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Abstract. In this paper, we propose a new distribution obtained by mixing gamma and geometric
distributions. We discuss different shapes of the probability density function and the hazard rate func-
tions. We study several statistical properties. The maximum likelihood estimation method is performed
for estimating the parameters. We determine the observed information matrix and discuss inference.
Illustrative three hydrology data sets are given to show the flexibility and potentiality of the proposed
distribution.

1. Introduction

An important aspect of statistics is the determination of flexible distributions to elaborate useful models
for lifetime data. Among the existing approaches, new distributions can be obtained by mixing discrete and
continuous distributions. Those using geometric distributions include the exponential geometric distribution
[1], the exponential-power series distribution [9], the extended exponential geometric distribution [2], the
complementary exponential geometric distribution [14], the Weibull-geometric distribution [6], the Weibull-
power series distribution [18], the generalized exponential-power series distribution [16], the complementary
exponentiated exponential geometric distribution [15], the extended Weibull-power series distribution [21],
the complementary extended Weibull-power series distribution [11], the exponentiated extended Weibull-
power series distribution [23], the G-geometric distribution [3], the alternative G-geometric distribution
[8], the generalized linear failure rate-geometric distribution [12] and the linear failure rate-power series
distribution [17]. We also refer to the review of [22], and the references therein.

On the other side, among the continuous distributions, the gamma distribution is one of the most
commonly used in modeling life-time data. In practice, it has been shown to be very flexible in modeling
various types of lifetime distributions. To the best of our knowledge, the mixing of the geometric distribution
with the gamma distribution (not reduced to the exponential one) has not ever been considered in the
literature. Based on such a mixing, this paper offers a new distribution with two parameters, called the
gamma-geometric (GG) distribution. The formulation and motivations of such distribution are as follows.
Let A >0, 6 € (0,1) and § = 1 — . We say that a random variable X follows the GG distribution with
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parameters (6, A), denoted by GG(6, A), if it has the probability density function (pdf) given by

Op— AT
f(z) = 9/\2xe*)‘$$, x> 0. (1)
(1 - fe—r)?

The corresponding cumulative distribution function (cdf) is given by

el AT — e

Flz)=1- —_—
(x) fe (1= ez

x> 0. (2)

The GG distribution arises from the following stochastic representation. Let X be a random variable having
the following stochastic representation:

X [{N =n} ~ Gam(2, An), N[0~ Grrunc(0), (3)

that is IV is a random variable having the truncated geometric Giyyun distribution with parameter 6: P(N =
n) = 00"~ n = 1,2,... and the distribution of X conditionally to {N = n} is the gamma distribution
Gam (2, An), with a conditional pdf given by fx|(n=n} () = A2n2ze= % 1 > 0. Then X follows the GG(6, \)

“+o00
distribution; using the geometric series expansion: Y. n?z" = ”(61(1;;;3), |z| < 1, the pdf of X is given by
n=1
+oo +oo 0o— AT
0 _ 140
Fx(@) =" fxjineny @) P(N =n) = 5)\2332”2(96436)71 _ 0)\2xe)\a:(+96)\)3' (4)
— — 1 —0e=72
n=1 n=1

The stochastic representation (3) can be viewed as a natural extension of the stochastic representation
X | {N =n} ~ Ezp(An) = Gam (1, An), with pdf corresponding to the one of the G-geometric class proposed
by [3] (applied with the exponential distribution).

Ratio of two independent variables. An example of simple model using the GG distribution is given
by the ratio of two independent variables as described as follows. Let Y ~ G, (2,A) and N ~ Girunc(0).
Suppose that Y and IV are independent. Then the ratio of Y and N given by

X ==
N’
follows the GG(0, \) distribution. It is enough to note that X | {N =n} =Y/n ~ Gum(2, An). This ratio
representation will be useful to determine statistical properties of the GG distribution.

Note that, from the ratio representation, the cdf of X given by (2) can be expressed directly: using

+oo
the cdf of Y: Fy(z) =1 — e — Are **, 2 > 0, and the geometric series expansions: Zo z" = & and
n—=

400
3 onanl = (1_11)2, |x] < 1, the cdf of X is given by
n=1

Fx(z) = P(Y <zN)=)» Fy(zn)P(N =n)
n=1
= 1—0e " Z(Q_ef)‘z)” — \zfe™ A Z G
n=0 n=1
14— e
= 1-6 —Az+
© T - ge)2

Some limit properties for f(z) are given as:

,2-0

gz ¢ -0, x=—0, f(x) ~0X22e™** -0, x — +oo.

fl@) ~ A
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Figure 1: Plots of the GG density function

Moreover, one can show that f(z) has a unique maximum on (0, +00) given by f(z.) where x, satisfies the
equation: 40\z,e ™ + (\x, —1)e2 * +02(\z, +1) = 0. Some plots of f(z) are given in Figure 1 for several
values of (A,A). The rest of the paper is organized as follows. In Section 2, we give some properties of
the GG distribution. The estimation by maximum likelihood is discussed in Section 3. Three illustrative
real-life data examples are provided in Section 4.

2. Properties of the GG distribution

In this section, we propose many features and statistical properties of the GG distribution.

2.1. The survival and hazard rate functions
The survival function (sf) of X is given by

L+ A — e

S(x):l—F(.T):ee W>

x>0, (5)

and the associated hazard rate function (hrf) of X is

f@) _ o 1+ e
h(z) = =\ _ _ , > 0. 6
e B sy vy vy v S (6)
Observe that )
h(x)w)\229_2 z—0, z—0, h(z) ~ A, = — +oo.

Some plots of h(z) are given in Figure 2 for several values of (6, A).

2.2. Quantile function

The quantile function of X is determined by inverting the cdf F(x). The p-th quantile z, of X is the
solution of the nonlinear equation:

Flz,)=p & 0 (14 Az, —0e ) = (1 —p)(1 — fe )2,
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Figure 2: Plots of the GG hazard rate function

2.8. Moments

Some key features of a distribution, like mean and variance, can be investigated through its r-th moments
E(X7). For finding E(X"), we can use the ratio representation of X: X has the same distribution of the
ratio of 2 random variables: Y/N with Y ~ Gy, (2, ) and N ~ Girunc(6), Y and N independent. Therefore,

considering the Gamma function: I'(v) = +°O 2" le=%dx, v >0, E(Y") = @ and the polylogarithm
+0oo M
function: Li,(z) = Y %, r >0, |x| < 1, we have
n=1
Y”" 1 2+7~ X1 r2+nr6o_. -
EX")=F =FE(Y"E = —P(N =n) = ———%-Li.(0).
)= () =0 (57) = S 0 L)

In particular, by taking r = 1, since Li; (z) = —log(1l — ), we obtain

20
E(X)=——log(0
(X) = 7 1o8(0).
The variance of X can be explicit in some cases. For instance, if § = 1, since Li;(3) = log(2) and

Lia(L) = L[r2 — 6(log(2))?], we have
Var(X) = B(X?) — [E(X)]? = FA(;L) Lis (;) _ [F(;’) Liy (;)r _ % (”22 - 7(log(2))2) .

2.4. Moment generating function

Also the moment generating function of X can be obtain via the ratio representation Y/N. Using

E(e™) = ()\it)z

M) = Be)=Be¥) =E(B(<¥ V) =B ( (AA)> - (MN_t)>
N
+00 2

+oo 2
= 2y Y _piN=p) =S g1,
2 Gt W =N

, t < A, and the conditional expectation, we get
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2.5. Conditional and reversed moments

The r-th conditional moments of X is given by
1 t
E(XT|X>t):(E(XT)—/ fo(x)dx>, t>0,
S(t) 0
and the r-th reversed moments of X is given by
1 t
B(X"| X <t) = 7/ o f@)dr, >0,
F(t) Jo

The integral term can be exprebbed using the expansion (4). Indeed, introducing the lower incomplete
gamma function I'(¢, v) f x’"te~*dx, v > 0, t > 0, we have

t 0 01 X
/0 a" f(z)de = A“‘an’en/o g lem AT gy — G Z —T(nAtr +2). (7)
n=1 n=1

2.6. Rényi entropy

An entropy plays a central role in information theory. It provides a suitable measure of randomness or
uncertainty of X. For continuous distributions, Rényi entropy (see [20]) can be determined as follows:

In(0) = = tog ([ +°°[f<x>mac) s 0L

We have
1 g —Az\vy
F@I = gra2anee LEO T
(1—fe=>7) "
“+o0
Using the generalized binomial series: (14 z)* = Y. (§)2*, a €C, |2[ <1, (}) = O‘(afl)(afsl)"'(afkﬂ), we
k=0
have
(1 + 067)\:1:)7 _ ( >0k6)\k1, _ == < >(1)50Z6)\Z1'
k=0 k (1 - 96_“) ! £=0 ¢
Hence,
+0o0 400
[f 'y _ 97)\27 Z Z < ) ( ) 1)€é€+kmve—)\(€+k+7)w'
£=0 k=0
Therefore,
1 NSNS (3 (7 gk [T
In(y) = 1= |7log(f) +2ylog(A) + log < ' ) (k)(n%“k / a7 e AR g
-7 =0 k=0 0

“+o00 +o00 _ _
= [v log(6) + 27 10g() +log ( (V)R e +1)v>”“>] |
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2.7. Order statistics distributions

The order statistics are central tools in non-parametric statistics and inference. Let us now present
the distributions of some fundamental order statistics related to the GG(0,\) distribution. Let a sample
X1,Xs,...,X, is randomly chosen from the GG(6,\) distribution and X;., < Xa.,, < ... < X,,.,, are its
corresponding order statistics. A pdf of Xj., is given by

n—i

1=0
n! e LHfe X n—i e L+ AT — e s
= ('_1'_~|9A21’€A32< ) )( 1)1{1—9 ’ Goa)2 )
i— 1) (n—1)! (1 —fere)” 1= (1 —fe=Ax)
x> 0.
The cdf of X;., is given by
n! = (n—i\ (-1’ i+l
Xin (2) =Dl — 1) & ( ; ) i @)
! n—i o _1 l 1 Doz i+l
L n= (ZD [ _ poael tAw — O Y
(i — Dl (n—1)! l i+1 (1 — fe—>=)2

1=0
A joint pdf of (X1.n,..., Xnm) is given by

n

n n A 2y
f Xt X)) (@15 2n) = nl H f(xr) = nlg™ A" (H xk> P = b=l ,

O<xy <...<xyp.
A joint pdf of (X, Xjin), ¢ < 4, is given by

) 0305) = =y P @) P (e) = Pl S ) )

= n 1 — Pe— i 1+ )‘xz_* fe— i 1
pean LE AT Z BN 1t Ay — e )T
(1 — fe—Awi)2 (1— fe—>e5)2

1+ fe—Axi 1+ Qe A
(1—Gee)> (1 fees)®

1+ Axj — fe= A%
(1 — fe=rzi)2

n—j
X [96‘”1 } 92)\4@36]-6_’\(’“"’”1)

0<£L'i<$j.

2.8. Record values distributions

Record values arise in a wide varity of real-life applications as hydrology, industry, lifetesting, economics,
among the others. See, for instance, [4], [5] and [10]. We now present important distributions related to
record values using the GG(6, \) distribution as baseline. Let X1, Xa,..., be a sequence of i.i.d. random
variables having the GG(#, \) distribution. We define a sequence of record times U(n) as follows: U(1) = 1,
U(n) = min{j; j > U(n—1), X; > Xy(n—1)} for n > 2. We define the i-th upper record value by R; = X3,
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with Ry = X;. A pdf of R; is given by

v — —1 i—1
fi ) = = (@) )
1 14Xz — e a1 14 e
= |—1 0 *Aw_— 9)\2 Az~ TV .
A joint pdf of (Ry,..., R,) is given by
n—1 Y
" VS| + Qe An
Fer oy @) = Flan) [] ) = 032 eren L0
pater} (1 — 96—’\%)
n—1 _
n—1 H (1 =+ 06’)‘“)
x(ka>n_1 k=1 , O<o <. < xy,.
k=1 [T (1 —fe=Azr)(1 + Az — fe—Azr)
k=1
A joint pdf of (R;, R;), i < j, is given by
_ 1 i—1 j—i—1
Pt 01025) = o0y 85| log(S(w0) ~ Tog(S(a, )P~ i) (2)
1 4 Az — fe i\
= —1 =z l,
(i~ DI —i-1) { o (96 (1—fe w2 ﬂ

i—1

X {]Og (96—/\% 1+ )\Ii — Qe—Aaci> B log <ge—>\$j 1+ )\fj _ ge_mcj )]j—z

(1 — fe—Awi)2 (1 — fer=i)2
1 é —A\x; 1 é —\x;
x N2, ——— +oe ——— X ON2 e %, 0 <z <uxj.
(1 — e r=)(1 4+ Ay — Be—Ai) (1 — Ge=res)

2.9. Residuals life functions

The residual life functions play a fundamental role in survival or reliability studies. See, for instance, [7],
[13] and [19]. We now present some related mathematical objects with a potential of interest in the context
of the GG(0, \) distribution.

The residual life is described by the conditional random variable R = X — ¢ | {X > t}, t > 0. The sf
of the residual lifetime R(;) is given by

S(x +1t) e (T A+ 1) — O @) (1 — fe=A)?

S =———"= = = 0.
Rs) (ﬂ?) S(t) € (1 _ He_x(fﬁ_t))z(l + A\ — Qe—At) , T >

The associated cdf is given by

e M@ ) — e D) (1 — fe )2
FR(t) (-CL.) =1 (& (1 _ éefA(z+t))2(1 + M — ée*)‘t) B x > 0.

Then, the corresponding pdf is given by
(1 + ge—/\(m-i-t))(l _ ge—)\t)z

fre (@) = N2z +t)e ™" . L x>0
“ (1- 96*’\(1“))3 (14 Xt — fe=At)
The associated hrf is given by
1 é —A(x+t)
hr, (z) = N (z+1) e x>0,

(1 — 0e=2A@+0) (1 + Az +t) — fe=A=+0))
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and the mean residual life is defined as

1 t
0
The integral term can be expressed as (7) with r = 1.
On the other side, the variance residual life is given by

1 t
V(t)=Var(Ry) =Var(X —t | {X > t}) = 50 (E(XQ) — / :E2f(m)d:v> — 2 —2tK(t) — [K(t)).
0
Again, the integral term can be expressed as (7) with r = 2. B
The reverse residual life is described by the conditional random variable R,y =t — X [ {X <t}, t > 0.

The sf of the reversed residual lifetime R(t) is given by
Ft—z) (1—0e)2[(1—0e Mt=2))2 — ge= =0 (1 4+ A(t — 2) — fe A=)

S= = = = — — , O<z <t
R (¥) F(t) (1= 0e=AE=2))2 [(1 — fe=)2 — e (1 + At — fe=t)] v=

The associated cdf is given by

P (2) = (1-— Q_B*At)Z [(1 — éefA(tfx))2 _ 9@*)‘“*@(1 + At —2) — g_efA(tfm))]
o (1 — G AC=2)2 [(1 — fe2)2 — e~ (1 + At — fe= )] ’

O<z<t.

Therefore, the corresponding pdf is given by
ON2(t — 2)e M=) (1 4 e AE=2)) (1 — fe=At)?
(1- 56*)‘@*1))3 [(1—0e=2)2 — e (1 + At — fe)]

, O<ax <,

Iz, (@) =

and the associated hrf is given by

he (z) = ON2(t — 2)e A=D1 4 fe=ME=2))(1 — feAt=2))2 oy
Rm (1= fe=2=2)? [(1 — Ge=r1=2))2 — ge=A(t=2)(1 4 A(t — z) — fe=A(=))]’ -

The mean reversed residual life is defined as

L(t) = E(Ry) = B(t— X |[{X <t}) =t — ﬁ / o f ()dz.

The integral term can be expressed as (7) with r = 1.
The variance reversed residual life is given by

W(t)=Var(Ry)) = Var(t — X [ {X <t})=2tL(t) — [L{t)]* — * + Ftt)/o 22 f(x)dz.

Again, the last integral can be expressed as (7) with r = 2.

3. Maximum likelihood estimation

In this section, we estimate the unknown parameters of the GG distribution using the method of max-
imum likelihood. Let Xj, Xo,...,X,, be a random sample of size n from the GG(f, \) distribution with

observed values x1, T2, ..., z,. Set © = {0, A}. The likelihood function associated to x1, ..., z, is given by
. Az;
- n i4+1-0)
- - 14 fe A i Ainl:I(e
L(®) = Hf(:vl) = H <9A2xie_’\1i+_e 3) =\ (H :ci> e =t 1771 :
i=1 i=1 (1= fe2=) i=1 I1 (e*# —1+6)°

@
Il
-
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The maximum likelihood estimators (MLEs) of # and X are obtained by maximization of L(@), or alterna-
tively, the log-likelihhod defined by

((©) = log(L(©)) = nlog(h) + 2nlog(\) + Zlog(xi) +A Z i

+ Zlog(e”\“ +1-6)— 3210g(e’\7"i —1+40).
i=1 i=1

It follows that the MLEs are the simultaneous solutions of the equations according to (6, \):

n n

oawO) n 1 1 _
a0 _9_Zem+1—9_32em—1+a_0

i=1 i=1
and
86(6) n n n GAzixi n e)‘l‘i 2
2NN ’ e riog ° 5 =0.
oA )\Jri:lz +;e/\wi+l—9 ;e’\“—l—&—e

Since we have no analytic forms, numerical methods, as the quasi-Newton algorithm, can be applied to
determine the estimators. The observed information matrix is given by

( T0(©) Jor(0)
J@)—(JiZ(@) Jii(@))’

where
92(O) n n 1 " 1
Joo(0) = —— 5 = @+;m*3;m’
< (X —1+6)%

i=1 =
o%(O) 2n & e?Awig? e ig?
J/\)\(@)—_ 6}\2 _/\2+Z<(6Mi+10)2_e’\“+19>

1=

2N\ @ =T+0)2 P —1+0))

This matrix is a key mathematical tool to obtain approximate confidence intervals or Wald tests for 6 and
A in the case of a large sample.

4. Illustrative hydrology data examples

In this section, we take three hydrology data sets to show the flexibility and potentiality of the proposed
distribution.

We fit the GG distribution to three hydrologic data sets and compare with the Weibull, Gumbel, Ex-
ponentiated Exponential, Generalized Gumbel, Kappa and Weibull Geometric distributions for three data
sets. Most of those distributions have received great attention for fitting hydrology data, like rainfall data,
precipitation data and flood data. More precisely, the densities of the compared distributions are given as
follows:

e Weibull distribution with pdf:

LN AR O
f(w)—*(x) e \N) 0 A>0,k>0,z>0.
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Gumbel distribution with pdf:

fle)=— 0>0,z,ueR.

Exponentiated Exponential (EE) distribution [24] with pdf:

f(x) =a) (1 — e_)"”)(a_l) e o, A x> 0.

Generalized Gumbel (GGu) distribution [25] with pdf:

= a—1 e =
all—e® ° e~ e ¢ 7

fz) = , a,0>0,u xeR.
o

Kappa distribution [26] with pdf:

—(a+1)

f(ﬂff)—ae(xy)_1 a+(x>a9 ) a, 0,8, z>0
B \B B Lo .

Weibull geometric (WG) distribution [6] with pdf:

« o\ —2
f(@) = af(1=p)a~te= " (1=pe= ") 7 pe(0,1), 0, 80> 0.

For goodness-of-fit we have two main test statistics, i.e., information criterion and empirical distribu-
tion. The measures Akaike information criterion (AIC) [27], corrected Akaike information criterion (AICC)
[28], Hannan—Quinn information criterion (HQIC) [29], and consistent Akaike information criterion (CAIC)
[30] are widely used information criterion for selecting the appropriate model among other models. The
Anderson-Darling (A*) due to Anderson and Darling [31], the Cramér—von Mises (W*) due to Cramér and
Mises [32] and the Kolmogorov Smirnov (KS) statistics due to Kolmogorov [33] with their p-values to com-
pare the fitted models. These statistics are used to evaluate how a particular distribution with cdf, for a
given data set, fits the corresponding empirical distribution. The distribution with better fit than the others
will be the one having the smallest statistics and largest p-value.

The descriptions of the data sets are as follows.

The first data set is taken from engineering department consists of a sample of 30 failure times of air-
conditioned system of an aeroplane (in hours) and is presented by Linhart and Zucchini [34].

The data points are 23, 261, 87, 7, 120, 14, 62, 47, 225, 71, 246, 21, 42, 20, 5, 12, 120, 11, 3, 14, 71, 11, 14,
11, 16, 90, 1, 16, 52, 95.

The second data is taken from the U.S. Geological Survey (USGS) gaging station 08230500 (Carnero
creek near La Garita, Colorado) which describes the annual maximum stream flow amount measured in
cubic feet per second. The data is based on a time series data that consist of 58 periods from 1920 to 1981
(data for 1924, 1925, 1929 and 1931 were missing). The data is available in U.S. Geological Survey (USGS)
website (http : //nwis.waterdata.usgs.gov).

The data points are 144, 179, 105, 280, 81, 35, 320, 248, 159, 570, 278, 315, 327, 182, 186, 102, 31, 350,
435, 520, 715, 1600, 660, 173, 239, 667, 44, 82, 70, 68, 69, 42, 16, 450, 333, 114, 121, 175, 299, 102, 93, 287,
64, 36, 438, 63, 146, 48, 37, 214, 25, 161, 104, 115, 32, 109, 128, 30

The third data describes the maximum rainfall in mm of the whole year of Jiwani town located along
the Gulf of Oman in the Gwadar district of the Balochistan province in Pakistan from 1981 to 2010. The
data points are 21.7, 172.9, 69.5, 96.5, 12.6, 265.5, 154, 28, 142.8, 14.2, 74.8, 32.5, 25, 28.5, 113.8, 25.7,
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Table 1: Estimates of the parameters (standard errors in parenthesis) for Aeroplane data

Distributions Estimates
GG(0, N) 0.155401 0.012459

(0.039411) (0.002647)
Weibul(X, k) 54.6134 0.853587

(12.361500)  (0.119402)
Gumbel(u, o) 31.360100 40.609000

(0.039411) (6.566440)
EE(a, A) 0.809287 0.014543

(0.188512)  (0.003720)
GGu(a, o, p) 1.611330 63.122100 58.019100

(0.361676) (13.339200) (12.796100)
Kappa(a, 0, 8)  1.035070 1.271930 29.742000

(0.827705) (0.695590) (12.688400)
WG(X, a, b) 0.793447 0.007379 1.137020

(0.281986)  (0.005622)  (0.251924)

Table 2: Goodness of fit statistics for Aeroplane data

Distributions Log(L) AIC AICC HQIC CAIC
GG(0, ) -151.102 306.205 306.649 307.101 306.649
Weibul(X, k) -151.937 307.874 308.318 308.770 308.318
Gumbel(u, o) -161.982 327.964 328.408 328.860 328.408
EE(a, A) -152.201 308.401 308.846 309.298 308.846
GGu(a, o, 1) -164.116 334.233 335.156 335.577 335.156
Kappa(a,0,8) -152.183  310.367 311.290 311.712 311.290
WG(X, a, b) -151.278 308.557 309.480 309.902 309.480
Distributions A* w* KS p
GG(0, ) 0.51583 0.0892352 0.114073 0.829838
Weibul(, k) 0.567419 0.0990543 0.153363 0.480628
Gumbel(u, o) 5.90727 0.931143 0.355422 0.00102163
EE(a, A) 0.691402 0.123059 0.171971 0.337505
GGu(a, o, 1) 8.98938 1.39876 0.39446 0.000176396
Kappa(a, 0, 8)  0.477954  0.0885657  0.121557  0.767156
WG(), a, b) 0.476917 0.0869025 0.125281 0.734085

116.3, 28, 16.9, 6, 9, 17.6, 47.3, 55, 129, 72, 92, 28, 113, 194
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For the first data set, Table 1 gives estimates of the parameters of the considered models with their cor-
responding standard errors. Table 2 presents their goodness-of-fit statistics. Concerning the GG model, the
MLEs corresponding to the data are given by 6 = 0.155401 and A = 0.0124595, and the following informa-
tion criterion are obtained: AIC = 306.205, AICC = 306.649, HQIC = 307.101 and CAIC = 306.649. These
values are the smallest in comparison to those obtained for the other models. On the other side, we have
A* =0.51583, W* = 0.0892352, KS = 0.114073 with p = 0.829838, which are also the best. The superiority
of the GG model, in terms of goodness-of-fit statistics, in comparison to the others, is also observed for
second data set (estimates are given in Table 3 and goodness of fit statistics in Table 4) and the third data
set (estimates are given in Table 5 and goodness of fit statistics in Table 6).
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