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Distributions Through Expectation of Function of Order Statistics
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Abstract. For characterization of one (left or right)-truncation parameter families of distributions
one needs any arbitrary non-constant function of order statistics only in place of various alternative ap-
proaches available in the literature. Path breaking different approach for characterization of general setup
of one-truncation parameter family of distributions through expectation of any arbitrary non constant
differentiable function of order statistics is obtained. Applications and examples are given for illustrative
purpose.

1. Introduction

One-truncation parameter family of distributions with probability density function (pdf)
@1 (@)hi(z); forj=la<f<z<b
0, otherwise,

fi(x;0) = (1)
@2(O)hy(z); forj=2,a<xz<h<b

0, otherwise,

where —oco < a < b < oo are known constant, a < § <z <bforj=1,a<z <60 <bforj=2
hj; (j = 1,2) are positive absolutely continuous functions, g¢;; (j = 1,2) are everywhere differentiable func-
tions is characterized.

Since h;(.);(j = 1 or 2) is positive and the range is truncated by truncation parameter ¢ from left or
right respectively ¢, (b) = ¢; *(a) = 0. Through out the paper qj_l(.) is reciprocal of ¢;(.).

Most powerful application of characterizations of distribution is to address a fundamental problem of
identification of an appropriate model that can describe the real situation which generate the observations.
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For instant 60 observations of random phenomena observed and one group of student fit normal distribu-
tion where other group fit log-normal distribution with almost same p-value. This is one of case where
characterization results provide navigation tools for correct direction of further study (research). Therefore
characterizations of distribution is of general interest to mathematical community, to probabilists and statis-
ticians as well as to researchers and practitioner industrial engineering and operation research and various
scientist specializing in natural and behavior science, in particular those who are interested in foundation
and application of probabilistic model building. Motivated by such future in this paper, identity of distri-
bution and equality of expectation is used to, characterized (left or right)-truncation parameter family of
distributions defined in (1) through expectation of any arbitrary non-constant differentiable function of order
statistics which includes characterization of negative exponential distribution, Pareto distribution as special
case of fi(x;6) where as power function distribution, uniform distribution, generalize uniform distribution
as special case of fa(x;0).

Several characterizations of these distributions by various approaches are available in the literature. No-
tably for power function distribution independence of suitable function of order statistics and distributional
properties of transformation of exponential variable used by Fisz (1958), Basu (1965), Govindarajulu (1966)
and Dallas (1976), linear relation of conditional expectation used by Beg and Kirmani(1974), recurrence
relations between expectations of function of order statistics used by Alli and Khan (1998), record valves
used by Nagraja (1977), lower record statistics used by Faizan and Khan(2011), product of order statistics
used by Arslan (2011) and Lorenz curve used by Moothathu (1986) are available in the literature.

Other approaches such as coefficient of correlation of order statistics of sample of size two used by Bar-
toszyn’ski (1980), Terreel (1983 ), Fernando and Rebollo (1997), maximal correlation coefficient between
order statistics, of identically distributed spacings etc [used by Stapleton (1963), Arnold and Meeden (1976),
Driscoll, M.F. (1978), Shimizu and Huang (1983), Abdelhamid (1985)], power contraction of order statistics
by Navarro(2008), Random translation, dilation and contraction of order Statistics by Imtiyaz, Shah, Khan
and Barakat(2014), moment conditions used by Lin (1988), Too and Lin (1989), moments of n-fold convolu-
tion modulo one used by Chow and Huang (1999), inequalities of chernoff-type used by Sumrita and Subir
(1990) for characterization of uniform distribution.

Various approaches were used for characterization of negative exponential distribution. Amongst many
other Fisz (1958), Tanis (1964), Rogers (1963) and Fergusion (1967) used properties of identical distributions,
absolute continuity, constant regression of adjacentt order statistics, Fergusion (1964, 1965) and Crawford
(1966), used linear regression of adjacent order statistics of random, independent and non degenerate ran-
dom variables, Nagaraja (1977, 1988) used linear regression of two adjacent record values were as Khan,
Mohd and Ziaul (2009) used difference of two conditional expectations, conditioned on a non-adjacent order
statistics to characterized negative exponential distribution.

Economic variation in reported income and true income used by Krishnaji (1970), Nagesh (1974), in-
dependence of suitable function of order statistics used by Henrick (1970), Ahsanullah (1973, 1974 ), Shah
(1981) and Dimaki and Evdokia (1993), linear relation of conditional expectation used by Beg and Kirmani
(1974), Dallas (1976), recurrence relations between expectations of function of order statistics used by Alli
and Khan (1998), exponential and related distributions used by Tavangar and Asadi(2010), for characteri-
zation of Pareto distribution.

Necessary and sufficient conditions for pdf f(z;0) to be f;(z;0),(j = lor2), defined in (1) is established
in section 2. Section 3 is devoted for applications where as section 4 is devoted to examples for illustrative
purpose.
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2. Characterization

Theorem 2.1. Let X1, X, ..., X,, be a random sample of size n from distribution function Fj;j =1,2. Let
Xim < Xoup, .oy < Xy be the set of corresponding order statistics. Assume that Fj;j = 1,2 continuous
on the interval (a,b) where —co < a < b < oo. Let g(.) be non-constant differentiable function of t*" order
statistic (j = 1,t =1 and j = 2,t = n) on the interval (a,b) where —oo < a < b < 0o. Then p.d.f. f;(x;0)
of Fj to be f;(x;0),j = 1,2 defined in (1) if and only if

ﬁmg(xt:n) }

9(0) = El¢;(Xen)] = E[Q(X“”) + i loglg; ' (Xen)

Proof. Given f;(z;0),j = 1,2 defined in (1), for necessity of (2) if ¢;(Xy.p) is such that g(0) = E[¢;(Xsn)]
where ¢(6) is differentiable function then using f;(zsn;6); pdf of tth order statistic j = 1,¢ = 1 and
7 =2,t =n one gets,

fgb (bl(xl:n)fl(xl:n; e)dxlznu for .7 = ]-7t = ]-7
9(0) = (3)
f,f ¢2($n:n)f2(xn:n; g)dzn:na fOI‘ j = 27t =n

Based on f;(z : 6) given in (1), substituting f;(zn : 0) for j =1,t =1 and j = 2,¢t = n,the (3) will be

fgb b1(x1:0)nq7 (0) gy " (@103 0) Ry (1.0 ) A2,  fOr j = 1,8 =1,
9(0) = , (4)
fa ¢2(xn:n)nQS(9)QQ_n+l('rn:n§ 9)h2(zn:n)dxn:n7 forj=2,t=n

After simplification the (4) will be

9(9) / ’ - ,
= n n»eh :nd :n§f :17t:1
ngp(0) ~ Jy O1en)a (e O @n)dwnas or j (5)
and
g(e) /9 —n+1 .
= : i : o —1t=1
nqg(g) y ¢2 (xnn)QQ (xn,n, 9)h2 (ann)dxnn, for ] s t (6)

Differentiating (5)and (6) with respect to 6 on both sides and replacing Xj.,, for 6 in (5) and replacing X,.,
for 0 in (6)and simplifying one gets



Milind Bhatt / ProbStat Forum, Volume 10, July 2017, Pages 51-62 54

¢;(Xtn) = 9(Xtin) + T 9 Xtn) j=1t=1landj=2t=n (7)
T ' dthm 10g[Q;1(Xt:n)]’ ’ ’
Note that
M;(Xen) = loglg; " (X¢n)],j = 1,t =1 and j = 2,t = n, (8)

dXt:n

is finite function of Xy.,,. Further ¢,(X;.,) derived in (7) reduces to (2). This establishes necessity of
(2). Conversely given (2) k;j(24.,;6) be any arbitrary non constant integrable function of ¢ order statistic,
j=1,t=1and j =2,t = n such that

fgb 1(21:0) K1 (2105 0)dT 12, for j =1, =1,
9(0) = \ (9)
fa ¢2(In:n)k2($n:n; a)dxnn for Jj=2t=n.

Since ¢ is increasing function with ¢;'(b) = 0 and ¢o is decreasing function with ¢5 '(a) = 0 following
identity holds.

Jy a4 0) [ 0(ra)ar " (eren) [ o, for j =10 =1,
9(0) = (10)

—n

0 ., .
S 8(0) | 5 g(@nn) a3 " (Enon) i, for j = 2,t = .

Cf“ g1 " (x4.) as one factor j =1, =1 and

Differentiating integrand of (10) qj_"(a:t;n)g(xt;n) and tacking -
j =2,t =n one gets (10) as

fgb (bl(xl:n) [ - q;n(e) dmcfm q;n(xlzn):| dzi.g, forj=1,t=1,
9(0) = , (11)
fa ¢2(xn:n) |:QQ_H(0) dwi:n QQ_n(xn:n)] dzpnp for j =2,t =n.

where ¢;(2¢.,) is as derived in (7)(j =1,t =1 and j = 2,t = n). From (9) and (11) one gets

—q{‘(é))ﬁmqf”(xlm); forj=1l,a<f<z<b

0, otherwise,
ki(zyn;0) = (12)
@3 (0) 72— " (Tpn); forj=2a<z<O<b

dTp:n

0, otherwise,
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Since ¢; is increasing function with g; 1(b) = 0 and ¢ is decreasing function with ¢, 1(UL) = 0 integrating
both sides of (12) on interval (a,b) for j =1,t =1 and j = 2,t = n one gets

fgbkl(xlzn;g)dxlzna for j =1,t=1,
1= (13)
2 ka(@nin; 0)d g, for j = 2,t =mn.

Using (12) and (13), |k (z4.pn; 0 reduces to f;(z;0) defined in (1) which establishes sufficiency of (2). O
j J

Remark : Using ¢(Xy.y) derived in (7), the f;(z;0) given in (1) can be determined by

dth:n g(Xt:n)

Mj (l't:n) = (b(Xt:n) — g(Xt:n>' (14)
and pdf is given by

fila;0) = [(—1)jm j=1,2 N

j(a;6) = FONEE R

where U;(Xy.,,) is decreasing function for —oo < a < b < oo with U(b) = 0, range must be truncated by
truncation parameter 6 from left for j = 1,2 = 1 and is increasing function for —co < a < b < oo with
U(a) = 0, range must be truncated by truncation parameter 6 from right for j = 2,¢ = n such that it satisfies

M;(Xi) = 2 (1o8(U (X)) (16)

3. Applications

As special cases of the theorem 2.1 the following distributions are characterized.
(A) Characterization of negative exponential distribution with pdf
e (@0, g < <ax<b,

fs(z;0) = (17)

0, otherwise,

The sufficient condition in theorem 2.1 being

96) = B[g(Xun) ~ (1) 75— 9(X1)] (18)
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where g(6) is non-constant function. From (14) for j = 1,¢ = 1 M;(Xy.,) turns out as —n and hence using
(14) and (16)

Mi(X10) = ﬁ og(Ur(X1:m)) = —n = Ur(X1:n) = e X0,
which is decreasing function on interval (a,b) with U;(b) = 0 and range must be truncated by truncation
parameter 6 from left. Substituting these values in (15), fi(z;6) reduces to fs(z;6) defined in (17). Thus

negative exponential distribution is characterized.

(B) Characterization of Pareto distribution with pdf

D a<f<a<b,
fa(z;0) = (19)
0, otherwise,

The sufficient condition in theorem 2.1 being

le) d

9(0) = E[Q(X“L) B ( en /dXyy,

9(X1)] (20)

where ¢(f) is non-constant function. From (14) for j = 1, = 1 M;(X3.,) turns out as —% and hence

using (14) and (16)

Mi(X1:) = 78— 10g(U1(X1:0)) = =5 = Ur(X1n) = — 5%

- cn s
enX {7,

which is decreasing function on interval (a,b) with U;(b) = 0 and range must be truncated by truncation
parameter 6 from left. Substituting these values in (15), fi(z;6) reduces to f4(z;60) defined in (19). Thus
Pareto distribution is characterized.

(C) Characterization of power function distribution with pdf

chxl a<xz<O<bc>0

f5(x:0) = (21)

0, otherwise,

The sufficient condition in theorem 2.1 being

Xn:n
cn

) 59X (22)

0(0) = Blo(Xun) + (72 ) g0

cn
Xnin

where ¢(#) is non-constant function. From (14) for j = 2,¢t = n M3(X,,.,,) turns out as and hence using

(14) and (16)
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Ma(Xn) = 2 10g(Us (Xin)) = 52 = Un(Xpen) = (X22)",
which is increasing function on interval (a,b) with Us(a) = 0 and range must be truncated by truncation
parameter ¢ from right. Substituting these values in (15), fa(x; ) reduces to fs(z;6) defined in (21). Thus

power function distribution is characterized.

(D) Characterization of uniform distribution with pdf

%; a<zT<BO<bc>0,
fo(x;0) = (23)

0, otherwise,

The sufficient condition in theorem 2.1 being

Xnm> d

9(9) = E[Q(Xn:n) + ( " dX, ., Q(Xn:n)}a (24)

where g(6) is non-constant function. From (14) for j = 2, = n M(X,,.,) turns out as "— and hence using

(14) and (16)

Mo (X)) = ﬁ log(Uz(Xn:n)) = )é::n = Ua(Xnip) = X
which is increasing function on interval (a,b) with Us(a) = 0 and range must be truncated by truncation
parameter 6 from right. Substituting these values in (15), fa(x;0) reduces to fg(x;6) defined in (23). Thus

uniform distribution is characterized.

(E) Characterization of generalized uniform distribution with pdf

g‘atllxo‘; a<zr<O<ba>-1,

f7(z;0) = (25)

0, otherwise,

The sufficient condition in theorem 2.1 being

(Xnm)|, (26)

Xnn ) d

9(0) = E[g(Xn;n) + (n(a +1) anmg

where ¢(f) is non-constant function. From (14) for j = 2,t = n Ma(X,.,) turns out as % and hence

using (14) and (16)

n(a+1)

M (Xpin) = dXLm log(Ua (X)) = 5= = Uz(Xnin) = Xn )

Xn:n
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which is increasing function on interval (a,b) with Us(a) = 0 and range must be truncated by truncation
parameter ¢ from right. Substituting these values in (15), fa(x;6) reduces to f7(z;6) defined in (25). Thus

uniform distribution is characterized.

4. Example

Example 4.1 Let ¢;(Xp:) be the uniformly minimum variance unbiased (UMVU) estimator;

Xl:n""l_%; fOri:]_7
gl(Xln) =

cﬁl [1 - %]Xlzn, for 1 = 2,

Xwfe 4 1], fori=3,

KXo [1 _ 1]. L
9i(Xnn) = pnfl — 2] fori=4,

natn+1 . S
o t2) Xy fori=5,

of 111(8) = E(X); the first row moment and let the UMVU estimator of p* quantile be

—log(l —p) + X1, — %; for i = 6,

gi(Xlzn> = .
X1n(1—p) <[l - i], fori=17,
(1 + i)p’%an; for i = 3,
1+ l) Xnn; for i =4,

(1 + ﬁ)p%ﬂxn:n; for i = 5,

and let the UMVU estimator of hazard function be

(1 — %) (ij)c; for ¢ = 3,

1 Xn:n . y —
gi(Xn:n) = (X’“”it) <1 N n(X7“"7t))7 for ¢ = 47

(28)

(29)

(30)

(31)
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Using (14) we get M;(Xyp), (j=1,t =1and j =2,t =n)

d —n; for:=1,6
79(X1n) ) )
Mi(X1.0) = X0 = (32)
¢(X1n) = 9(X1:n) —g, fori=2,7,
which satisfies
My (X1) = 2 log U (X )]:» (33)
1 1n) — Xm:n og U1 1:n
e "Xun. fori=1,6,
Ur1(X1n) = (34)
C”)l(in’ for i = 2,7,
and
XC—", for 1 = 3,8, 11,
d
7% —9(Xnn) n_. for 4,9,12
Mo (Xnm) = X Knin? T 35
2( ) L) (b(Xnn) - g(Xnn) ( )
met D for 5,10, 13,
which satisfies
Ms(X )—L[l Us(X )}:» (36)
2 nn) — anm og Usg n:mn

¢
(%) ; for¢=3,8,11,

n .
U2(Xn:n) = X":"’ for 4,9,12, (37)

Xreth. for 510,13,

Since U;(X1.,,) decreasing function on —oo < a < b < oo with Uy (b) = 0 and since Uy (X,,.,) increasing
function on —oco < a < b < oo with Us(a) = 0 using method described in the remark 2.1 the pd f;(X;6)
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defined in (1) can be characterized through expectation of function of order statistics g;(X¢pn) ; ¢ = 1 or
t=mnfori=1,2,...,13 the UMVU estimator of non constant function such as first row moment, pth quantile
and hazard function by substituting M, (X;.,); j =1and t =1 or j = 2 and ¢t = n defined in (14) and using
Uj(Xen); (j=1,t=1and j = 2,t = n) as appeared in (16) for (15) given below :

de(th) = Uj(Xt:n) El fj (Iv Q)Zd
. . TQ(Xt:n) _ : ﬁU*(Xt:n)
J ! ke | MilXe) = | (=1) [ ) ]n:l
d(log(U(Xtm)))
dXin
e~ (=0 g <f<a<b,
1 1,6 —n e Xt fa(x;0) =
0, otherwise,
5 a<O<ax<b,
Llo2T o o axm | film0) =
' 0, otherwise,
chCxt i a<r<O<b =K1,
2| 3.811 o (@) Fol@:0) = K >0,c>0,
0, otherwise,
%; a<x<0<b,
2| 4,9,12 X X, fo(x;0) =
' 0, otherwise,
Q(fﬁrllxa; a<<zr<l<ba>-1,
2| 510,13 | 2D Xt | foai6) =
' 0, otherwise,
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