (14)
L§) = 2E(X34 — Xo.4) (15)
L(l) 3E(X45 —2X3:5 + Xa:5) (16)
(1) 4E(X56—3X46+3X36—X2 6)- (17)

The TL-moments of the Fréchet distribution are obtained by utilizing (14) - (17) and are given below:

L3V =6A T (1~ %) [(2)1—1@/9) B (3)1—1<1/e) (18)
LY =e6xT(1 - %)[f (4)1_2(1/9) + (3)1?(1/9) - (2)1_1(1/9) (19)
L = %A INOE %)[— (5)12_(21/9) + (4)11_(21/9) - (3)11—2(1/9) + (2)1—2(1/9)}

L(l 7)\ r(1 - ;)[— (6)11—%1/9) + (5)1%5(1/9) - (4)13—(21/0) + (3)11—?1/9) o (2)1—1(1/0)}'

The TL-skewness T?E ) and TL-kurtosis 7'4 ) of the Fréchet distribution will be

7.(1) ﬁ _ é [7 (5)1£0(1/9) + (4)1%?1/9) - (3)131/@ + (2)13(1/9)}
3 L(l) 9 1 s
? @ (1/9) + (3)1— (1/9) T @-am
ZEl) Q — § [_ (6)114%1/51) + (5)1%5(1/9) - (4)1%?1/9) + (3)13(()1/9) — (2)1_1(1/6)}
(1) 4 )
L, [* (4)131/9) + (3)1,?’(1/9) — (2)1,1(1/9)]

2.4. Sample TL-moments and TL-moment estimators
The TL-moments can be estimated from a sample as linear combination of order statistics. Elamir and
Seheult (2003) presented the following estimator for TL-moments:

[(tte) — nz:tz 7«221 r—l i—1 n—i X, (20)
r r+t;—k—1 k+to v

r(r+t1+t2) i=t1+1 k=0
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If we take t; = to =t in Eq. (20), we get lﬁt’t) = lﬁt) :

b= r(:fgt) S Sy <T ; 1) (r ke 1> (Z+i) Kin- )

i=t+1 k=0

From Egs. (18), (19) and (21), for ¢ = 1 and r = 1,2, the TL-moment estimators for parameters A and 6
can be obtained and are given by lp’l) = ZS}), r=1,2:

n—1

1 = i 2~ D0 X =610 = ) 5 - g -
and
n—1 ,. n—i 2 n—i
B = n(n— 1)(n13 2)(n — 3) (2_; ( 2 1) ( 1 )X” - ; ( 1 1) ( 2 )Xn)
= 6AT(1- %)[— (4)1_2(1/9) + (3)1?(1/9) o (2)1—1(1/9)}' 2

By solving (22) and (23) the TL-moment estimators for the parameters A and 6 of Fréchet distribution
can be obtained.

3. Progressive Type-II Right Censored Order Statistics

Progressive censoring sampling scheme is very useful in reliability and life time studies. Its allowance
for removal of live units from the test at various stages during the experiment will potentially save the
experimenter cost while still allowing for the observation of some extreme data. Numerous authors have
discussed inference problems for a wide range of distributions under this sampling scheme. See, for example,
Aggarwala and Balakrishnan (1996, 1998), Balakrishnan and Aggarwala (2000), Cohen (1963, 1976, 1991),
Mann (1969, 1971), Balakrishnan and Sandhu (1995), Balakrishnan, Gupta and Panchapakesan (1995) and
Saran and Pushkarna (2001).

Suppose n independent items are put on test with continuous identically distributed failure times
X1,Xs,...,X,. Suppose further that a censoring scheme (R, Ra, ..., Ry) is fixed such that immediately
following the first failure, R; surviving items are removed from the experiment at random; immediately
following the first failure after that point; i.e., after second observed failure, Rs surviving items are removed
from the experiment at random; this process continues until, at the m*® observed failure, R,, items are
removed from the test at random. Thus, in this type of sampling, we observe in all m failures and Z;’;l R;
items are progressively censored so that n =m + 27;1 R;.

Let X{ﬁi:’fz""’Rm) < Xéﬁiz’fz""’Rm) < ... < x$ueoBn) he the m ordered observed failure times in
a sample of size n from the Fréchet distribution defined in (1) under progressive Type-II right censoring
scheme (Ry, Ra, ..., Ry). Then the joint pdf of X (B Bayey R"‘)J((Rl.’R2 """ R’”), .. 7X7(,f}n’:lff """ Bm) i given

Lim:n 2:m:n
by (Balakrishnan and Sandhu, 1995)

m

f1,2,...,m:m:n($17x27 o 75Em) = A(n,m - ]-) H f(xz)[]- - F(‘rz)]Rba 0 S T < T2 <0 < Tm < 0, (24)
i=1

where A(n,m—1) = H?:Ol(n—Si—i) with So =0and S; = R+ Ro+---+R; = 2221 Ry forl1<i<m-—1.
Here all the factors in A(n,m — 1) are positive integers. Similarly, for convenience in notation, let us define
forg=0,1,....,p—1,

Ap,q)=plp—Ri —1)(p—R1 —Rs—2)...(p— Ry — Ry —--- — Ry — q)
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with all the factors being positive integers. Thus, for 1 < r < m, we have

B tae ) X (R m>] Aln,m—1) / / / )1 — Fa)] P dai. (25)
0<z1<T2<...<Tp <00
In Subsections 3.1 and 3.2, utilizing the characterizing differential equation (3), we will derive recurrence

relations for the single and the product moments of progressive Type-II right censored order statistics from
Fréchet distribution.

3.1. Single Moments
Theorem 3.1. For2<m<n-—1andk >0 >0,

9 (R R ) (R (k—0) (k—0)
1,R2,...,Rm _ 1+R2,R3,....Rm) (R1—1,R2,....Rm)
(k 9) Hi:m:mn = A1f24n—1:n—1 + a2R1M1:m:n—1

Ri+Ro+1,Rz,....Rp) 5~ Ri,Rz,...,Rm) =9
—agpgi e T Ry e (26)

agi(nfslfl)

p— C p— C
where U= DS s 2~ DI 51

andc=nn—51 —1)(n—S2—2)...(n — Sp—1 — (M —1)).
And, form=1,n=1,2,... and k >0 > 0,

n—1)F n—9)(k—0) n—1)k=0
(k~ 9)9 i (R VT i U7 (27)

Proof. Relations in (26) and (27) may be proved by following exactly the same steps as those in proving
Theorem 3.2, which is presented below. [

Theorem 3.2. For2<r<m-1, m<n-—1 and k>6>0,

X R R R® (R1 Ry, Rod Ry yeeey R ) 59 (Riyee R 1+ Royory R ) =9
(k - 9)?/1/317}7/777/277 m) = bl/’("r':’rrll—f:n—l A - bzl’("r'—llﬂn—l:nl—l
R1,Ra2,...,Rr—1...,Rp)*=% Ri,...,Rr+Ryp1+1,...,Rp) 9
+b3RTM$‘WILn21 ) _b 5‘7711 1n+ ot )
Ri,o.,Rp_1+Rp+1,... Ry, ) =9 S (k—0)
+b5:u“£’711:m71:n1 ) (R + 1) ﬁrlL n Bom) (28)
— [&] — C
where b1 = Frre s, s 2 T e DS T S
by = == < by=(n—S5,—r)and bs = (n—S,_1 — (r —1)).

120 [(n=1)=Si =i [T [n—Se—t]’
Proof. From equation (25), we have

)\9 (Ri.R )(k) )\9 k m "
Gt pm - 0% [ [ [ et TG00 - Pl da
0<z1 <2< .. <Typ <00 =1

= A(n,m —1) I(@r—1,2r41) ﬁ f(@ F(x,))™ da, (29)
I

0< 2 <To <+ <Ly 1< g1 oo KTy KOO t=1,t#r
where
Tr+4+1
)\0
Haroror) = [ abf@)lt - Play))vda,.

Tr—1
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Using equation (3), we get

Tr41 Tr41

Ix,—1,2r41) = k=011 — F(a,)|Brde, — / k=011 — Pz, B da,
Tr_1 Tr—1
= Eo(wr—1,Tr41) — E1(zr-1, 20 11), (30)
where
Ty
E.(xr—1,Zr41) = / k=011 — Pz, B tede,,  a=0,1.
Tr—1

Integrating by parts yields,

1 — a — - a
Eo(r_1,2041) = L_0 [xl;Jrle[l - F(errl)}Rﬁ_ - xfff[l - F(xrfl)]RH_
Tr41
+(R, +a) / ¥ — F(a, )]t f(2,)da, | (31)

Upon substituting for E,(x,—1,2y1+1) for a = 0,1 from (31) into (30) and then substituting the resultant
expression for I(r,_1,2,41) in equation (29) and simplifying, it leads to (28). O

Proceeding on similar lines, one can derive the following recurrence relation:

Theorem 3.3. For2<m<n-—1andk>0>0, m>1,

N ) (k=) _1y(k=0)
Ri,Ra,...,Rm — (RlaR2a~~7R'm—1+Rm) (R1,‘..,Rm 1)
(k - 9)?”571;1712 ) = —Cllpy—1:m—1m—1 + C2leu’m:m:n—1
(Rl7'--7R77L71+Rm+1)<k79) Ri,....,Rm (k—=8)
+C3Mm—1:m—1:n + (Rm + 1)lu’£n;nn ) ) (32)

where
17557 [(n—1)—Si—i][n—Spm—m]’
and c¢g = [n— Sp—1 — (m —1)].

15 [(n—1)—S; —i][n—Spm]

Cc1 = Cy =

3.2. Product Moments

To obtain the recurrence relations for the product moments of progressive Type-II right censored order
statistics from Fréchet distribution, we have from equation (24), for 1 <r < s < m,

(R17R27...7R7n)(i1j) — E[{X(R17R277R7n)}Z{X(R17R277R7n)}]i|

o simi:n
= A(n,m-—1) / // xlad ﬁ flx)[1 — F(x))*day. (33)

0<z1<r2<...<Tyy <00

Theorem 3.4. Form <n—1,

A Ry Rase R) G (R (G—0.%) (G—6.k)
. 1,R2,...;Rm _ 1+R2,R3,...,Ry) (R1—1,R2,...,Rp)
(J— 9)?“1,2:m:n = d1fg.m—1m—1 + d2:u1,2:m:n—1

Ri+Rao+1,Rs,....Rm) 0% Ri,...,Rp)0—0:%)
7d3u(2:rr1L71:2n ’ ) - (Rl + l)ﬂg,lemfl:n) ) (34)
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where dq

d2 = (nfl)Hzr;jl[nfsifi] and d3 = (n — Sl — 1).

T DS =S

Proof. Relation (34) may be proved by following exactly the same steps as those in proving Theorem 3.5,
which is presented next. [

Theorem 3.5. Forl1<r<s<mandm<n-—1,

2 X ; . i
(. - G)L (R17R2 ..... Rm)(J'k) _ (Rl1R27"'7R7‘+R’7‘+17"'7R7”1r)(‘]791k) _ (RlvR?7"'7R7‘—1+RT""7RM)(J o0
J 9 Ky s:m:n = C1Mp som—1n—1 2Mr 1, s:m—1:n—1
(R17R2=-~7RT—17R7‘_11~~7Rm)(j79’k) (Rl7R27"'1R7‘+R7‘+1+1""7Rm)(j79’k)
+€3R7-/Jfr7s;m:n—1 — ey sm—1n
(R1,Ra,....Rr—1+ Ryt 1, Ry ) =00 (R, Ry, Ry ) V= 0R)
+e5lu’r717s:m71:n - (RT + 1)/1’7"75?7”?374 "
(35)
where e = —— & — €y = —— & =
! o= 1) =8 =] [T, [n—Se—t] 2 =6 [(n=1)=Si =4 [T}X," [n—S:—t]”
es = < ea=(n—=8.—r)and es = (n—S,—1 — (r—1)).

[T 2o [(n—1)—S;—d| [I[ . [n—S.—t]’

Proof. From equation (33), we have

A (R1,Rz,...,R)9F) A? kT R
?NT,S%:%’”" m :A(mm—l)? / // T H Jxe)[1 — F(x)] " doy

0< 11 <T2< .. Ty OO t=1t#r

= A(n,m —1) . 2f (2,1, 2000) ﬁ flz)[1 = F(z,)|*day, (36)
[ ]

0<21 <2< <Ly 1< T 1 oo KTy <OO t=1,t#r
where
Tr41
>\0 7 R,
-y, 2r1) = 5 [ 2l = Fla)]™ f(zr)dz,.
Tp—1

Using equation (3), we get

Tt Ty
H(@r1,2p1) = / 2011 = ()] P day / 21011 = P(a,)] P+ da,. (37)
Tyr—1 Tr—1
Consider,
-
E (xp_1,2p41) = / 27071 — F(x,))® e, a=0,1.
Tyr—1

Integrating by parts yields,

1 - i
Eo(vr-1,7p41) = =0 [$1+61)[1 — F(zy1)] e — 2701 = F(a,_y)]te
Tr41
B +a) [ a2 Bl o) (38)

Ty1

Upon substituting for E,(x,—_1,2y1+1) for a = 0,1 from (38) into (37) and then substituting the resultant
expression for I(z,_1,2,41) in equation (36) and simplifying, it leads to (35). O
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Proceeding on similar lines, one can derive the recurrence relations given in the following two theorems.

Theorem 3.6. Forl<r<s<mandm<n-—1,

N (CRD) Ri1,Rs,...,Rs+R Ry, )k=0) Ri,Rz,...,R Ryyeoy R )R =0
(k — 0) 2 (B Raveo Bn) O _ g (R B2 se et Rt Bim) (R1,Rayece; Ry 1+ Ry, Ron)

0 r,5:m:mn r,s+1im—1n—1 - f2:u"r,571:m71:n71
(R1,R2,....Re_1,Rs—1,.... Ry ) $F 70 (R1,Rz,.... Rat Rag1+1,...,Rp) 9 F =9
+f3RS/u‘r,s:m:n71 - f4ﬂr,s+1:m71:n
(R1,Ra,...,;Rs—14+Rs+1,..., Ry, )0k —0 Ry,Ra,...,Rp) k=0
+f5/’(’r,s—1:m—1:n - (Rb + 1)“7("75:m:n ) )

where

fi= 120 [(n—1)—=Si—i] [T} [n—Se—1) fa= 125 I(n—1) =8 =i T2 n—Se—t]
f3 = 1—[;‘.;01[(”_1)_51_1] l—Im [?’L—St—t]’ f4 = (n - SS - 5) and f5 = (n - SS—l - (S - 1))'

t=s

Theorem 3.7. Form <n —1,

A0 ( o) (.~ 0) )
Rl,RQ,..,,Rm,) J» _ (R17R27---7R7n71+R7n) (R17R27~--7Rm717Rm_1)
(k; - 0)?Mr,m:m:n - _gliu’r,m—l:m—lzn—l + g2/"’7‘,m:m:n—1

(R1,Rz2,...;Rm—_1+Rm+1)0*=9 (R1,Rz,..., R )Ur*=9
+g3u7',m—l:'m—1:n - (Rm + 1)/’Lr,m:m:n " ’

where
C C

9 = T8 A==l 2 = =05 a5, 98 = [ = Sm-1 = (m —1)}.

4. Recursive Algorithm

Utilizing the knowledge of recurrence relations obtained in Sections 3.1 and 3.2, one can calculate single
and product moments of progressive Type-II right censored order statistics from Fréchet distribution, for
the case when the domain of 6 is the set of natural numbers. We are giving the algorithm for the case § =1
as follows:

(n—1)(1)

(n-1)F)
V k,n by the knowledge of 1.1, V n. Now, for m = 2,

Eq. (27) gives the value of py;.,” = Um)z

. (m—2)D) (R1,R) () . : .
we require fi;..,° V n to evaluate i, for all Ry, Ry, k and n from eq. (26) in a simple recursive

. . (k) )
manner. Similarly, eq. (32) can be used to determine u;ﬁff D for m = 2, we require the knowledge of

(1) (k)
Mgﬁ;f“” V Ry, Ry and n > 2. Eq. (28) can now be used to determine Mgg{;le’RS) by the knowledge of

1 k)
glz;LRQ’Rs)( V Ry, R2, Rz and n > 3. Similarly, in the same manner we can calculate uggf;LRQ)( by the

. @, . . . . . .
required knowledge of uéﬁffﬂ in an iterative way. A similar algorithm can be written for higher values

of 6.

By utilizing the results of Section 3.2, one can obtain in a recursive manner, all the product moments
for all sample sizes and all censoring schemes from the Fréchet distribution.
Acknowledgements: Authors are grateful to the referee for giving valuable comments which led to an
improvement in the presentation of the paper.
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