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Abstract. In this article, a generalized family of continuous distributions have been characterized
through conditional expectation of record values conditioned on a pair of non adjacent record values.
Further some of its important deductions are also discussed.

1. Introduction

Record values were defined by Chandler (1952) as a model of successive extremes in a sequence of iden-
tically and independent random variables. Record values are often used as a model in extreme weather
conditions, in reliability theory and in life insurance. For detailed survey on the record values, one may refer
to Arnold et al. (1998) and Ahsanullah (2004).

Let X1, X2, . . . be a sequence of independently and identically distributed (iid) continuous random vari-
ables (rv) with the cumulative distribution function (df) and Lebesgue probability density function (pdf)
over the support (α, β), where α = inf{x : F (x) ≥ 0} and β = sup{x : F (x) ≤ 1}. Define the upper record
times by U(1) = 1 and U(r) = min{k > U(r − 1) : Xk > X

U (r−1)},r > 1. The upper record value sequence
is then defined by XU(1), XU(2), . . . .

Let XU(r) be the rth upper record from a continuous population with df F (x) and the pdf f(x) over the

support (α, β), then the pdf of rth upper record is given by (Ahsanullah; 2004)

fr(x) =
1

(r − 1)!
[−logF̄ (x)]r−1f(x), α < x < β (1)

Moreover, the joint pdf of XU(r) and XU(s), 1 ≤ r < s ≤ n, is given by (Ahsanullah; 2004)

fr,s(x, y) =
1

(r − 1)!(s− r − 1)!
[−logF̄ (x)]r−1[B(x, y)]s−r−1 f(x)

F̄ (x)
f(y), α < x < y < β, (2)
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where F̄ (x) = 1− F (x) and B(x, y) = [−logF̄ (y) + logF̄ (x)].
The joint pdf of XU(r), XU(j) and XU(s), 1 ≤ r < j < s ≤ n, can similarly be given as

fr,j,s(x, t, y) =
1

(r − 1)!(j − r − 1)!(s− j − 1)!
[−logF̄ (x)]r−1[B(x, t)]j−r−1[B(t, y)]s−j−1

f(x)

F̄ (x)

f(t)

F̄ (t)
f(y), α < x < t < y < β, (3)

Hence, the conditional pdf of XU(j) given XU(r) = x and XU(s) = y, 1 ≤ r < j < s ≤ n is given by

fj|r,s(t|x, y) = Cr,j,s
[B(x, t)]j−r−1[B(t, y)]s−j−1

[B(x, y)]s−r−1

f(t)

F̄ (t)
, α < x < t < y < β, (4)

where Cr,j,s = (s−r−1)!
(j−r−1)!(s−j−1)! .

Characterization of probability distributions by regression condition through various models of ordered
random variables were investigated by several authors. In this paper, we have characterized the continuous
distribution function using the conditional expectation of record values conditioned on a pair of non-adjacent
records. Probability distribution can be characterized in many ways and the method under study here is
one of them. That is, if the regression equation is known, we can find the family of distributions PF from
which the observations have been drawn.

Characterization of distributions through conditional expectation of record values was first considered
by Nagaraja (1988). Nagaraja (1988) obtained the characterization result based on the linear regres-
sion of adjacent record values. He characterized the distributions by considering the regression equation
gr+1|r(x) = E[XU(r+1)|XU(r) = x] = ax + b. Later Franco and Ruiz (1996, 1997), Lopez-Bláquez and
Rebollo (1997), Ahsanullah and Wesolowski (1998), Dembińska and Wesolowski (2000) and Athar et al.
(2003) extended the result of Nagaraja (1988) and characterized the continuous distributions conditioned on
non-adjacent records. Characterization of continuous distributions conditioned on a pair of adjacent records
was investigated recently by Bairamov et al. (2005). Bairamov et al. (2005) characterized the exponential
distribution and continuous distributions by taking the monotone transformations. Further Yanev et al.
(2008), Yanev and Ahsanullah (2009) and Khan and Khan (2009) characterized the continuous distributions
conditioned on a pair of non-adjacent records. Recently Noor and Athar (2014) characterized the continuous
distributions by taking the conditional expectation gpr,s(x) = E[{Ψ(XU(s))−Ψ(XU(r))}p|XU(r) = x]. In this
paper, we have extended the result of Noor and Athar (2014) and investigated the conditional expectation
gpr,s(x, y) = E[{Ψ(XU(j))−Ψ(XU(r))}p|XU(r) = x,XU(s) = y] , conditioned on a pair of non-adjacent records.

The paper is divided into two sections. In section 2, we have deduced the characterization result for
the continuous distributions conditioned on a pair of non-adjacent records. Finally in Table 3.1, the re-
sults obtained in section 2 are used to characterize some specific continuous distributions using monotone
transformations.

2. Characterization of continuous distributions.

Theorem 2.1. Let XU(i), i = 1, 2, . . . , be the ith record from a continuous population with df F (x) and pdf
f(x) over the support (α, β). Let Ψ : R → R is a monotonic and differentiable function and p ∈ N. Then
for 1 ≤ l < j < s ≤ n, l = r, r + 1

gpl,s(x, y) = E[{Ψ(XU(j))−Ψ(XU(l))}p|XU(l) = x,XU(s) = y] = [Ψ(y)−Ψ(x)]p
Γ(s− l)Γ(p+ j − l)
Γ(j − l)Γ(p+ s− l)

(5)

if and only if

F (x) = 1− e−[aΨ(x)+b], α ≤ x ≤ β, (6)
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where gpr,s(x, y) is a finite and differentiable function ofx and Γ(.) is a gamma function.

Proof. Here first we shall prove that (2.2) implies (2.1), then

gpr,s(x, y) =
Cr,j,s

[B(x,y)]

∫ y
x

[Ψ(t)−Ψ(x)]p
[
B(x,t)
B(x,y)

]j−r−1 [
1− B(x,t)

B(x,y)

]s−j−1
dF (t)
F̄ (t)

=
Cr,j,s

[Ψ(y)−Ψ(x)]

∫ y

x

[Ψ(t)−Ψ(x)]p
[

Ψ(t)−Ψ(x)

Ψ(y)−Ψ(x)

]j−r−1 [
1− Ψ(t)−Ψ(x)

Ψ(y)−Ψ(x)

]s−j−1

dΨ(t)

Set u = Ψ(t)−Ψ(x)
Ψ(y)−Ψ(x) , we get

gpr,s(x, y) = [Ψ(y)−Ψ(x)]p
Γ(s− r)Γ(p+ j − r)
Γ(j − r)Γ(p+ s− r)

To prove (2.1) implies (2.2), we have

gpr,s(x, y)[B(x, y)]s−r−1 = Cr,j,s

∫ y

x

[Ψ(t)−Ψ(x)]p[B(x, t)]j−r−1[B(t, y)]s−j−1 dF (t)

F̄ (t)

Differentiating both the sides w.r.t. x, we get
∂
∂xg

p
r,s(x, y)[B(x, y)]s−r−1 − gpr,s(x, y)(s− r − 1)[B(x, y)]s−r−2 f(x)

F̄ (x)

= Cr,j,s

∫ y

x

[
−pΨ

′
(x)[Ψ(t)−Ψ(x)]p−1[B(x, t)]j−r−1[B(t, y)]s−j−1

]dF (t)

F̄ (t)

−Cr,j,s
∫ y

x

[
[Ψ(t)−Ψ(x)]p(j − r − 1)[B(x, t)]j−r−2[B(t, y)]s−j−1 f(x)

F̄ (x)

]
dF (t)

F̄ (t)

This implies that

f(x)

F̄ (x)B(x, y)
=

pΨ
′
(x)gp−1

r,s (x, y) + ∂
∂xg

p
r,s(x, y)

(s− r − 1)[gpr,s(x, y)− gpr+1,s(x, y)]
(7)

Now consider,
pΨ
′
(x)gp−1

r,s (x, y) + ∂
∂xg

p
r,s(x, y)

= pΨ
′
(x)[Ψ(y)−Ψ(x)]p−1 Γ(s− r)Γ(p+ j − r − 1)

Γ(j − r)Γ(p+ s− r − 1)
− pΨ

′
(x)[Ψ(y)−Ψ(x)]p−1 Γ(s− r)Γ(p+ j − r)

Γ(j − r)Γ(p+ s− r)

= p(s− j)Ψ
′
(x)[Ψ(y)−Ψ(x)]p−1 Γ(s− r)Γ(p+ j − r − 1)

Γ(j − r)Γ(p+ s− r)
(8)

and
gpr,s(x, y)− gpr+1,s(x, y) = [Ψ(y)−Ψ(x)]p Γ(s−r)Γ(p+j−r)

Γ(j−r)Γ(p+s−r) − [Ψ(y)−Ψ(x)]p Γ(s−r−1)Γ(p+j−r−1)
Γ(j−r−1)Γ(p+s−r−1)

= p(s− j)[Ψ(y)−Ψ(x)]p
Γ(s− r − 1)Γ(p+ j − r − 1)

Γ(j − r)Γ(p+ s− r)
(9)

Therefore in view of (2.3), we have

f(x)

F̄ (x)B(x, y)
=

Ψ
′
(x)

[Ψ(y)−Ψ(x)]

Integrating both the sides w .r .t. x, over (α, x), we get

−[logB(x, y)− logB(α, y)] = −log[Ψ(y)−Ψ(t)]|xα
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or,

log

[
1− logF̄ (x)

logF̄ (y)

]
= log

[
Ψ(y)−Ψ(x)

Ψ(y)−Ψ(α)

]
or,

−logF̄ (x)

−logF̄ (y)
=

[
Ψ(x)−Ψ(α)

Ψ(y)−Ψ(α)

]
This implies that, −logF̄ (x) = a[Ψ(x)−Ψ(α)] = aΨ(x)+b, where, b = −aΨ(α). This proves the theorem.

Theorem 2.2. Let XU(i), i = 1, 2, . . . , be the ith record from a continuous population with df F (x) and pdf
f(x) over the support (α, β). Let Ψ : R → R is a monotonic and differentiable function and p ∈ N. Then
for 1 ≤ r < j < l ≤ n, l = s− 1, s

ξpr,s(x, y) = E[{Ψ(XU(l))−Ψ(XU(j))}p|XU(r) = x,XU(l) = y] = [Ψ(y)−Ψ(x)]p
Γ(l − r)Γ(p+ l − j)
Γ(l − j)Γ(p+ l − r)

(10)

if and only if

F (y) = 1− e−[aΨ(y)+b], α ≤ y ≤ β, (11)

provided that ξpr,s(x, y) is a finite and differentiable function of y and there exists a q ∈ (α, β) such that

q = inf

[
x : x ≥ F−1

(
e− 1

e

)]
(12)

Proof. First we prove that (2.7) implies (2.6),

ξpr,s(x, y) =
Cr,j,s

[B(x,y)]

∫ y
x

[Ψ(y)−Ψ(t)]p
[
B(t,y)
B(x,y)

]s−j−1 [
1− B(t,y)

B(x,y)

]j−r−1
dF (t)
F̄ (t)

=
Cr,j,s

[Ψ(y)−Ψ(x)]

∫ y

x

[Ψ(y)−Ψ(t)]p
[

Ψ(y)−Ψ(t)

Ψ(y)−Ψ(x)

]s−j−1 [
1− Ψ(y)−Ψ(t)

Ψ(y)−Ψ(x)

]j−r−1

dΨ(t)

Set v = Ψ(y)−Ψ(t)
Ψ(y)−Ψ(x) , to get

ξpr,s(x, y) = Cr,j,s[Ψ(y)−Ψ(x)]p
∫ 1

0

vp+s−j−1(1− v)j−r−1dv

ξpr,s(x, y) = [Ψ(y)−Ψ(x)]p
Γ(s− r)Γ(p+ s− j)
Γ(s− j)Γ(p+ s− r)

To prove that (2.6) implies (2.7), note that

ξpr,s(x, y)[B(x, y)]s−r−1 = Cr,j,s

∫ y

x

[Ψ(y)−Ψ(t)]p[B(x, t)]j−r−1[B(t, y)]s−j−1 dF (t)

F̄ (t)

On differentiating both the sides w.r.t. y, we get
∂
∂y ξ

p
r,s(x, y)[B(x, y)]s−r−1 + ξpr,s(x, y)(s− r − 1)[B(x, y)]s−r−2 f(y)

F̄ (y)

= Cr,j,s

∫ y

x

[
pΨ
′
(y)[Ψ(y)−Ψ(t)]p−1[B(x, t)]j−r−1[B(t, y)]s−j−1

]dF (t)

F̄ (t)

+Cr,j,s

∫ y

x

[
[Ψ(y)−Ψ(t)]p(s− j − 1)[B(x, t)]j−r−1[B(t, y)]s−j−2 f(y)

F̄ (y)

]
dF (t)

F̄ (t)
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implying that

f(y)

F̄ (y)B(x, y)
=

pΨ
′
(y)ξp−1

r,s (x, y)− ∂
∂y ξ

p
r,s(x, y)

(s− r − 1)[ξpr,s(x, y)− ξpr,s−1(x, y)]
(13)

Now consider,
pΨ
′
(y)ξp−1

r,s (x, y)− ∂
∂y ξ

p
r,s(x, y)

= pΨ
′
(y)[Ψ(y)−Ψ(x)]p−1 Γ(s− r)Γ(p+ s− j − 1)

Γ(s− j)Γ(p+ s− r − 1)
− pΨ

′
(y)[Ψ(y)−Ψ(x)]p−1 Γ(s− r)Γ(p+ s− j)

Γ(s− j)Γ(p+ s− r)

= p(j − r)Ψ
′
(y)[Ψ(y)−Ψ(x)]p−1 Γ(s− r)Γ(p+ s− j − 1)

Γ(s− j)Γ(p+ s− r)
(14)

and
ξpr,s(x, y)− ξpr,s−1(x, y) = [Ψ(y)−Ψ(x)]p Γ(s−r)Γ(p+s−j)

Γ(s−j)Γ(p+s−r) − [Ψ(y)−Ψ(x)]p Γ(s−r−1)Γ(p+s−j−1)
Γ(s−j−1)Γ(p+s−r−1)

= p(j − r)[Ψ(y)−Ψ(x)]p
Γ(s− r − 1)Γ(p+ s− j − 1)

Γ(s− j)Γ(p+ s− r)
(15)

Therefore in view of (2.9), we have

f(y)

F̄ (y)B(x, y)
=

Ψ
′
(y)

[Ψ(y)−Ψ(x)]

Integrating both the sides w .r .t. y, over (y, q), we get

1 + logF̄ (y)

1 + logF̄ (x)
= 1− e[−

∫ q
y

[Ψ(t)
Ψ(t)−Ψ(x)

dt] =
Ψ(q)−Ψ(y)

Ψ(q)−Ψ(x)
,

that is, 1 + logF̄ (y) = a1[Ψ(q) − Ψ(y)] = aΨ(y) + b, where, a = −a1 and b = a1Ψ(q). This proves the
theorem.

Table 2.1 shows that for particular choices of a, b and Ψ(x) the following distribution can be characterized
using Theorem 2.1 and Theorem 2.2.

Table 2.1: F (x) = 1− e−[aΨ(x)+b]

Distribution F (x) a b Ψ(x)
Power function a−pxp 1 p loga −log(ap − xp)

Pareto 1− apx−p p −p loga log x
Beta of I kind 1− (1− x)p p 0 −log(1− x)
Exponential 1− e−θx θ 0 x

Rayleigh 1− e−θx2

θ 0 x2

Weibull 1− e−θxp θ 0 xp

Extreme value II 1− eeθx 1 0 eθx

Burr Type XII 1− (1 + θxp)−m m 0 log(1 + θxp)

3. Applications

A probability distribution can be characterized in many ways and the method under study here is one
of them. We have used here the conditional expectation of record statistics conditioned on a pair of non-
adjacent records to characterize the probability distribution. That is, we have characterized the probability
distribution if the regression equation truncated from both sides is given, i. e. the data are truncated from
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left side at x and truncated from right side at y. In real practice, several times we get the data of which
observations are missing either in beginning or in the end. In such type of data we can use the result of this
paper, i.e. when the data are in form of records and when the data are missing at both.
Keeping this in view, we have characterized probability distributions through conditional expectation con-
ditioned on a pair of non-adjacent records.
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