ProbStat Forum, Volume 11, October 2018, Pages 117-145 ProbStat Forum is an e-journal.
ISSN 0974-3235 For details please visit www.probstat.org.in

On Limit Laws of Joint Distribution of Two Normalized Upper
Order Statistics
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Abstract. For a fixed positive integer k, limit laws of linearly normalized k-th upper order statistics
are well known. In this article, we study the joint limit distributions of two normalized upper order
statistics under fixed and random sample sizes. We also look at some bivariate stochastic orders.

1. Introduction with motivation

Limit laws of linearly (or power) normalized partial maxima M, = max{Xi,...,X,} of independent
and identically distributed (iid) random variables (rvs) X, Xs, ..., with common distribution function (df)
F are called extreme value laws (p-max stable laws). Namely, if

lim P(M,, < gn(x)) = lim F"(g,(z)) = G(z), z € C(G), (1)

n—oo n—oo
holds for some g, (z), with g,(z) as linear normalization of the form a,x+b, for some norming constants
an >0, b, €R, or g,(x) as power normalization of the form a,, | An sign(x) for some norming constants
an >0, B, >0, sign(z) = —1,0,41 accordingly as = < 0,2 = 0,2 > 0, G, a non-degenerate df, C(G), the
set of all continuity points of G, then G is some extreme value law or I-max stable law when g, (z) is linear
norming, and G is some p-max stable law when ¢, (z) is power norming. We write this as F € D;(G)
under linear norming and F' € D,(G) under power norming. Note that (1) is equivalent to

lim n{l - F(gn(2))} = —-InG(z), z € {y e R: G(y) > 0}.

n—oo

Criteria for F' € D;(G) are well known (see, for example, Galambos, 1987; Resnick, 1987; Embrechts et al.,
1997). Further when F satisfies (1), we can write G(x) = exp (—vy o(2)) ,7 =1 or p. For l—max stable laws
G, v o(z) has three forms, viz., for parameter a > 0,

=% x>0 (—x)% <0; e % zel;

(for more details, see Leadbetter et al., 1983, Resnick, 1987 and de Haan and Ferreira, 2006) and for p—max
stable laws G, vp (x) has six forms, viz., for parameter o > 0,

(Inz)™, x>1; (~lnz)* 0<z<1l; z% x>0;
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(In(—2))™%, < -1; (—In(-2))™%, -1<z<0; =z, z<0;

(for more details, see Pancheva, 1985, and Mohan and Ravi, 1993).

Suppose that Xy., < Xo., < ... < X,,.,, denote the increasing order statistics from a random sample
{X1,...,X,} from an absolutely continuous df F with probability density function (pdf) f. Let X, k11
denote the k-th upper order statistic for a fixed integer k > 1, independent of n. Note that for k =1, X,,.,
corresponds to the maximum of X, X5, ..., X,,. Further, for fixed positive integers k > [, the joint pdf of
Xn—k+1:m and X, _j11., is easily computed as

Iksntin (0, 0) = e (n)F" " () (F(v) = F(u)* ™11 = F(u))' ' f(u) f(v),u € R,v €R,

n! . . n n! -
where ¢y (n) = RS With the convention that (a, b) = A —a ) the joint
df of X,,_g+1.n and X,,_11. is given by

Fk:n,l:n(-ry y) = P(Xn—k-i-l:n < ann—H-l:n < y)a
> (F I (y)(1 - Fly)) if 2>y,
_ J=0 2
= 1-1k—1—j (2)

() F" = (@)(Fy) = F(2)) (1= F(y))  ifx <y;

P(X,—141.n < y), the df of the (n — I + 1)-th upper order statistic, see, for example, page 12 in David and
Nagaraja (2003). Replacing z and y in (2) respectively by the norming constants g, (z) and g,(y), and
taking limit as n — oo, we get

since, if z > y, we have that {X,,—i11.n <y} C{Xn—i41:n <2} C{Xp—kt1:n < 2}, and hence Fi.p (2, y) =

Gk,l(x, y) = nh_{go Fk:n,l:n(gn(x)agn(y))v
i lil () F" (ga()(1 = F(gn(v)))? if z >y,
= g:? k—1—j (3)
lim > 3 (") F" 7 (gn(2)(F(gn(y)) — Fl9a(2))) (1 = Fgn(y))) ifz <y

Assuming that F' € D;(G), the tail behaviour of the limit

-1

nlg?,oZ( ) -y = e 3 ST

Jj=0

was studied in Ravi and Manohar (2017) including the tail behaviour of dfs F} obtained by replacing the
extreme value df G in G; by any df F, max domains of attraction through tail equivalence, and univariate

stochastic orderings. It was observed in Ravi and Manohar (2017) that the results obtained hold also under
1-1k—1—j
power norming. In this article, we study Gy (z,y) = lim > > () F" " (2)(F(y)—F(x))'(1-F(y)) .
N 5=0 =0

Throughout the article, dfs are specified for the values of the argument for which the df is in (0,1) and are
assumed to be absolutely continuous, to simplify proofs.

In the next section, we derive the joint distribution of the limit of normalized k-th and [-th upper order
statistics from a random sample of size n, for fixed positive integers k and [ with k > [, without loss of
generality. In Section 3, assuming the sample size n to be a rv N,, with probability mass function (pmf)
PN, =u), u=mm+1m+2...,m+mn,..., and N, to be independent of the iid rvs X, Xo,...,
m > 1, a fixed integer, we derive the joint distribution of the limit of normalized k-th and [-th upper order
statistics (XN, —k+1:N,, XN, —1+1:N, ), when N, is shifted binomial, shifted Poisson, shifted geometric,
shifted negative binomial and discrete uniform. Note that (X, —k+1:N, XN, —i+1:N,, ), is well defined for
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1 <1 < k < m. Vasantha (2010) discusses the case k¥ = 2, = 1 only, only for the case when the df
F € Di(®,) and the sample size is shifted geometric, where ®,(x) = exp(—z~ ),z > 0,a > 0, is the
Frechet law. In Section 4, some new bivariate dfs are defined and their bivariate max domains of attraction
are studied. In Section 5, some bivariate stochastic orderings are discussed. Examples are given in Section
6 and proofs of all results are given in Section 7. The last section gives concluding remarks.

2. Joint limit distribution of the normalized k-th and the I-th upper order statistics for fixed
sample size n

In this section, we derive the joint limit distribution of the normalized k-th and the [-th upper order
statistics from a random sample of size n, where k > [ are fixed positive integers.

Theorem 2.1. If df F is absolutely continuous with pdf f, F € Di(G) for some l-maz stable df G so that
F satisfies (1) for some norming sequence gn(x), then the limiting joint df (3) is given by

-1
Gly) 3 S vz
Gk,l($7y> = Jl:l (—In G(y))’ k—1-j (In G(y)—In G(x))* (4)
G(I),O% Zo fasly=ms@) fe <y,
Jj= =

Corollary 2.2. The marginal dfs of normalized X,_gi1.m and Xp_i11.n  with joint df as in (3), are
respectively given by

k—1

Gp(z) = G(z) w, xe{z:G(z) >0},
i=0 ’
-1

Gily) = Gly) “nﬁ(” ye{s:G(z) >0},
=0 '

3. Joint limit distribution of the normalized k-th and the I-th upper order statistics when the
sample size n is random

In this section, we derive the joint limit distribution of the normalized k-th and the [-th upper order
statistics when the sample size n is random and k > [ are fixed positive integers. Let NN,, have pmf

P(N,=u), u=m,m+1,...,m+n,... . From (2), we have
Z P(Xl:Nn Sy,Nn:u) lfl‘Zy,
Fen, N, (z,y) = (U
Z P(XinN, <z,Xin, <y,N,=u) ifz <y,
> EO( Y FuI(y)(1 — F(y))? P(N,, = u) if 2>y,
u=m j

oo l—1k—1—j

2 Z Z () (@) (Fy) — F@)'(1 = F(y)' P(Ny =u)  ifz <y;

u=m j=

so that
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Theorem 3.1. If df F is absolutely continuous with pdf f, F' € D;(G) for some l-max stable df G so that F
satisfies (1) for some norming sequence g, (x), then the limiting joint df of (5), imy, oo Fi:N, 1:N,, (gn (), gn(y))

18
(a) the same as in (4) when
(i) Ny is a shifted binomial rv with P(N,, = u) = (,", )~ ™¢ ™%, w=m,m+1,m+2,...,m+n,
for some integer m > 1, with lim, .. p, = 1; and
—/\,,L>\u—m
1 n 18 a shifted Poisson rv wit n:u:einu:mm—i—lm—&—?... or some
(ii) N, is a shifted P h PNy =) = e u=mm  Lm 2
u—m)!
integer m > 1, with lim,_ o — = 1;
n
(b) equal to
1 - a— —InG J .
1—InG Z (J+ 1) (1—lnG((gg/;))> ifz >y,
Teratey) = 7O = o | (6)
In G(y) itjta—1\ (InGy)-InG(z)\" .
(1 —IDG( )) ; (1 lnG(zc)> 120 ( Ji,j ) ( 1—y1nG(x) > ZfI <Y,
uwmmiu=m, m+1,

(u—m+u—1)pnqn

u—m

when N, is a shifted negative binomial rv with pmf P(N,, = u) =
, where 0 < pp, < 1,¢p, =1 —p, and lim, . np, = 1;

m+2, ...
(c) equal to
=1 (~InG(y))’ _
2 (_ ( ))1+j ifz >y,
i=0 (1=InG(y))
Rkl,G(xvy) - 1 -1 mGG) jk—1—j " In G(g)—In G(z) i (7)
o & () (0 (M%) desw
when N, is a shifted geometric rv with pmf P(N, = u) = ppg? "™, u=m,m+ 1,m+2,..., where
0<pn<l,qn=1—p, and lim,_, np, = 1;
(d) equal to
-G I- nG(y)" .
l(_llnégﬁj)) — Gy) S (1 — v) ElnClw) o>,
Ukic(z,y) = 1=1k=-1—j " . o G In ; ' (8)
DD (th)(l G(y),llng(z))igerG(y)) (1-Gi (@)} ifz<y,
= = ( ()
=X u=m+1m+2,....m+n

when N, is a shifted discrete Uniform rv with pmf P(N, = u)
for some integer m > 1.
and XN, —141:N, with joint df as

Corollary 3.2. The limiting marginal dfs of normalized Xy, _r+1.N,

in (5), are
(a) as given in Corollary 2.2 when N, is the shifted binomial and the shifted Poisson rvs

(b) respectively given by
—1 %
nG()) xe{z:G(z) >0},

N fita—1 (
Tha(z) = Z( . )(1—1nG(9:))“+
! .
- j+a—1\ (—InG(y))
Ticly) = j_o( j >(1—lnG(y))a+J’y6{Z G(z) > 0},

when N, is the shifted negative binomial rv
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(c) respectively given by

k-1 -
_ (=InG(@))
Biale) = 21 -mGa)Fi " © tz
-1 j
Rioly) = Sl LE(C)) R

when N, is the shifted geometric rv,
(d) respectively given by

k 1

Uk7g($) = k (:12(5;) ] , T € {Z :
v:l !
-1

Uioly) = l(:ﬁf ) (- ) lnCi(! DDA

when N, is the shifted discrete uniform rv.

( In G(x))"

Remark 3.3. The results in Sections 2 and 3 hold under power norming also.

121

G(z) > 0},

G(z) >0},

4. Bivariate max-domains of attraction for fixed and random sample sizes

In this section, we define new functions similar to those of the joint dfs Gy, Tk,.¢, Rr1,c and Uy 1 ¢ of
the previous section, by replacing the df G by a df F' and prove that the resulting function is a bivariate
df and look at their bivariate max-domains. We discuss the case when F' € D;(®,) only. The case when
F € Dy(¥,) can be discussed on similar lines and the case when F' € D;(A) is not discussed in this article,
where U, (x) = exp(—|z|*),x < 0,a > 0, is the Weibull law and A(z) = exp(—

Gumbel law.

exp(—

x)),z € R, is the

Definition 4.1. Similar to (4), (6), (7), and (8), with a df F in place of the df G, for v € R,y € R, define

' (=InF(y)) .
F(y) X . if x>y,
Fkyl(x,y) = jl:(l) ]' D b1 (9)
)y, CREGY P mromrey' g oy
§=0 Jt i=0 v -
' jramny (=InF(y))’ .
Ter(x.y) PR I (Y )k ey, w0
SLEAEY) = I=1k-1-j i oty (—InF I(In F(y) — In F(x))* )
7=0 z;) (*ij )( ((1y)) lilF(x()y))”jJra @) fo<y;
' (=InF(y) .
A TRy ifz 2>y,
B L N Y LV A I IV Co .
= = (i,j) ( —lnF(x))iﬂ”rl Zfl' S Y
(22 - o S o E .
Upr(z,y) = I—1k=1—j landflan ii.lnF P{1—Fopony( (12)
= 5 (Hz'rj)( ) (<1)1£F(x))52)+1{ 41 (@) ifx <uy.
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Theorem 4.2. For the function Fy; defined in (9), for x,y € R, with df F absolutely continuous with pdf
f, the following results hold:

(a) Fyi(x,y) is a joint df with the joint pdf

x —In =1 (In —In F(z))k-t-1
oy = LD I P w2 »

and 0 otherwise, with the marginal pdfs given by

fe(z) = (kfixz)' (~InF(z)*! ze{z€R: F(2) > 0}; (14)
A = S ye s e R: FE) >0,

(b) If df F is absolutely continuous with pdf f, F' € Dj(®) with norming gn(x) = anx+by, so that (1) holds

with G = ®,, then lim FP(akz,aly) = exp (—y~'*), z > 0,y > 0, where a’, = F~(1 — (il/n)'/?),
n—oo ’
i= k.

Theorem 4.3. For the function Ty r defined in (10) with df F' absolutely continuous having pdf f, for
x € R,y € R, the following results hold:

(a) Ty r(x,y) is a joint df with the joint pdf

_ L'k +a) f@)f(y) (=InF(y))'"'(In F(y) —In F(z))*""
ar 9 = 1) T0) Ta) F@) () (1~ F(@)F s )
and 0 otherwise, with the marginal pdfs given by
z) (—InF(z))k!
lern) = - (; 5 ;:(@C)) (5 — (3)a+k, ve{zeR:F(z) >0}, (16)
el = -t W (CmFE)

Blal) Fly) (1 —m (et ¥ € 12 €R:F(2) >0}

(b) If df F is absolutely continuous with pdf f, F € D;(®,) with norming g,(x) = anx+b, so that (1) holds

with G = Oy, then lim T}, p(akz,aly) = exp (—y~'*), >0,y > 0, where al, = F~(1 — (1/n)1/%),
n—oo [
i=kl

Theorem 4.4. For the function Ry r defined in (11) with df F' absolutely continuous having pdf f, for
x € R,y € R, the following results hold:

(a) Ri1r(z,y) is a joint df with the joint pdf

o TE+Y) J@)) (b FE) () - o)
Fhtr o0 = 0 =0y 1) Pl F) - @) sy

and 0 otherwise, with the marginal pdfs given by

1 f(z) (—InF(x))k? .
B(1,k) F(z) (1 — In F(z))++’ re{zeR: F(z) >0},

y 1 —InF(y))"—!
Bel) = BRI h Ry ¢ ERFE >0

2F(37) =

(b) If df F is absolutely continuous with pdf f, F € Di(®,) with norming g,(x) = anx+b, so that (1) holds

with G = ®,, then lim R}, p(akz,aly) =exp (—y~'%), >0,y > 0, where a’, = F~(1— (1/n)'/?),
n—o00 w
=kl
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The proof of Theorem 4.4 is immediate from that of Theorem 4.3 by putting a = 1.

Theorem 4.5. For the function Uy, r defined in (12) with df F' absolutely continuous having pdf f, for
z,y € R, the following results hold:

(a) Uk r(x,y) is a joint df with the joint pdf

L(k+1)  f(@)f(y) (= F(y)"(InF(y) —InF(z))*"*

uk,hF(xvy) = F(l) F(k‘ — l) F(%)F(y) (_ 1I1F(l‘))k+1 {1 - Fk+1(x)} T <Y, (17)
and 0 otherwise, with the marginal pdfs given by
x P (—InF(x))!
up,r(r) = (_ﬁlff(’()x))z (F(lx) B Z (15())> ,xe{zeR: F(z) > 0}, (18)
=0 ’
l “In 1
wr) = 0 (- S ) e eriro 2
=0 ’

(b) If df F is absolutely continuous with pdf f, F € Di(®4y) with norming gn(x) = anx + b, so that
(1) holds with G = ®, then le Uﬁl’F(aﬁx,a;y) = exp (—y‘la), x > 0,y > 0, where al, =

F=(1— (G +D/n)Y"), i =k,

Remark 4.6. Observe that, in (b) of Theorems 4.2, 4.3, 4.4 and 4.5, the limit distribution depends only on
l and not on k.

5. Some bivariate stochastic orderings

We refer to Shaked and Shanthikumar (1994) for definitions. Random vector X is said to be stochastically
smaller than random vector Y in R?, denoted by X <4 Y, if P{X € U} < P{Y € U} for all upper sets
U € R%, where a set U € R? is an upper set if x € U and y > x imply that y € U, x € R?, y € R%, and >
is component-wise, We repeat below the two dimensional version of Theorem 6.B.3 in page 268 in Shaked
and Shanthikumar (1994) for later use.

Theorem 5.1. Let X = (X1, X2) and Y = (Y1,Y3) be two 2— dimensional random vectors. If (a) X1 <q Y1
and (b) [X2] X1 = 21] <& [Ya|Y1 = y1] whenever —oo < x1 <y < 00, then X <4 Y.

Theorem 5.2. With Vi, as equal to Fj,; or Ty . p or Ry r or Uk r as in Definition 4.1, if (Xy,Y;) has
th@ JOZnt df Vk,h then (Xk+1a}/l+1) Sst (Xfﬂ)/l)

6. Examples

In this section, we illustrate the forms of the limit laws. In Example (a), the forms of Gy, Tk 1.¢, and
Uk.1.c, are illustrated when F' is the standard Pareto law. In Example (b), the forms of Gy, Tk, .q, and
Uk,,G, are illustrated when F is the standard exponential distribution. In Example (c), Theorem 4.2 (b) is
illustrated for the case when k = 3 and [ = 2 for the standard Pareto law. Example (d) illustrates some
results for the Uniform rv over (0,1), which belongs to the max domain D;(¥,,) of attraction of the Weibull
extreme value law under linear normalization.

1
(a) If F(x) =1— —,z > 1, then lim,, o F"(nz) = e~/ 2 > 0. We have
T

-1 j
e T 02, o2y,
2
Cilro) = S G F ey
Ve DV
=0 i=0

y T Y
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124

+a—1 1/y '\’
a5 U () o2y,
Tk7l}G(x,y) = 1 z: 1/ ] k_l_j it 1 1/ 1/ i
Yy i+j+a— z—1/y
1+1/z)e Jgo (1+1/z) ZZ:O ( i ) ( 111/ ) ;T2 Y
when N, is the shifted negative binomial rv, and
1=/ = (1/y)" "
() — Gl T (- A, r>y,
Uk,l«G(vay) =Ni-1k-1—j o i+j )
' i+j x J _ x)J
ZO Z%) (era) (1/%1/130/)717&11/?;) { _ /e -ZO (12!) }’ z <,
Jj=0 i= J=

when N,, is the shifted discrete Uniform rv.

(b) f Fla)=1—e"

T x> 0, then lim, oo F™(x + Inn) =exp (—

e ),z € R, and we have

exp (—e™Y) T x>y,
_ j=0

Gra(z,y) = T ey BT ey

exp (—e™") T T TSy

j3=0 1=0
1 =1 y —1 -y ‘7

e 5T () ©2¥

Trac(z,y) = 1 1 L NIRRT s\
2 i a— T e~
e 5 (55) 8 e () e

when N, is the shifted negative binomial rv, and

—exp(—eY -1 —yyv—
l(l ezgy )>G(y) (l—v)%, zZZ/v
v=1
Uk,l,G(%y) = Ni-1k-1—5 I . i
D I G i {1 —exp(—e?) X L } z <y,
J= 1= j=

when N,, is the shifted discrete Uniform rv.

1
(¢c) f F(x) =1— —, > 1, then lim
x

4.2 (b), we have

F32(2,y)

When x > y, we have

1— Fgﬁg(tl’, ty)
m ———
t—oo 1 — Fg’g(t, t)

— F —1
& = (te) =g~ With k£ = 3 and [ = 2 in Theorem
t—oo 1 — F(t) t—oo t—1
—In F(y))’

S CInF) .
=0 J:
21: (—InF(y)) 22—23 mFP@)-mFE) o,
=0 J! i=0 v -
L L@ F(y) 1 (1 5)(1 Il - 5p))

t—oo 1 — F(t)(1 —1nF(t)) >0 1—(1- L)1 —In(1-1))
1 —(1—-In(1 %) L. In(1 — %)
= yt—>oo1—(1—1n(1—%)) © oyt In(l- 1)
C gy UG 1

v -G
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1 — F3(tz, ty)

= Fya(t,1) now. Differentiating Fs o(tx, ty) with respect to ¢,

When z < y, we compute lim;_,

equal to

1 1 1
~(1em(1- =) -m(1-—
(e A (e R (e
-1 -1
Y (et ool Ly hiw(io ) owm(io L
tx ty t2y tx t2x ty tx
B B B 1 1

dFs o(tx,t
we get 3,2£§t$, Y)

(D) () 3 -]
(I
>2

1— F3o(tx,t
so that lim 5.2(t2, ty)

—_ 1t
M TR ) is equal to

f1i>m 1
L o
Zh(-14)

e (-1
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—1
1 -1 1 1 1 1 1 1
im ————5(5-¢2({In{1-— (1——)_1—— In{1—— 1-—— —
t=oo (1 —2)7tay | 22 ty ty’ 3y tx tx t2x
1 1 1\ "1
1-—— - 1—— —
ty t2x ty Y
1 1
1) ((l)( W) )
ty ty
—2

which is equal to y— Thus we get w(z,y) = which satisfies w(cx, cy) = ¢ 2w(x,y), and hence

limy, 00 F3'y(na, ny) = exp(—y=2), >0,y > O.

—F(l—i) 1
We have
1
—_ if x>
0Ty o2y,

Tenr(m,y) = § 4y ;
h ~ipaor) (Iny — )t
5T e sy

When x > y, we have

- Tar(-g-4) 1= (1m0 - 5)

lim T iy lim —
t—o00 I—Tk)lﬁp(l—?,l—?) t—00 1_(1_111(1_%)

When x <y, we have

1 1 i
N e LU 1)
hm 1-— TkJ,F(l - i, 1-— %) _ hm i=0 v (]_ — ln(]. — %))Z+a
tooe 1= Ty p(l—§,1-1¢) 9 1-(1-In(1-1)~"
‘We have
dT1,r(1 = 51— 5) _d ki:l (i+a—1)(n(1— ) —In(l—5))
dt o dt ¢

ila—1)!  (1-In(l - L))ita

(i+a—1)! (ln(l—i)_ln(l_i))i—l
= t2z G —1)! (a—1)! (1—ln(1—f))1+a

(i-brt-o-3r)
1= (i + a)! ln(l—i) In(1 — L)) N
PN ooma e ()
12 (i+a) (n(1—g)—n(1-&)) B i
2y ; il (a—1)! (1—-In(1- tlw))“”l“ (1 ty>

1 (k—1+a)! (ln(l—@)—ln(l—g))k*1 1\ L
T (k- D! (a—1)!  (1-1In(l— L))itett <1 - >

+

tr
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Then

1=Tr(l— 51— 5)

e 1 - Tear(l—1,1-1)
= lim 1 Z (i+a) (n(l—gz)—In(l- é))i(1 S 1yl
T oo a (1 —1In(1 — %))_a_l (1—1)-1 1 2 il (a—1)! (1 —-1In(1 - %))i—&-a-ﬁ-l ty’ y

"

tr x

1 (k—1+a) (ln(lff)*ln( *g))k ! L A !
t2(k—=1)!(a—1)!  (1—-In(1—L))itett

Thus, we get, w(z,y) = y~*, which satisfies w(cz, cy) = ¢!

limy, 00 T3y (1 + 5,1+ %) =exp(—y~ 1), >0,y > 0.

w(x,y), and hence

7. Proofs

Proof of Theorem 2.1. Regrouping terms, (2) is rewritten as

-1 k—1—j
Fien i (2,y) = > (n_zi”j)MF"ij(x)(F(y) — F(z))'(1 - F(y))

j=0 i=0
1—1k—1—j 1 itj—1 o , 4

= > g [I (=" (@) (Fy) - F2))'(1 = F(y))’
j=0 =0 t=0
-1 k—1—3 i+j5—1

= Z,%, II (1 - fl) F= (@) (n(F(y) = F(2))) (n(1 = F(y))) -
j=0 i=0 t=0

Replacing x by ¢,(z) and y by g.(y) above and using (1), we get lim,_ oo n(l — F(g,(x)) = —In G(x)

o 1mso0 {F(0(3)) = Fl90(2))} = limnsoe (1= Flgn(x)) = (1= Flgn(0))} = nG(3) ~InG(z), s
that

-1 k—1—j

Gra(z,y) = Hm Fippn(r,y) = >
j=0 =0

i] £)(InG(y) - In G(x))'(~ n G(y)),

and (4) holds, completing the proof. O

Proof of Corollary 2.2. From (4), for k>1>1, we have, Gy (z,y) equal to

k—1 ;-1 1-1k—1—j ; p
Gla) 1+Z(lnG(y) ;lnG(x)) +l (=InG(y))’ lnG +Z Z (InG(y lnC;(;;?) (—InG(y))

Taking limit as = — y in the above, we get the marginal G;(.) and taking limit as y — r(F) in the
above, we get the marginal Gi(.). When [ =1, Gy 1(z,y) = G(z) + Y- Glo)n G(g!)_ln ¢@)" and taking
limit as « — y, we get the marginal G1(.) = G(.) and taking limit as y — r(F'), we get the marginal
Gy (.), completing the proof. O

Proof of Theorem 3.1. (a) When z > y, (i) and (ii) follow as in the proof in pages 15 and 16 respectively,
of Theorem 4.1 (a), Ravi and Manohar (2017). Let x < y.
(i) Substituting P(N,, = u) in (5), we get Fi.n, i:n, (%, y) equal to

22(“) ) - F<x>>i<1F(y))ﬂ'{mf(iﬁj)ﬁ’“Z‘J‘(@(ﬂm)pz g }

u=m
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Using the summation results

m—+n n
S @, " = P @) )"

and

S, " o =i S (1) () e a0

r=m =0

as in page 15 of the proof of Theorem 4.1 (a), Ravi and Manohar (2017), we get Fy.n, .1:n, (2,y) equal to

ns

-1 k=1—§ ,. .
> 5 (1)) - @y - P

B Jouror s}

v=0

-1 k=1—5 ,. .
=2 X (Z*j)n”jw(y)—F<x>>i<1—F<y>>ijl‘j(a:)x

=0 =0
X (m 1 B t itj—v n—i—jtv L
= ; : : ‘ m 1
= P +a)" + 3w ) - Foy P Y () o
p = \v (i —wv)!
X _1_[_ (1 - ;) (pnF ()" (puF(z) + qn)n_iﬂnlv}
t=0
</, Jpmeg o (M) 1
+§_j{n (1-P)VF <x>§(v)u_v)!x
< 1] (1—) <pnF<x>>f—”<pnF<x>+qn>"—j+vv}
t=0
-1 k—1—j o it
3 { ("5 s - Faa - Fy @ Y (1)
j=1 i=1 v=0
1 i+j—v—1 " e i ity 1
e — E) (1—n> (P F ()™ 7" (pn F(z) + qn) * nv}

Replacing = by gn.(x), y by g¢gn(y), above and using (1) and

. (1 ~npa(1l — F(gn(m)))>n = o~ (-GE) — (),

we get

Gk,l(‘rv y) = nh—>ngo -Flc:Nn.,l:N71 (gn (f), dn (y))
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k—1 J
= G(2)+) (nG(y) —InG(x) { +ZO}+Z (—InG(y { Gz )+Zo}
-1 kjl—*] it ‘ ‘ i+j N
+> ( . >(1 Gy )—lnG(x))’(—lnG(y))J{( +Zo}
j=1 i=1 v=1
Y Ga)(InGly) — InG(2)) (— InG(y))
3 ; (z)(In G(y) Z"j'( ) W)y

which is the same as (4), proving (i).
(ii) Substituting P(N,, = u) in (5), we have
I—1k=-1—j 00 X \r—m
1+ % j u U—1i—7J e ™ /\n
Fosan(on) =3 3 (1) 0 - Fw) <1F<y>>ﬂ{2 (1) J(x)w}.
7=0 =0 u=m ’

Using the summation results

Z F'(x *An)\r )"” — e*AnFm(x) i W - efAn(lfF(m))Fm(x)

and
5% r i . 67)‘")\277” 7 e*)\n(lfF(I))mei(x) 3 i L’ ) .
T:Zm <Z>F (@) (r—m) 7! ; <l> (m — l)!()‘nF( )

as in the proof of Theorem 4.1 (b) in page 16 in Ravi and Manohar (2017), one gets Fi.n, i:n, (¢, y) equals
to

-1k=1—j ,. . o L
_ 1+ — () (1 — j u u—imdy &
= ; t >(F(y) Floy =) {TFZT)’L <i+j>F (@) (r—m)! },

I1klg o oA (I=F(2)) pr—i—j () I /i 4 ml N
> jj)<F<y>—F<x>>Z<F<y>)ﬂ T i;)( tﬂ)M(AnF(z))mv’

-1 k-1—j s o
_ T4 J niti — F(e))i(1 — i e~ 2n(1-F(z)) pm—i—j (2)
- ; 2 ) (F(y) — F(2))'(1 - F(y)) Gy "

H ) ] itj—v
i+j\ _ ml A . 1

sz;){( v )(m—v)!(nF( )) nv}

_ e—?”n(l—F(w))Fm(m)

+’:§;{ni(F(y)_F(x))ie—?n<1—i<!x>pm—i(x) : (2) (mriyv)! (A,:LF(x))nl}
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v=0

+>

-1 k—1—j
+> {(Z+J> n(F(y) — F(x))' (1 = F(y))’ x
1

j=1 1i=

—2npn(1-F(z)) pm—i—j it . . | i
< i (x)E: [ e Ly ENg
(i+7)! v Jm—u) \n —

v=0

Replacing x by g, (), y by g.(y) above, and using (1) and lim An" = 1, which is equivalent to

n—roo

lim e A (=Fn(2) = G(z),

n—oo
we get
Gri(z,y) = lim Fi:n, i:n, (gn (), 9n(y))
k-1 k—1 k71
(1 1 (1 l
_ nG(y nG( ) G(x)—i—z nG(y nG( ) 7
=1 i=1 =

which is the same as (4), proving (ii).

(b) When x > y, the proof is the same as the proof in page 18 of Theorem 4.5, Ravi and Manohar (2017).
When x < y, the proof is as follows. Substituting P(N,, = u) in (5), we get

-1 k—1—j . .
Fosam(o) = X % (1) 00 - R0 - o)
=0

0
= U i u—m+a—1
X F'U,*’L*j T u—m .
{; <Z.+j> (x)( wm )pnqn }
Using the summation results
m+r—1 _ pr F™(x)
Fl(x ( )pzqi M=
Z —m (1—gnF(2))"
and

N l—m+r—1 _ S m O\ (r— 141\ ¢ Fmit(x)
Fl i rol-m _ _r n
2 (e e P2 ()0 ) rar

as in the proof of Theorem 4.5 in page 18 in Ravi and Manohar (2017), one gets

F:n, 1, (2,
) j‘z:;k;o] (Z +j> @) -Fwy {2 (zij) F (@) (u —szz - 1)192(15_7"} :
: iki(“) ><<»z<)<)(<>)<>
- le = ()t - Fenr oy on

1=

b
N O

y el a—1+v\ @F™iI+v(g) 1
v=0 Z+J—v (n(1 = gnF'(x))) >0 ni+i=
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(npn)* F™ ()
na(l - an(x))a

k—1 % v Tm—itv T
30w~ Feen S () (7)) i gy

v=0
-1 j —j
_ (n a—1+v\  @F"It(@) 1
JrZ(n(l F(y Pn) 1;) (j _ v> ( v > (n(1 — g F(x)))ete ni—v
1-1k—1—j
PIDD § “) F(@))) (n(1 = F)) (np,)” %

. i (z +J- v) (a o v> UlF—mqan j(+;)()“)+” n”lj‘”'

Replacing z by g, (), y by g.(y) above and using (1) and
k

lim ¢® = lim (1 - Tn) =1, hm n(l — g, F(gn(z))) =1 —-InG(x),

n—oo n—o0
we get
Gri(z,y) = lim Fun, N, (9n(2), 9n(y))
n—oo

k—1

1 a—1+14 1
= 7171HG(:L‘)+Z(1DG( hlG {ZO+( ; )OIHG(:E))‘I“}

— 7 a—1+4j 1
2 (-Gl {Z“( j ><1lnG<x>>a+j}

-1 k—1—j it
> (") wow - @) - newy

+

i
j=1 i=1

et a—1+i4+7 1
X{ZM( i+] )(1—1nG(x))a+i+j}’

v=0

- lik_ ) (Hj:ja 1> <Mf(3’lné?$(”>i <1—1?ncg?;>)j (1 —1an(56>>“’

j=0 =0

and (6) holds.
(c¢) The proof follows from the proof of (b) above by putting a = 1.

(d) When x > y, the proof follows as in the proof of Theorem 3.1 in page 13 in Ravi and Manohar (2017).
When z <y, the proof is as follows. Substituting P(N,, = u) in (5), we have

P @) =3 3 () >—F(x>>i(1_F(y>>f‘{2§ (Z.jfj)F“—i—f(x)}-

7=0 =0 =m
m—+n
Fm+1 _ Fm+n+1
Using the summation results - ) %:—H Fr(z) = 7(;8 ~F (@) (z) and

2 2 o=t ) () )

r=m-+1 =0
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as in the proof of Theorem 3.1 in page 13 in Ravi and Manohar (2017), one gets

-1 k—1—j

Fyn, N, (T,y) = Z Z (“"]) y) = F(2))'(1 = F(y)) x

45:{( Vitrapes ("0 )

S <n<§§y_Ff;§$”>l(zﬁiiﬁz%%)x

i )
X;{C”“ n (14 20) st
o (h=E 551) {<m:1><5":“:s?

_t_i (” 0 t) <F<ﬁ+n§< U)?Q }

SIS () (e (e

“ m+1 Frmtl=v(y) 1 v2 m—t Frmtntl=v(g)
;{( S )wire >1vnv£<” ) o Fay
Replacing x by g, (), y by gn(y) above, and using (1) and lim,, o, F™(gn(x)) = G(x), we get
Upi(z,y) = lim Fyn, e, (2,9)
_ 1-G(z) & /InG(y) —mG(z)\’ 1 : ' (—~InG(z))"!
B _1ng($)+;( —InG(z) ) {—l Gx)JrZO*G(I); vl }
< (—InGy)Y’ . (-InG
% () { e + o ey, T
-1 k—1-—j5
i+7j\ (InG(y) —InG(z)) ®))
P> () (e ) (5 G<x>> "

i+j i+j _
1 (—InG(z))*~!
{ InG(x + ZO Gz UX;J v!
1 i+J

B <+y> (260 - G (Gl { —— m@)Z“Mfflm”H},

v=0

so that (8) holds. O
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Proof of Corollary 3.2. (a) The proof is the same as the proof of Corollary 2.2.

(b) From (6), for k> 1> 1, we have

it a—1—|—z InG(y) —InG(x))* =2 a—1+4j (—InG(y))’
( )<1_1n<;< e +Z( y ><1—lnG<>>+

Tipclzy) = 1—1n (96)Jr

i=

Jj=1

-1 k—1—j . . .
+7\ (a—1+i+7)(InG(y) —InG(x))" (- InG(y))’
pIPY < )( i+ ) (=Gt

Taking limit as « — y in the above expression, we get the marginal Tj ¢(.) and taking limit as y — r(G),
we get the marginal Ty ¢ (.). _

o . 1 fatsn, (MG(y) — I G(a))
For the case | =1, Ty 1¢(z,y) = “ma@ i (57 (1= InGz))eti

1
TGy’ and taking limit as y — r(G), we get the marginal Ty o(.),

. Taking limit as = — y,

we get the marginal Tj ¢(y) =

completing the proof.
(c¢) The proof follows from the proof of (b) by putting a = 1.

(d) From (8), for k> 1> 1, we have

- G(z) i InG(y) — InG(x ‘ 1 (= InG(x)) !
Ukic(z,y) = lnG:z: +Z( flnG( )< ))> {lnG(sc) —G(m)z—( v<! ) }

i=1

+li g(<y)>>) {lan() G<>z<—1G<>>}
ST () () (i)

=1 =1

1 A —InG(x))? !
X{—m(;@)‘G(x)Z(qﬁ))}'

v=0

Ng}
P—'H

<

Taking limit as = — y, we get the marginal U; ¢(.) and taking limit as y — r(G), we get the marginal

Uk.c(.).

For the case | =1, Gpy(z.y) = SpGiel 4 YA} (GG} [0 o e y01_ (e ],

1-G(y)
—InG(y)

Taking limit as = — y, we get the marginal U ¢(y) = and taking limit as y — 7(G), we get

the marginal Uy ¢(.). O
Proof of Theorem 4.2. (a) We have
k—1—j

(In F(y) — In F(z))~1
Z 271)! ) }

=0 =1

l

OF . (x,y)  —f(x) e mF kl] (In F(y mF(

- (mF(»{amw) mm@ﬁlj}
7! (k—1—3) '
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Also,
PFp(z,y) -1 lnF (In F(y) — In F(z))k=27J y
X Z B e = At
S mP) ! (I F(y) - F@) 9 [ —f(y
le ]_1 { (k—1-25)! }{F(y)}
- T ) (—InF(y)) " (In F(y) — In F(z))"!=1

Fiy) (i — 1)k —1— 1)

To prove that the total integral is 1, we consider

[ | s ayde= [ [ o SR P P () <l P dy

Putting t = m, we get
m@_n =11 —In F(z))k1-t — (—InF(z)*1 Lo _ pyk—l—1
F(y)( In F(y))™ (In F(y) — In F(x)) dy (—InF(z)) /Ot (1-1) dt
= B(lLk—1)(=InF(z))* 1!,
so that

/Z /:O fralz,y) dy da

[w (- 1)!](cl§x—) - 1)13(“9 —D)(—InF(z)* ! d

1 o0 . 1 00 b
= m/_@f(m)(—lnF(w))k dm:m/o e Ukl = 1.

The marginals can be obtained by differentiating the marginal dfs as in the proof Corollary 3.2 with the df
F' in place of the df G.

(b) Let F € Dy(®,). Then by Proposition 1.11 in page 54 in Resnick (1987), 1 — F' is regularly varying

1—-F(t
with index « so that lim & =z~ %, z > 0. Equivalently,
t—oo 1 — F(t)
— t —InF(¢t 1 - t
lim A =z % and lim —InF(tr) = lim z/(tx) =z “. (19)

t—oo 1—F(t)  t—oo F(tz) —f(t)

We consider two cases, [ =1 and [ > 1.

If | =1, then, Fy1(¢,t) = F(¢t) and hence

im 1— Fpa(te, ty) im 1 — (In F(ty) — lnF(tx))
Jimn (1—F(t)) = Jfm (1—F(t)) { ; }
. [1-F) (In F(ty) — In F(tz)) = (In F(ty) — In F(tz))!
= )Loc{1_F(t) — P —"Fn ; RESA0) }
so that using (19),
1— Fy(ta, ty) — (e

tlg(r)lo m =2 =1y 427 -1 Z f(O) =y *=W(z,y). (20)
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(—InF()) : . . . .
If | > 1, we have Fy (¢, t) = F(t) — = F(t), as in Definition 2.1 in page 3 in Ravi and
: J:
j=0
1— Fi(t 1
Manohar (2017). Since lim;—, oo (177];@))[ ik it follows that
— t 1—F(t) 1 — Fyy(te,t 1 — Fpy(te,t
AT Rt R T-R@) % (1-F@) % (- FO)

To apply L’Hospital’s rule, we differentiate 1 — F}, ;(tx, ty) with respect to t. We have

-1 jk—1- ]
%{1 CFoltoty)) = —af(ta) ; lnF ty 2; (In F(ty) Z.!lnF(tac))
-1 1 k—1—j
(—In F(ty))i ! (In F(ty) lnF(taU)) yf(ty)
R S vy Z (%)
-1 - k— .
ST CIF ) (i F(ty) — I F(te))~" (yf(ty) xf(tz)
P 2 ; -1l (%o - 7r)
-1 ; —1—j ;
— o aflte (—In F(ty))? (In F(ty) — In F(tx))"
= —uf(t >FO ;i { ; il
"E (nF(ty) — In F(tr))
rar il
_yf(ty)F(tx) (= In F(ty) L * Z (In F(ty) — In F(tz))’
F(ty) (-1t « il
-1 . .
o f(ts (—In F(ty))(In F(ty) — In F(tz))*—17
B f(t)jzo g (k—1—j)!
yf(ty) F(t) (= In P(ty)) 1 '{S' (In Fty) — In F(tz))’
F(ty)(l—1)! v il '
Thus one gets
1= Fy(te,ty) im 1 o f(t — —In F(ty)) (lnF(ty)—lnF(tx))k’lfj
e T 773 (e S T S T { flie) ;O FTE—1-)
yf(ty)F(tz) (- F(ty)' ' ' (In F(ty) — In F(tz))’
F(ty) (-1 v il
—  im 1 Jaf(tr) A (1—F(t))’C ! In F(t In F( ty lnF tx) —1=3
= Looz{ F0) 23— 1)) ( ) ( )

yf(ty)F(tz) 1 In Fty)\'" g (In F'(ty) lnF(tx))
T Fw) (z—1>!(1—F<t>) ( > )}

=1

1 — Fy(tz, ty)

o that, using (19), limy—eo —7—"pr

=1 {0 + = 1),y la} , since limy o (1 — F(¢))*~! = 0 and for
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i > 1, limy_,o(In F(ty) — In F(tx))" = 0. Then
. 17Fkl(tlﬂ,ty)

lim ————— ==

t=oo (1= Fru(t,1))

From (20) and (21), it follows that W (cz,cy) = (cy)~'* = ¢ "W (z, y). Then from Corollary 5.18, in
page 281, Resnick (1987), the proof is complete. The norming constants a* and a!, in (b) are as in (b) of
Theorem 2.3, Ravi and Manohar (2017). O

=y ' = W(z,y). (21)

Proof of Theorem 4.3. (a) We have
-1 k—1—3

Ty ,r(2,y) (i+j+a-1)! (~InF(y)(InF(y) —mF(z)"" [ fy)
oy B ; Zz:: =14 (a—1) (1 —InF(x))itita (F(y))
-1 k—1—j . .
(i+j+a-1)! (=InF(y)'(InF(y) —InF(z))" (—f(y)
+FIZ;in—nua—n! (1—In F(z))ite (F@))
_ ) 'S (i+l+a—1)! (~InF(y)"t(InF(y) — In F(z))!
(y) = ON(I-1!(a—1) (1 = InF(x))+i+e '
Also,
Plyur(wy) —ﬂ@ﬂmeF@W”*§? (i+l+a—1) i(lnF(y) —InF(z))~
0x0y F(z)F(y) pard N I=1D!(a—1) (1—InF(x))itite
_—ﬂmﬂwemF@W**if (i+l+a-1! (i+l+a)(InF(y)—InFz)
F(z)F(y) L (U= Dla—1)!  (I—InF(x))tret]
@)W LN +lta)l (nF(y) - F(2))’
= F@)F(y) (~InF(y)) { Lo (-1l (a—1)  Drtrerd
- ’“fl (i+14+a)! (InF(y)—InF(z)) }
i (1= 1)1 (a— 1! (I = In F(z)) et
@) f(y) . (k+a—1)! (In F(y) — In F(a)) !
= F)Fy) n F(y)) {_ k—Il- (-1 (@a-1! (1-InF(z)k+a }
_ Llkta)  [@)](y) (nF)" (nF(y) —InFz)"1
~ T(k—=1)T(Q) Ia) F(z)F(y) (1-InF(x))kta '
To prove that total integral is 1, we consider
k + a)  f@)fly) (InF(y)"'(nF(y) - InF(z) "
[ ] wtevae=[ [ (@ F@)F(y) (=P @)Fe Ay e
Putting ¢ = m, we get
f y )M InF(y) —mF@)* L dy = (~InF(a)*" /1 #H(1 — )b at
y 0
= B(l,k—-1)(—InF(z))k!
so that

/ / tra(x,y) dy dx

o I'(k+a) f(x) B

[mr@—wm><> wu—mFUWMB“k‘W‘m”@V dw

/” 1 f(0)(- mF(@)-
B

dz = -1
a, k) F(z)(1 —InF(z))k+e 7 / Bak: 1+uk+ad
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The marginals can be obtained by differentiating the marginal dfs as in the proof Corollary 3.2 with the df
F in place of the df G.

(b) Let F' € D;(®,). Then by Proposition 1.11 in page 54 in Resnick (1987), 1 — F' is regularly varying

with index —a and hence lim i(tm) =z ¢
t—oo 1 — F(t)
-1 . j
. 1 jta—1 —InF(t) \’ . . .
FlI‘St, Tk,l,F(ta t) = m ]go ( ] ) <1—h’1F‘(t) = EJ«“(t), as defined in page 7 in Ravi
1-T p(t
and Manohar (2017). Since lim;_,, {a }};()))l Blal)’ it follows that
1— Ty r(te,t — F(t) 1— Ty p(tz,t 1 — Ty r(te,t
lim etz ty) (0 ) bt F (12, ty) 1B(a,1) lim k10 (12, ty)
tooo 1 —Tg r(tt) t—oo 1 — T p(t) o (1—F(@))* tooo (1 —F(t))!
We consider two cases. For | = 1, we have
k-1 i
1— _ _
lim Ty, r(tz, ty) — lim 1 1 1 Z i+a—1\ (InF(ty) — In F(tz)
t—oo (1= F(t)) t—oo (1 — F(t)) (l—lnF(tx ) o i 1—1InF(tx)
~ lim 1 - a In F(ty) — In F(tx)
 tooo (11— F(1) (1 - lnF tx)) 5% (1 — In F(tz))a+! 1—F(t)

A A - Fia)e (1—InF(tz)) 1-F)

4} s

=2

—a(1 —In F(tzx))~ 2!

-
~ lim 1 Z <H—a - 1> ( (In F(ty) lnF(tx))il) In F(ty) — In F(tz)
(-

lim 1 {
t=o0 (—f(1))
so that, using ( 19),

1 — Tk71,F(tm, t’y)

tll>nolo A= F@) =ar *—a(-y *+27 %) -0=ay *.
Then
1-1T; tx,t
lim ke (2, 1) = B(a,l)ay™" =y~ % =W(x,y).

t—oo 1 — Tk717F(t t)

1-— Tk N F(tCL' ty)

If I > 1, we consider lim;_, . To apply L’Hospital’s rule, differentiating Ty ; r(x,y)

| (I - F(t))!
with respect to t, we get
dTour(r,y) =~ (i+j+a—1) (~InF(ty)) ' (InF(ty) — W F(ta)) [ yf(ty)
dt - ; Z:O il(j — 1)l(a— 1) (1 —InF(tz))itita (‘ F(ty))
-1 k—1—5 . . ; i
(i+j+a—1! (~InF(ty) (InFty) — W F(t2)) " (yflty) zf(ta)
L X Go a1 (1= I F(ta))i7e <F<ty> F(m)>
R E (i Fa— D) i+ 5+ a)(~ nF(ty)V (In Fty) — In F(ta))’ <_xf(tw))
iljl(a — 1)! (1 — In F(tz))ititetl F(tz)

_ yf(ty) 3 (I4+i+a—1)! (—InF(ty)) = (In F(ty) — In F(tx))’
- F(ty) (=Dl a—-1) (1 —In F(tz))i+ita

(k—14a)!  (—InF(ty))(In F(ty) — In F(tz))—1-79
F(tz) <= (k—=1-j)4!(a—1)! (1 — In F(tx))k+a '

<
Il



Manohar and Ravi / ProbStat Forum, Volume 11, October 2018, Pages 117-145 138

Thus one gets

. 1 — Ty r(te, ty)
11m
LT F(D)

_ 1 zf(tw) li (k—14a)  (—InF(ty))(In F(ty) — In F(tx))k1-3
T S —lfO(I-F@)1 ) Flta) 2 (k=1— ) a—1)! (1 —In F(tz))kte

_ ufty) ’“il (+i+a—1) (—~InF(ty) *(InF(ty) - mF(m)y}
F(ty) < (-Dtila—1) (1 — I F(tz))*i+a

= liml{ of(tr) <~ (k—1+a)l (1-F()*" (—lnF(ty)>j(lnF(ty)—lnF(tx)>k_1_j

J1(E—=1—) (1 —InF(tz))kte \ 1 - F(t) 1—F(t)

yftty) (—WmFiy)\' ' ("<& (+i+a—1) (InF(ty) — InF(tz))
(1 ) (Z (—1Dlil(a—1)! (1—InF(ta))+ite )}

=0

so that, using (19),

lim 1 — Ty r(tx, ty) _ (l+a-1) e
t—oo (1 —F(t))! I(a—1)!

since limy_, o (1 — F(t))¥~! = 0 and for i > 1, lim;_,(In F(ty) — In F(tz))* = 0. Then

1 -1 tx,t
lim k,l,F( Z, y)

(l4+a—1)
=IB
t—00 lka’l,F(t,t) ! <a7l)

T~V =W

From (20) and (21), it follows that that W (cz,cy) = (ey) ™' = ¢ '“W (x, y). Then using Corollary 5.18, in
page 281, Resnick (1987), the proof is complete. The norming constants a® and a!, in (b) are as in (b) of
Theorem 4.7, Ravi and Manohar (2017). O

Proof of Theorem 4.5. (a) We have

U p(, Fly) S (i145) nF(y) —InF@)i~Y(—In F(y))
klal;( ) = ((yy));o ; (Z(_lj)?j!( W) (_lnﬁ(‘(x)))i-‘rj('+l ) 1= Fiyjp(z)}
f U () (nF(y) — InF(z))(—In F(y))!
_((yy) o (;—f))!i!( = (—111;(31)))(##1 (1 Ry @)
) (—In F)- "L G+ 1) (In F(y) — In F(z))?
Also,
PUrir(ey) _ —f@f) Q)N () W F) —nF@)™t
dxdy T F@F@) (-1 &= -1 (=nF(x)HH B
F@Fy) (I Fy) =LK G+ D!+ 1+ 1)(In F(y) — In F(x)’
TFaFy)  (-n & Cmr@yrre U (@)
Fy) (I F(y)'~ {51 G+ D! (nFy) — In F(x)’ (= In F(z))*!
TPy (-1 T (CInF(x)) {_f(x) G+ 0) }

=0
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@) () KR G4+ D! (nF(y) — I F(a))! {1- ()}
F(z)F(y) (I—1)! P il (—In F(z))itit2 Fitipo(x
tn F(z)) Fitiia(2)}

@) (i FE)' R L D! (nF(y) - n-
F)F(y) (-1 & (= In F(2))i+1+2
@) f@) (- Fy) R L (nF(y) — o F(x))’
F(y) (-1 — 7! (—In F(x))

@) (CFy) T R+ L+ ) (InFy) — nF(x)) {Fm (—In F(a))"+H+! }
 F(x)F(y) (I—-1)! —~ il (= In F(z))i++2 G+t 1)
F@FY) CFE)~t kK (nF(y) —In Fa)k-
TF@Fy) (-0 Goi-D (mE@ye T FRE)

1 (InF(y) —InF(z))*

) (I F(y) "KL

@i
Fly) (-1 2@ (-mF(@)
@) CWEE)T B (nF(y) - P
S 3 ) B R e Ry i ey ) L
| F@)f() (—n F) SR ULOE In F ()41 |
Fly (-1 \G-i-1 CInF@)
x ! —1In =11 —In F(z))k1-t
1)1 () 3 PO P P,

T F@F@y (—Dk—1-1)

To prove that the total integral is 1, we have
T'k+1
(k+1) @) e

/,m/x ki (2,y) dy de = /,Oo T(OD(k —1) F(z)(—In F
r)(—1In x k-1
) I EE b (- Rt}

B / ror (k—l)F(w)

N f l—F‘/,C 1(.%‘) -
k/ x) (— lan)Qd'

D{l — Fyy1(x)} dx

Integrating by parts, we get,
[t Tnrer = = Curor el -
[ et | CIF@)(fen () : 2(; - :Vk);l(w))(—lnﬂw)) (-F3)
-~ o+ [ E f Vaon [~ LOO-B00)
_ 7[0 1f( )(=In F(z))F 1dx+2/ f( (1_15221())) dz.
) = /OOO F(ki 1)€_uuk L= % and the result follows.

f 1 — F k+1
H =
ence / " F(r
The marglnals can be obtalned by differentiating the marginal dfs as in the proof of Corollary 3.2 with

the df F' in place of the df G.
(b) Let F € D;(®,). Then by Proposition 1.11 in page 54 in Resnick (1987), 1 — F is regularly varying
—F(t
with index —a and hence hm (tz) =z °.
t—oo 1 — F(t)
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First, Uy r(t,t) = U p(t) as in Definition 3.1 in page 5 in Ravi and Manohar (2017). Since

oy L Or(®) 1
thee 1—F@) I+

it follows that

1— Uk,l’p(t‘f,ty)

. 1= Ukyr(tx, ty) . (1=F@®) . 1-Ugr(tz,ty) .
1 o) = o ={l+1)! 1
thoo 1—Upip(tt) o0 1= U p(t) o (1— F(1))! I+ 1! Jim (1—F@))
= 1nF (ty) — In F(tx))*
We have Uy 1 p(tz, ty) = Z o F ) {1 = F;41(tx)}. Note that

=0

Fia(tz) = F(m)z(—lnF(tw))”

OT, and
dFiy(tz) (—InF(tx)) : lnF tx)) —af(tz)
i = e GG e S ()
In F(tx 2 (—In F(tz In F(tx
= xf(tx)z%((v)('))_xf (tx) Z;J(U)(')):xf(tx)(l'())

Now we have

k—1

dUk,LF(tx, ty) _
dt

\g)

i(In F(ty) — In F(ta))~* yilty)  wf(ee)
i = et (- 5

.
Il
k‘ =

z:l (i+1) lnF (ty) — In F(tx))*
0

T F(t) {1 = Fia ()} (‘ Ftz)

z_: (In F(ty) — In F(tx))* {—J;f(tx) (—In F(tx))" } ,

+ (—In F(tx))i+! 1!
=g .
B yf ty (i+1) lnF (ty) — In F'(tx))"
- I F(tr)) 2 {1 = Frpa(to)}
i=0

a:f(tx (lnF(ty) In F(tz))*—1
F(tz) (— In F(tz))k+1 {1 — Fe(tx)}
k—2

xf(tx) (i +1)(In F(ty) — In F(tz))* (—1In F(tz))i*!
) by (CIn F(t2)) 2 {F(m’) ] }

=0

<.

k .
(In F(ty) — In F(tz))*
—uflt )Z (— In F(tz))i!

g

|

0
 yf(ty) 2 (6 +1)(In Fty) — In F(tz))?
- F(ty) & (—In F(tx))it+? {1 = Fiya(tx)}

xf(tx k(lnF(ty) —In F(tx))r! (In F(ty) — In F(tz))*!
F(tz) CmFai W Bt} =l o) = P =1,

Then
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—In F(tx) (—In F(tz))?
N kxf(tr) <1nF(ty) — lnF(tx))kl {(1 — Fy(tx) } B zf(tr) (In F(ty) — In F(tz))k1 } '

—  lim {yf(ty) kZQ(z'H) <1nF(ty) —hF(m))" { 1 — Fyo(tx) }
=0

—In F(tx) —In F(tx))>? f@&)  (—lnF(tx))(k—1)!

Now we have

lim In F(ty) — In F(tx) —  lm (In F(ty) —In F(tx))/(1 — F(t)) -y
t—00 —Iln F(tx) t—00 (—lnF(tx))/(1 - F(t)) x—e
lim 1— Fipa(tx) — lim —zf(tz)(—In F(tx)) /(i + 1)! i F(tz)(—In F(tz))!
t—oo (—In F(tx))>? t—oo (2)(—In F(tx))(—af(tx)/F(tx)) t—oo 2(i +1)!
12, i=0
o, i>1,
lim 1 — Fy(tx) —  lm —xf(tr)(—In F(tx)) =1 /(k — 1)! — lim F(tz)(—In F(tz))+2
t—oo (—In F(tx))? t—oo (2)(—In F(tx))(—zf(tx)/F(tx)) t—oo 2(k —1)!

B 1/2, k=2
o,  k>3.
Then, for k = 2, we get

lim

i L= J ) ey e () S (T = e

and for k > 2, we get

. 1 — Uk’lyF(tﬁU, ty) - —a ]_ k=2 —a xfo‘ — y*a a ‘,L.fa _ yfa
M E ) - v olat ;O +2(=7%) —a (0) = (=7 e (0)
_ 1.
Thus
. 17Uk1F(t$,ty) 1 _ _
1 L =24y b=y
5% 1 - Upyp(tt) 2Y y Wi(z,y)
Let [ > 1. Then we have
dUk717F(tI,ty)
dt
'~ () (nF(ty) — n Ftz)) (~ n F(ty)) ! yf (ty)
- Z Z il (j— 1) " In F(tz))ititl {1 = Fija(tr)} ~F
= im0 )! (= In F(tz)) (ty)
I—1 k—1—j

(i+7)! (InF(ty) —InF(tx)) (= In F(ty))’ yf(ty) axf(tr)
+Z G—1)j! (“In F () )i+t {1 = Figja(ta)} <F(ty) - F(tm))

7j=0 i=1
S (i 5+ D! (In F(ty) — In Ftz)) (— In F(t of(ta
-3 3 R = R (5
-1 k—1—3 . .
(i+7)! (In F(ty) — In F(tz))"(— In F(ty))’ —InF(tx))+I
+j:0 il g (—In F(ta))iti+1 {xf i3 }
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k_l_l (i + 0! (InF(ty) —In F(tx))(—In F(ty)) !
= ty ; i (l _ 1 ( y) (_ ln;(t;)))nglJrl ( y)) {1 - Fi+l+1(tx)}
L @f(ix) & (i 4§+ 1) (InFty) — InF(tz))i(— In F(ty)) [ F(to)(— In F(tz))+i+!
F(ty) jz::o ; il j! (—In F(tz))ti+2 { (i+j+1)! }
zf(tr) <= ! (In F(ty) — In F(tz))F~1=7 (— In F(ty))’
Fia) ;O G—1—j) ! (CTn Ftz)F {1 = Filtz)}
LY 1 (I F(ty) — In Ftz))i(— In F(ty))?
02 2 i (I F(t2))
_ yfty) S~ G+ D! (InF(ty) — I F(tz)' (= In F(ty)' !
T F(ty) ;0 il (1—1)! (= In F(tz))i++1 1= B (b))
zf(tr) <= ! (In F(ty) — In F(tz))F~1=7 (— In F(ty))’
Fltz) ]Z::O G117 (— o F(tz) ! = Fiyltn))
_of(te) = 1 (In F(ty) — In F(tz))*=1=3 (= In F(ty))’
(k1)) J! (—InF(tz))
Thus one gets
lim 1 — Ug,,r(te, ty)
e (1- F()
. 1 yfty) " G+ D) (InF(ty) — In F(te))’(— In F(ty))~!
= L) (1 — F(t)-1 { F(ty) 2::0 il (1= 1)! (= In F(tz))iti+1 {1 = Foria(t2)}
of(tz) <= ! (In F(ty) — In F(tz))*=1=9 (= In F(ty))’
Fta) & (k—1-j)! (—In F ()" 1= Filto)}
B = 1 (In F(ty) — In F(tx))* =177 (—In F(ty))’
xf(m);) —1—j) ! (CIn F(iz))
_ oy L uf ) F() (I E(ty) PV (140 (InF(ty) —InF(tz)\' 1 — Fippq(tz)
= Looz{ Flty) (1) (1—F(t)) ; i (1_1)!( —InF(ix) > (—Tn F(ta))*!
af(tz) <2 k(1 — F(t)k—1-1 <lnF(ty)—lnF(tx)>k1j (-mmm)f 1— Fu(tz) 1—F(t)
Flto)f(t) = (k—1—j)! j! 1-F() 1-F(t) ) (~InF(tx))f —InF(tz)
af(te) 1 InF(ty) — I F(ta)\" 7 (~InF(y)\’ (1-F@) . .
7 21— () (R Carapt oo
Now we have
i 1 - Figa(te) i —xf(tr)(—In F(tx)) ™+ /(i +1)! ~ im F(tz)(—In F(tx))
=00 (— In F(tz)) 1 =00 (I + 1)(— In F(ta))i(—af(tz) /F(tz)) =0 (I + 1)+ 1)!
_ {H i=0
0, i>1,

lim 1 — Fy(tx) — im —zf(tx)(—

In F(tx)*1/(k = 1) _ 1
t—oo (—1In F(tx))k t—oo k(—In F(tx))k—1(—af(tx)/F(tx) k!
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Then for k =1+ 1, we get

-1 _ _ k—1—j
. 1—Uk1F(t$7ty) _ —anl—1 1 _ k! x O‘—y * —a\J 1
1 ) — e «a «a a)] -«
Jm y (v ) 0+ 1) T ;)(k_1_j)! o (v™) i
-1 _ _ k—1—j
—a 1 z a—ll * —a\l .« 1 —la
) Z(k—l—yw( ) ™) a+n’

and for k > 1+ 1, we get

Jim S ) e <( SR 0) +@)0) = @)0) = o™

Thus

. 1= U p(te, ty) 1 —1 1
1 2 =+ 1)yt b =yl
By e ey R GRS Ny Y

From (20) and (21), it follows that W (cz,cy) = (cy)~'* = ¢ "W (z,y). Then using Corollary 5.18, in
page 281, Resnick (1987), the proof is complete. The norming constants a® and a!, in (b) are as in (c) of
Theorem 3.3, Ravi and Manohar (2017). O

Proof of Theorem 5.2. X; < ; X5 holds true in all the cases since we have

(a) Fri1(x)— Fr(x) = F(T) (—In F(z))*¥ > 0, so that (1 — Fy(x)) — (1 — Fyy1(z)) = Fp(z) — Fryr(z) >0,
which implies that Fj,(z) <gt Fi(z),

(b) Tgw1 p(x) — T p(z) = (k+zil)M > 0, so that (1 — Ty p(x)) — (1 — Tgy1 p(x)) =

’ ’ (1—InF(x))ktr — : ’

Ty, 7 (%) — Ty 41,7 (z) > 0, which implies that Ty11 r(7) <gt Tk, r(7),

(¢) (1 = Rgs1,r(2))/(1 — Rg,p(z)) < 1, so that (1 — Ry41,r(x)) < (1 — Riy1,r(x)), which implies that
Riy1,r(2) <gt Ri,r(2),

(@) Visr pla) = U (o) = T3 =
(1= Ugs1.7(x)) = U p(2) — Upy1,7() 2 O which implies that Uy1 p(x) <gt Uk, r(2).

Note that the above proofs are similar to those of Theorem 6.1, Ravi and Manohar (2017) albeit the
inequalities there should have been >, instead of <, an oversight.
It remains to establish that

Fla )Z EWFE)TY g _ Fy(x) > 0, so that (1 — Uy p(z)) —

[Y1]|X1 = x1] <g [Y2|X2 = x2] whenever z1 < 5.
(a) From equations (13) and (14), one gets

fra(z,y) f(y){ (k—1)! }{(—1nF(y))l_1(lnF(y)—lnF(a:))k—l—l}
fil) Fy) \( (—In F(x))k—1

fur(ylz) =

)

and
Yy
Fyu(ylz) = / fyi(wlz) duw

[ b ey ety

)
(w)
- [ (Chr) (M) (i)

)
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SWFw) L —f(w)
—InF(z)’ —F(w)In F(z)
—In F(y)
—In F(x)’

1(y) tl71(1 _ t)kflfl 1 tl71(1 . t)kil*l
Pl = [ LD gy o [ AT,
i {le) /1 BUk-1 ™ /l(y) BU.E—1)

Putting ¢ = dw and changing the range from (z,y) to (1,1(y)) where

Wy) =

we get

—fy)
—F(y)In F(x)

function of y. Hence Fyj;(y|z) is a nondecreasing function of y. When x; < x5, we have

d
Note that [(z) = 1 and [(c0) = 0. Further d—(l(y)) = < 0, so that I(y) is a decreasing
Y

1 1 —InF(y) —InF(y)
—Iln F(xq) = —In F(x3) = —In F(xq) = —1In F(xs)’

F(z1) < F(z2) = —InF(x;) > —In F(22) =

—In F(y)
—In F(z1)

—InF(y)

Setting 4 (y) = —InF(xs)

y la(y) =

, so that I3 (y) < l2(y), we have

1 tl(l _t)k:—l—l

Friaprlzn) = Py (Y1 S ylXa =21) = " mdta
Logl=1(] — gyk=i-t
1k (ylr2) = Pp(Yo < y|Xo = 2) /z B(l,k:—l)
2(y)
The incomplete beta function is defined as B(z; a, b) t b Ldt, and the regularized in-

0
(ac ab)

complete beta function is defined as I,(a,b) = . The function I, (a,b) is the df of the Beta

distribution, and is related to the df of a rv X Wlth a bmomlal distribution with success probability p
and sample size n:

Flkinp)=Pr(X<k)=L_,in—kk+1)=1-IL(k+1,n—k).

We have I, (a + 1,b) = I,,( b)—M Let I,(a,b) = 1 — I,(a,b). Th

e have I.(a+1,b) = I,(a, aBlab) et I,(a,b) = =(a,b). Then
La+1,b)=1-T(a+1,0)=1— I(ab)fxa(l_x)b —f(ab)era(l_x)b
T y V) = z V) = z\ &, aB(a,b) = 1z2(Q, aB(a,b)

Applying this result, we have

la(y) 4l )1%171 1 tl(l_t)kflfl tlfl(l_t)kflfl
Foswntiie) = Ftlen) = [l esas [ e - Sy

(
(
= /2(9) Mdt+‘[l2(y)(l+lﬂk_l)_Il2(y)(l7k_l)
(
B(

L BU+1 k1)
dt + (Lo ()" (1 = Lo (y))"™

12(y) 1 = )k—l—l
> 0.
I+ 1,k IB(Lk—1)

ll Zl)

Hence

Friapr(ylen) = Fye(ylee) > 0= Frapa (ylen) < Fye(yle2) = Faape (ylon) <s Fur(ylez).

So we conclude that (X;,Y7) <z (X2,Y2).
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(b) From equations (15) and (16), one gets

Ctur(ny) (k- 1)! (—In F(y))'"""(In F(y) — In F(z))t—1-1
tn(yle) = =0 ‘F<y>{<Z—1>!<k—l—1>!}{ (CInF(z) }

Rest of the proof follows from (a).

(¢c) Follows by putting a = 1 in (b) above.
(d) From equations (17) and (18), one gets

uy.1,r(7,y) f(y){ (k—1)! }{(—IHF(y))l1(lnF(y)—lnF(x))kll}.

wy(yle) = we.r (@) = Fy) -k —1—1) (—In F(x))k-1

Rest of the proof follows from (a). O

8. Concluding remarks

In this article, the limit laws of joint distribution of two normalized upper order statistics are obtained

under fixed sample size and when the sample size is shifted binomial, shifted Poisson, shifted geometric,
shifted negative binomial and discrete Uniform. The results are illustrated using some examples. Some
interesting bivariate stochastic orderings have been studied. The results obtained in this article are a sequel
to those obtained in Ravi and Manohar (2017).
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