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On the Characteristic Function of Extrema with Some
Applications
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Abstract. The characteristic function of sums of n independent and identically distributed random
variables can be expressed as the n'" power of the characteristic function of single random variable.
However, the characteristic function of maximum of n independent and identically distributed random
variables is not available in the literature in closed form. This paper identifies the conditions under which
the characteristic function of maxima and minima is expressible in closed form. Some applications of
these results are illustrated.

1. Introduction

Let {X,,}5°; be a sequence of independent and identically distributed (i.i.d) non-degenerate random
variables (r.v) with common distribution function (d.f) Fx(x) and characteristic function (c.f) ¢x(t). Let
Sp=>1", X;, then {S,}52, is the sequence of partial sums of {X,}>2;. The c.f of S, is given by,

s, (t) = (¢x(1))",n > 1.

When the r.v are independent but not identically distributed,

n

¢s, (1) = [[ ox.();n > 1.

i=1

It is these explicit forms of ¢g, (t) that helps to derive stability properties of the sequence {X,,}52; of i.i.d
or independent non-identically distributed r.v in terms of the partial sum sequence {S,,}52 ;. For example,
central limit theorem, laws of large numbers, etc., of sequence {X,}52; (see Billingsley (1995) and Laha
and Rohatgi (1979)). However, in general the d.f of the partial sum S;, does not have an explicit form for
either the i.i.d case or in the independent non-identically distributed case. In such situations generally the
asymptotic distributions of S,, is used in the literature. For example, the central limit theorem says that,
if there exists sequence of constants {ay}5>; and {b,}5>,, with b, > 0, such that the normalized sequence
of partial sums {@};’f’:l converges in law to some non-degenerate random variable Z whose d.f is G,
then G is an a-stable distribution for some a > 0. The normal distribution arises as a special case of this
when « = 2. This approximation is extensively used in the statistics literature when the exact distribution
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of S,, cannot be computed exactly. For example, if the second moment of X,, exists for a sequence of i.i.d
r.v {X,}52,, S, has an asymptotic normal distribution.

Two other statistics in the literature which are equally important as S, are the partial maxima and
partial minima given by,

M, = max(Xi,Xs,...,X,) (1)
m, = min(Xy,Xo,...,X,). (2)

These statistics are also extensively used in the statistics literature. For example, these statistics or their
functions are the minimal sufficient statistics in the non-regular family of distributions. Similarly the max-
imum likelihood estimators and the uniformly most powerful test functions for non-regular family of distri-
butions are functions of the above statistics. In reliability, these are the statistics used to study the parallel
and series systems. Unlike the d.f of S,,, the d.f of M,, and m,, are in explicit form given by,

Far, (2) = [Fx ()] (3)
Fo, (2) = 1—=[1=Fx(2)]" (4)

For a detailed account of the distribution of M,,, m,, and all other order statistics and their functions see
David (1970). However, these exact distributions cannot be used for modeling purposes in many situations.
The famous Fisher-Tippet theorem identifies the limit distribution of M,, and m,, whenever they exist. The
limit distributions of the linearly normalized maxima can be identified as one among the three extreme value
distributions namely Frechet, Weibull and Gumbel distributions, which are the max-stable distributions on
R. These three extreme value distributions can be put into a single family called the Generalized Extreme
Value Distributions. For details, see Embrechts et.al. (1997), Leadbetter et.al. (1983) and Resnick (1987).
Theorem 2.1 of Pancheva (2010) gives three equivalent conditions which characterize the generalized max
stable distributions on R under a more general normalization, for details see Pancheva (2010).

As discussed above, does there exist any situation in which we can express the c.f of maxima or minima
or both in an explicit form? This natural curiosity is the motivation behind this piece of work. The c.f of
M, and m,, can be expressed as:

b, (1) = E(e™n)  teR
= /eit””dFMn(x)
®

J5 € far, (x)dz, if F is continuous

Y€ P(M, =x), ifF is discrete

Js €®n[Fx ()Y fx (z)dz, if F is continuous (5)
>, €[ Far, (x) — Far, (z—)], if F is discrete.

bm, (1) = E("™), teR
= / e dF,, (x)
R
S5 €% frm, (x)dx, if F is continuous
>, € P(m, =x), ifF is discrete

fﬁR e[l — Fy (x)]("—l)fx(x)da:, if F is continuous (6)
>, €[ F, (z) — Fp,, (x—)], if F is discrete.

No further simplifications to the integrals or sums in equations (5) and (6) are possible unless or until we
impose some restrictions over F'. Let us try to evaluate these through some specific situations.
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Example 1.1. Suppose X follows exponential distribution with d.f Fx(z) =1—e % x>0, 6 > 0. Now,
Fy, (z) = (1 —e %) and Fy,, (v) = 1 — e "%, It is to be noted that minima of exponentially distributed
random variable with parameter 6 again has an exponential distribution with parameter nf. Let ¢x.g(t) be

the c.f of X. Then, ¢x.0(t) = ﬁ. Now, due to the one to one correspondence between d.f and c.f, the c.f

of minima, ¢m,,.0(t) = ngnfit = ¢x;no(t)-

What will be the form of c.f of maxima in Example 1.1.7 We narrow down our study to distributions
whose minima (maxima) belongs to the same family and try to get a form for c.f of maxima (minima) in
this paper. Rest of this paper is arranged as follows: Some basic concepts required to prove the main results
are given in Section 2. In Section 3, a relation between d.f of maxima and minima is derived and its special
significance when the distribution has closure property under maxima or minima is given. Section 4 gives
the c.f of maxima and minima when X is closed under either minima or maxima. Section 5 discusses an
application of the results derived in Section 4.

2. Basic Concepts

In this section we discuss some basic concepts required to prove the main results in the foregoing sections.
These concepts are illustrated through suitable examples.

Definition 2.1. Let X be a random variable with d.f Fx., involving a parameter o and (X1, Xa, ..., X,)
be a random sample of independent observations of size n from Fx.,. Then Fx., is said to be closed under
minima, My, with respect to the parameter o if for every n > 1, the d.f of my, is Fx.q, (a), for some g,(a)
which is a function of the parameter «.

Example 2.2. Suppose X has exponential distribution with d.f Fx.g(z) = 1 — e 9% £ >0,0 >0, then

Foo(@) = 1—e = Fy. (o) (x), where go(0) = nb. Hence, exponential distribution is closed under
minima.

Example 2.3. Suppose, X follows Pareto distribution with d.f Fx,o(x) =1—(2)*, 2 >p, p >0, a > 0 then
Fra(z) =1—=(2)"" = Fx 4 (o) (2). Here, gn(a) = na. i.e., Pareto distribution is closed under minima.

Example 2.4. If X has Weibull distribution with d.f given by, Fx.g(x) =1 — ef(%)a7 >0,0>0,a>0
then, Fp, .0(z) =1— e n(5)" = Fx.g. (0)(2). In this case, g, (0) = 0/n/*. If we define X to have Weibull

nza

distribution with d.f Fx.g(z) =1—e" 5,2 >0,0 >0, a > 0, then F,, g(z) =1—e" "5 = Fx.q,6)(),
and gn(0) = 0/n. Hence, Weibull distribution is closed under minima.

Example 2.5. Let X has Geometric distribution with parameter 0 < p < 1, then,

0, <0
FX;P(I): { 1_(1_p)[x]+1’ 332 1

and hence,
0, =<0
Fiip(2) = { 1—(1—p)+D g > 1.

So, my, has Geometric distribution with parameter 0 < 1—(1—p)™ < 1. Here g,(p) = 1—(1—p)™. Therefore,
geometric distribution is closed under minima.

Definition 2.6. Let X be a random variable with d.f Fx., involving a parameter o and (X1, Xa,...,X,)
be a random sample of independent observations of size n from Fx.,. Then Fx., is said to be closed under
maxima, M,, with respect to the parameter a, if for every n > 1, the d.f of M, is Fx.p, for some h, ()
which is a function of the parameter «.

n(a)s

Example 2.7. Suppose X has power distribution with d.f Fx.o(z) = (%)a ,0<x<6,0>0,a>0 then,

Fur,a(x) = (%)na = Fx.p,(a)(x). Here, hp(a) = na. i.e., power distribution is closed under mazima.
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Example 2.8. If X has an inverse Weibull distribution with Fx.g(x) = 67(%)0,56 > 0,0 > 0, > 0 then,
Fur,0(x) = e (3)" = Fx:n,0)(x). In this case hy(0) = n'/*0. Hence, inverse Weibull distribution is
closed under mazima.

Example 2.9. If X has Bernoulli distribution with d.f

0, =<0
Fxpz)=¢ 1—-p, 0<z<l, 0O<p<l
1, x>1.
Then,
0, <0
Fr,px)=9 1-p" 0<z<1, 0<p<l =Fxy, p)
1, x>1.
and
0, =<0
Fy,p)=q9 (1=p)", 0<2<1l, 0<p<1l = Fxy,(p(2)
1, z>1.

Here, g,(p) = p™ and h,(p) = 1 — (1 — p)™. Hence, Bernoulli distribution is closed under mazima and
minima.

Remark 2.10. Fvery two point distribution is closed under both maxima and minima.

The above examples are of standard distributions. Given an arbitrary F one can construct distribution
G having closure property.

Example 2.11. If X has an arbitrary distribution Fx (), then the family of distributions G(z) = [Fx (x)]), A >
0, which is well known in the literature as exponentiated family of distributions, is closed under mazima with
hyn(A) =nA and the family H(z) =1 — [1 — Fx(z)]*, A > 0 is closed under minima with g,(\) = n\.

Theorem 2.12. If X is a positive valued random variable with continuous distribution Fx.o(z) which is
closed under minima (mazima), then the d.f of + (inverse of X) given by, Gi.(@) =1 Fxa(1/x), is
closed under maxima (minima,).

Proof. Since X > 0, G1.,(z) = 1 — Fx;a(1/2) is a d.f. Suppose Fi;o(2) is closed under minima with
respect to the parameter «, then,

an;a(x) =1- (1 - FX;a(x))n = FX;gn(Oé)(:I;)'
Now,
GJV[n;a((E) = [G%,a(m)]n
= [l - Fx,(l/2)]"
= 1- FX;gn(a)(l/x)
= G (@)

Similarly we can prove the case when X is closed under maxima. [
Remark 2.13. Every max-stable (min-stable) distribution is closed under mazima (minima,).

Remark 2.14. FEzponential distribution discussed in Example 2.1. 1is closed under minima according to
Definition 2.1. but is not closed under maxima in the sense of Definition 2.2., since Fyr,.o(7) = (1—e™ %) #
Fx.qg,(0)(x). However, this distribution is maz-stable and min-stable in the sense of Pancheva (2010) with
Lo(z) = —4in[l — (1 — e7%%)"] and L, (z) = nx respectively, where L,(z) is the function discussed in
Pancheva (2010).
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3. Distribution Function of Maxima and Minima

In this section we derive a relation between d.f of maxima and minima. The d.f of maxima in terms of
d.f of minima and d.f of minima in terms of d.f of maxima are derived. This has special significance when
the distribution have closure property under maxima or minima. Probability density function (probability
mass function) also has a similar representation.

Lemma 3.1. Let X1, Xs,..., X, be i.i.d r.v with d.f Fx(x). Then, the d.f of partial mazima M,, and partial
mintma m,, are given respectively by,

Fur, (o) = S04 (1) o (0 )

and

3

) = 30 (1) o), ®

k=

Proof. Replacing [Fx (z)]" by [1—(1—Fx(z))]™ in (3) and expanding and simplifying using binomial theorem
we get,

R ) = S0 (1)1 (- P 0
k:l
= kZ:l )= 1>< )ka(m).

Similarly using binomial expansion in (4) and simplifying we get,

Fala) = S0 () iFxtant (10)

O

The following two corollaries give the corresponding representations for the probability density function
and probability mass function respectively.

Corollary 3.2. Let X1, Xs,..., X, be i.i.d r.v with continuous d.f Fx(x) and density fx(x). Then, the
probability density function of partial maxima M, and partial minima m,, are given respectively by,

Fan, () = (1) () ) (11)

k=1
and
fm, (@) = 3 (~1)® V(") far, (). (12)
,; (k) "

Corollary 3.3. Let X1, Xo,..., X, be i.i.d r.v with discrete d.f Fx(z) and probability mass function P(X =
x). Then, the probability mass function of partial mazima M, and partial minima m,, are given respectively

by,

P, =) = 30 (1) Plone =) (13)

k=1
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and
- :kZ: L 1>< )P(Mk:x). (14)

The following theorem gives a new representation for the d.f of maxima (minima) in terms of the d.f of
X, when X is closed under minima (maxima).

Theorem 3.4. Let X1, Xs,..., X, be i.i.d r.v with d.f Fx.o(z). If X is closed under minima with respect
to the parameter a,

Futya() = 31 (}) Py @ (15)

and if X is closed under mazima with respect to the parameter «,

n

Fraia®) = (-0 (1) Py o) (16)

k=1

Proof. Since X is closed under minima with respect to the parameter «, by replacing Fip, o (%) by Fx g, (a)(2)
in (7) we get,

FMn;a(m) = Z(_l)(kil) <Z) FX;gk(Oé) (x)
k=1

and similarly if X is closed under maxima, from (8) we have,

n

mn,a Z (k 1)< )FX;hk(a)(x)'

k=1
O

When Fx., admits a density fx.., we have the following corollary.

Corollary 3.5. Let X1, Xs,..., X, be i.i.drv with continuous d.f Fx.o(x). If X is closed under minima,

Frra) = 3(-1) U( )fxgk (@) a7)

k=1

and if X is closed under mazima with respect to the parameter «,

i) = S () o) (18)

k=1

Now, when F' is discrete, we have the following corollary.

Corollary 3.6. Let X1,Xs,..., X, be i.i.d r.v with discrete d.f Fx.o(x). If X is closed under minima with
respect to the parameter a,

P(Myia =) = Y (-0 (1) P(Xigila) =) (19)

k=1

and if X is closed under mazima with respect to the parameter «,

Plmy;a=x) = Z(fl)(kfl) <Z> P(X;hi(a) = ). (20)

k=1
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4. Characteristic Function of Maxima and Minima

In this section we derive the c.f of minima when X is closed under maxima and the c.f of maxima when
X is closed under minima. We have seen from equations (5) and (6) that the c.f of maxima and minima does
not have a compact form. However, when X is closed under maxima (minima) the c.f of minima (maxima)
have a representation similar to that of d.f in Theorem 3.4.

Theorem 4.1. Let X be a random variable with d.f Fx.o which is closed under minima with respect to the
parameter c. Let the c.f of X be ¢x.q(t), then the c.f of m, is given by,

¢mn;0t (t) = ¢X;gn(a)(t) (21)
and that of M, by,

n

or(®) = S0 omalt)
k=1
- 1:1(—1)’“-1(Z)asx;gk(a)(t). (22)

Proof. We have, X ~ Fx., and m,, ~ Fx, (). Hence, by the one to one correspondence between d.f and
c.f,

Prmnsa(t) = x:g, () (1)

Now if X is continuous,

orall) = / € fr. o (2)de

R

and from (17) on simplification we get,

NE

M, alt) = (_1)(1#1) (Z) ¢X;gk(a)(t)'

~
Il

1
Similarly if X is discrete from (18) we get,

brca) = D (1) ®

k=1

O

Example 4.2. In the case of exponential distribution with d.f Fx.p(x) = 1—e % ¢x.9(t) = 2. Then c.f

0—it
of minima, ¢m,,.0(t) = #_eit and hence c.f of mazima is dar,;0(t) = > p_; (=1)*1(}) kek—oit'

Example 4.3. Suppose X has Weibull distribution with d.fFx.e(z) = 1—6_(%)a, x>0,0>0, a>0 then,
xi0(t) = 3720 YIET(14+L). Now, dm,:0(t) = b0 n1/x(t) and hence gar,o(t) = Yp_y (151 (1) dx.0/m1/a (1).

Next we prove the result for the c.f of minima when the original distribution is closed under maxima.

Theorem 4.4. Let X be a random variable with d.f Fx.. which is closed under mazima with respect to the
parameter .. Let the c.f of X be ¢x.o(t), then the c.f of M, is given by,

QSMn;a (t) = ¢X;hn(a) (t) (23)
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and that of m, by,

Dmialt) = iu)“(?,j)wk;a@)

S (il (4 FAPIE) (24)

Proof. Proof is similar to that of Theorem 4.1. O

5. Some Applications of the Results

In this section we discuss some applications of the results proved in the previous section to evaluate
the moments of extrema. The k' moment of extema of a distribution exists iff the k" moment of the
base random variable exists and if the k** moment of the random variable X exists only if the c.f of X is
differentiable k times. Let us denote the k*" derivative of the c.f of X by ¢g1;3a (t).

Theorem 5.1. Let the d.f Fx,o be closed under minima with respect to the parameter . Then,
E[(my;a)*] = E[(X; gn(e))"] (25)
and
E[(M,: )" =S (=1 “(”)E X gr(a))¥]. 2
[( )" ;() i ) ELXG gr(@)"] (26)

Proof. Differentiating (21) and (22) k times, dividing by i* and letting t = 0 we get the results. [J

Corollary 5.2. Let X be a r.v having d.f Fx.o which is closed under minima with respect to the parameter
a, then the expectation of the partial minima m,, is given by,

Elma; o] = E[X; gn()] (27)
and the expectation of partial maxima M, is given by,
" 1 (n
Eial = Y (-0 () ElXsantal (25)
k=1 k
We have a similar result when the d.f F is closed under maxima.
Theorem 5.3. If the d.f Fx.o is closed under maxima with respect to the parameter o, then,
B[(My; )*] = B[(X; hy(a))"] (29)
and
El(mn;0)®] =S (=11 () B[(X; hi(@)"). 30
[(mn; @)”] ;( ) L ) I ()] (30)
Proof. Proof follows as that of Theorem 5.1. [

Corollary 5.4. Let X be a r.v having d.f Fx,o which is closed under mazima with respect to the parameter
a, then the expectation of the partial mazima M, is given by,

E[M,;a] = E[X: hy(a)] (31)

and the expectation of partial minima m,, is given by

n

Blmaial = (-1 () L hu(a) 3

k=1
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This result can be used to find the expected lifetime of a series or parallel system. An illustration of the
results in Theorem 5.1. and Theorem 5.3. is given in the following example.

Example 5.5. Consider a parallel system consisting of 5 components each having life distribution Fx.g(x) =
1—e % 2>0,0>0. What will be the expected life time of the system?

A parallel system fails if all of its components fail. So the lifetime of the system is given by, Fi,.9(x) =
P(Ms < z) = [P(X < x)]°. Since exponential distribution is closed under minima, Fy,,.6(z) = Fx,g,(0) =
Fxpp=1—e%* k=1,2,..5and E[my;0) = E[X;gx(0)] = 7. Therefore,

E[Ms5;0] = Y (~1F! (Z)E[X; gr(0)]

k=1

137
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