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Moments of progressively type-1I right censored order statistics
from additive Weibull distribution

B. Singh?, R.U. Khan®

% Department of Statistics and Operations Research, Aligarh Muslim University, Aligarh-202002, India.

Abstract. Some new recurrence relations for the single and product moments of progressively Type-I1
right censored order statistics from additive Weibull distribution have been established. These relations
generalize the results given by Aggarwala and Balakrishnan (1996) and Mahmoud et al. (2017) for the
progressively Type-II right censored order statistics for exponential and modified-Weibull distributions.
Further, various deductions and related results are discussed and identified some of these recurrence
relations for single moments of Progressively Type-II right censored order statistics which characterize
this distribution. Finally this distribution is characterized via truncated moment.

1. Introduction

There are many scenarios in life-testing and reliability experiments in which units are lost or eliminated

from the experimentation before failure. For this reason, several censoring scheme was introduced. A more
general censoring scheme called progressive Type-II right censoring. This progressive censoring scheme can
be described as follows:
Consider an experiment in which n independent items are placed on a life-test with continuous, identically
distributed failure times X1, X, ..., X,,. Suppose further that a censoring scheme (R, Rq, ..., R;,) is prefixed
such that immediately following the first failure X7, Ry of n— 1 surviving units are removed from the test at
random, then immediately following the second failure X5, Ry of n— Ry —2 surviving units are removed from
the test at random. This process continues until, at the time of m-th observed failure X,,, the remaining
R, =n—Ry —... — Rj,_1 —m units are removed from the experiment. The m ordered observed failure
times denoted by Xl(:lfﬁ:’,'l’"Rm) , Xg(fé:’;l”’R’”),..., Xy(nl,?},;‘;;{R’") are called progressively Type-II right censored
order statistics of size m from a sample of size n with progressive censoring scheme (Ry, Rs, ..., R;,). If the
failure times of the n items are based on continuous distribution function (df) F(x) and probability density
function (pdf) f(x), then the joint pdf of X{fi}b:’;"RM) , Xéf,}b:’;;"Rm),..., X FaBm) i given by (Balakrishnan
and Sandhu (1995))

m
fXI:rn:n7---7XnL:m:n (1‘1, L2, ""xm) = A(n?m - 1) H f(l‘z)[l - F(Z‘i)]Rla
=1
—00 <21 < Ty < ... < Ty < 00, (1)
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where A(n,m—1)=n(n—R; —1)(n—R1—Ry—2)...(n—R1 — Ry — ... — Ry,_1 —m+1), with A(n,0) =n
Note that all the factors in A(n, m —1) are positive integers. When Ry = Ry = ... = R, = 0, so that m = n,
this censoring scheme reduces to the case of no censoring (ordinary order statistics). For more details see
Balakrishnan and Aggarwala(2000).

The k—th single moments of the i—th progressively Type-II right censored order statistic can be expressed
from (1), as given by (Aggarwala and Balakrishnan (1996))

(R1,.eRn) ™ :E[X(Rl"”’Rm)]k

Hizmin immin
Ao f [ ]t F

< f(@2)[1 = F(z2)]™ o f (@m)[1 = F(2)] " dy...dam. (2)

Several authors obtained the recurrence relations under progressively Type-II right censored order statistics
with special reference to those arising from exponential, Pareto, power function, Burr, logistic, half-logistic,
log-logistic, generalized half-logistic and modified Weibull distributions, see Aggarwala and Balakrishnan
(1996), Balakrishnan and Aggarwala (2000), Saran and Pushkarna (2001, 2014), Balakrishnan et al. (2001,
2011), Balakrishnan and Saleh (2011, 2012, 2013, 2017) and Mahmoud et al. ( 2014, 2017). In this work we
mainly focus on the study of progressively type-II right censored order statistics arising from the additive
Weibull distribution.

A random variable X is said to have additive Weibull distribution (Lemonte et al. (2014)) if its pdf is of
the form

f(z) = (afzP~t + 95:5571)67(”&”15), x>0, a,5,6,6 > 0. (3)
with the corresponding df

F(z)=1- ¢~ (oa?+02%) (4)
Also, the characterizing differential equation given by

f(@) = (@Bt + 002" 1)1 — F(x)]. (5)

Additive Weibull model is the combination of two Weibull models in which one has increasing failure rate
while other has decreasing failure rate. The exponential-Weibull and Weibull distributions are the special
cases for § =1 or S =1 and 8 = 0 or a = 0, respectively. The exponential distribution arises when g = 1,
0 =0o0r a=0,5=1. The Rayleigh and two-parameter linear failure rate distributions are obtained when
a=0,0=2o0r0=0, f=2and §=2,d=10r §=1, § =2, respectively.

2. Single moments of progressively Type-II censored order statistics

In this section, we establish several new recurrence relation for the single moments of progressively
Type-1II right censored order statistics from additive Weibull distribution by using characterizing differential
equation given in (5).

Theorem 2.1 For 2 <m <mnand k >0,

s Rn ) o Ry ) Ry )REE)
™" = (7205 ) |0 = B - D e E 4 R

[22) (k+8) (k+8)
#(g) [0 R - e R g . ©)
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and form=1, n=1,2,... and k > 0,

N naf _1)(k+8) ) _1)(k+8)

Proof. From (2), we have

ugff,g;;;Rm)““’:A(n,m_l)//.../0< o L(22) f(22)[1=F (22))%2 .. f (@)1= F ()] B das....d

(8)
where
L) = [ ab sl - P o )
On using (5), (9) can be rewrite as
L(zs) = af /Om VTP — Fay)) 4 day + 06 /Om 21— P(ay) ] day . (10)

Integrating (10) by parts, now yields

Do) = (525 ) o571 - Flanl ™ (1 R) [ a7 f(a)

x[1— F(;L'l)]Rld;E1:| + <I<:9—i—66) [$§+5[1 _ F(zz)]p;lﬂ

—I—(l + Rl) /0$2 lelﬁ_‘sf(g;l)[l — F(ajl)]Rldxl]-

Now substituting for L(z2) in (8) and simplifying the resulting expression, we derive the relation in (6).
Remark 2.1 When R; = Ry = ... = R,,, = 0 in (6), we get the recurrence relation for single moments
of order statistics from additive Weibull distribution

k af 1,0,...,0)(k+8) k+8

7 1,0,...,0)(k+9) k+6

Theorem 2.2 For2<i<m-—1,m<nandk >0,

Riyos Ry )®) of N (RiserRio1,RitRix141,..., Ry ) B8
/J'Enin ) = (k + ﬂ) |:(7’l - Rl - RQ T oeee T Ri - Z):uz(':'rrlbflzn ! i )
. Ri,...,Ri—1+Ri+1,Riy1,..., R, )8 Ri,...,Rp,) 5
7(77’ - Rl - R2 T T Ri—l -1+ l)ﬂz(—i:m—l:nl+ Fhften ) + (1 + R’L)H’gnin ) :|
06 o (RiyeesRic 1, Ri+Rip1+1,0 0y Ry ) 59
(705 ) |0 = B = Be = R D

. Ry Ri 1+ Rit1,Ris1r R (k+35) Ri,....,Rm (k+35)
_(n R Ry —Rii—it 1)/-1/2('71:m71:n1+ + +1 ) + (1 + Ri)u’g:ni:n ) ] (11)
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Proof. From (2), we have

(RiyeyRin) ™
g = A(n,m —1) I(zi—1,it1)
0<21 <. <2 —1<Tj41<... <Ly, <00

X f(z1)[L = F(a1)]™ o f(mim)[1 = Fwim1)]% " f(@i41)

X[1 = F(zip)] 4 f (@)1 = F(2)] 7 dey i, (12)
where
I(@i1,@is1) = /%Hl af f(wi)[1 = F(x:)] " de;. (13)

Making use of relation in (5) and splitting the integral according with form, we have
k+5 1 B k+6—1
I(xi—1,%i41) —aﬁ/ F(J;i)}R"'dei—FH(S/ x0T
Tj—1

x[1 = F(z)]® T da;. (14)
Integrating (14) by parts, after simplification, we find that

I(zi—1,zi41) = (kcfﬁ) [xfilﬁ[l — Pzt — xfflﬁ[l — F(x;_y)])Ht

+(1 + Rl) /ZiJrl l’f+ﬁf(l'z)[1 — F(:cl)}de$1:|

i—1

) ‘ |
#5400 = Pt = 0l = Pl

+(1 N Ri) /ac71+1 k+5f( )[1 _ F(mz)]R’dl‘{|

i—1
Now, substituting the above resulting expression of I(x;_1,2;4+1) in (12), and simplifying, it leads to

(11).
Corollary 2.1 Fori=m, n=1,2,... and k > 0,

(Ry,. ,R,,L)(k) _ Olﬁ _ - B B B _ ]
Hon:m'n (kﬁ—‘rﬁ (TL R —Ry—...— Rpyp_1—m+ )

(Br o R Bt )0 (Rp oo R ) (548 04
1 R 1, m
Xﬂm 1m 1in ( + ) i + k+5

R R Rom (k+9)
x[ (n—Ri—Ry— ... — Ry *m+1)#£nl1m ol A

(1 + Ry ) W‘”] :

Remark 2.2

i) Setting « = 1,6 =1, 6 =0or o =0, = 1,0 = 1 in (11), we get the recurrence relation for single
moments of progressively Type-II right censored order statistics from the standard exponential distribution
as obtained by Aggarwala and Balakrishnan (1996).

ii) Putting 8 =1 or § = 1 in (11), we deduce the recurrence relation for single moments of progressively
Type-II right censored order statistics from the modified Weibull distribution, as established by Mahmoud
et al. (2017).
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iii) For « = 0,6 =2 or § =0, 8 =2 in (11), the result for single moments of progressively Type-II right
censored order statistics is deduced for the Rayleigh distribution as obtained by Mahmoud et al. (2017).
iv) At =0or a =0in (11), we deduce the recurrence relation for single moments of progressively Type-II
right censored order statistics from the Weibull distribution as established by Athar and Akhter (2016).
v) Putting 8 =2,0 =1or =1, =2 in (11), we deduce the recurrence relation for single moments of
progressively Type-II right censored order statistics from the linear failure rate distribution as obtained by
Mahmoud et al. (2017).

Remark 2.3 When R; = Ry = ... = R;;, = 0 in (11), the recurrence relation for single moments of order
statistics from additive Weibull distribution is established in the form

k af N (0,0,00,1,...,0) 4B , 0,0,...,1,...,0)(5+8 k
/14572 = (k + ﬂ) |:<n - l)uz(':nflzn ) - (’I’Z -1+ 1):“’5—1:11—1:71 ) + M£n+ﬁ):|

0o N\ (0,0,..,1,..0) K+ ) 0,0,...,1,...,0)(k+8) k45
+(k+5> |:(1’L - Z)Mg:n—l:n ) - (TL -1+ 1):“‘1(‘—1:7;—1:71 ) + /Lz(':n ) .

3. Product moments of progressively Type-II censored order statistics

In this section, we establish some recurrence relations for product moments of progressive Type-II right
censored order statistics from additive Weibull distribution using the characterizing differential equation.
From the joint pdf given in (1), we can express the product moments of the i-th and j—th progressively
Type-1II right censored order statistics as

(Riseos R )7 E[X(R1,..‘,R,,,L)<T>X(R1,..‘7Rm)<s>]

Mi:j:m:n m:n Jjm:n
= A(n,m— 1)//A< s (E:{E; (1’1)[1 —F(xl)]Rl
X fz2)[1 — F(22)]%2..f(2)[1 — F(2)]|®day...dx,,. (15)

Theorem 3.1 For 1 <i<j<m—1,m<n,

Ry, R)™) [ Qf3
i,5:m:n - S—i—ﬁ

)[(n—Rl—RQ—...—Rj—j)

(R1 ..... R]‘_l,R]‘+R]‘+1+1 ..... Rm)(T’S+B)

X i1 —(n—Ri—Ry—...—Rj_1—j+1)
[0 P R Ry g
R R By g

(r,5+6)
(14 Ryl } (16)

Proof. From (15), we have

Ri,...,Rm)(™®)
Mz(',j:lm:n ) = A(n,m — 1)/// i l(zj-1,2511)
0<z1<...<xp <00

X fz)[1 = F(e)]™ o f (-1 = Fai—1)]% 1 f(241)
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X[1— F(zj)] 0 f ()L — F(2) % dey...da,
Tt
where  I(ayop) = [ a3 fa){L = Fa)Pda,
Tji1

j—

On using (5) in (18), we get
P T spp1py R;+1 2o+
I(zj—1,2j41) = af 5 1 — F(z;)]™ " dxj + 00
Tj—1

X []. — F(.’Ej)]Rj+1d.’Ej.
Integrating (19) by parts, we have

I(zj-1,2j41) = (so_‘fﬁ) [x;ﬁu — Pz )/ — 25— Fa;_y)

+(1+Ry) /;jjl 23 (a1 - F(xj)]Rjdxj] + (ST(;)

i—

< [x;i‘iu Py )P — e )

ra ) [ ) B

j—

Putting the resulting expression of I(x;_1,2;41) given in (20) in (17), we get

(Rayis R)™®) < af )[ o8
Wy i = A(n,m —1) x; fz1)
I s+ 0<21 <. <y <O A

<[ = Fz)] . fao)[1 = P07 fz)[1 = Flaj)] B0 f(2n)

x[1 — F(xp))*mdey...dz, — A(n,m — 1) // / xfx?f
0<z1 < .. <Tm <00

< f(an)[1 — Far )]Rl---f(wj 1>[1—F<xj DV R )
X[L = F(ae)] B f ()L = F )] do...di

+(1 4 Rj)A(n,m — 1) // /Ml< o iy fa) [ = Fa))™

cof (@)1 — F(xm)]Rmdml...do:m]

(][] e

o f(@i—)[L = Fai—q)]% (@)1 = F(wjg)] B0t f(a,)

X[1 = F(z,)|Fdey...dx, — A(n,m — 1) // / mmfr‘i
0<@1 < .. KTy <00

><f(93 L= F(a)] ™ f(aga)[L = Fay) ]t f ()
— F(zj)] L f (@)1 = F(2m)] " day...dzm + (1+ Rj)A(n,m — 1)

/ / / S @O = PO @) X (L= Flan)) " day.edon|.

(19)
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Simplifying the resulting expression in (21) yields (16).
One can also note that Theorem 2.2 can be deduced from Theorem 3.1 by putting » =0 .

Remark 3.1
i) Setting « = 1,6 =1,0 =0 or a« = 0,0 = 1,0 = 1 in (16), we get recurrence relation for product
moments of progressively Type-II right censored order statistics from the standard exponential distribution
as obtained by Aggarwala and Balakrishnan (1996).
ii) Putting S =1 or 6 =1 in (16), we deduce the recurrence relation for product moments of progressively
Type-II right censored order statistics from the modified Weibull distribution, as established by Mahmoud
et al. (2017).
iii) Fora =0, =2 or § =0, 8 = 2 in (16), the result for product moments of progressively Type-II right
censored order statistics is deduced for the Rayleigh distribution as obtained by Mahmoud et al. (2017).
iv) At 8 = 0 or @« = 0 in (16), we deduce the recurrence relation for product moments of progressively
Type-1I right censored order statistics from the Weibull distribution as established by Athar and Akhter
(2016).
v) Putting 8 =2, =1or §=1,§ =2 in (16), we deduce the recurrence relation for product moments of
progressively Type-II right censored order statistics from the linear failure rate distribution as obtained by
Mahmoud et al. (2017).

Remark 3.2 When Ry = Ry = ... = R,;, = 0 in (16), the recurrence relation for product moments of
order statistics from additive Weibull distribution is established as

s ap 0,0,...,1,...,0)(™=+5) (r,5+8)
MEJ”)l:( >[(n J)'ugyn 1n ) <n_3+1)/~‘£g Lin— 1n)

s+
(rys+8) 04 (0,0, .,0)(ms+9) .
+‘ui7j3’ﬂ :|+(S+(S) l:(n .]),uz,]n ln —(’I’L—j+1)
0,0,...,1,...0) (719 \s+6
y’g,] 1in—1: n) gj;sn ):| .

4. Characterizations

In this section, we introduce the characterization of the additive Weibull distribution using recurrence
relation for single moments, Hazard rate function and truncated moment.
Theorem 4.1 For 2 < ¢ <m —1, m < n and k > 0, a necessary and sufficient condition for a random
variable X to be distributed with pdf given in (3) is that

—(n—Ri—Ry— ... — Ri_1 —i+ I)NER?;}{J?”HRIH Rig1yersRon) 8
(14 Ryl m>(’€+‘*’}
—(n—Ry— Ry — .. — Ry_y — i+ 1)l Bt it i, Ry ) (B
U R, -

Proof. The necessary part follows from (11). On the other hand if the recurrence relation (22) is
satisfied, then on using (2), we have

(Rayeey Ry )
u’zmn = A(n7m_ 1) I(xi—1a$i+1)
0<z1<...<x; -1 <Ti41<...<Tp, <O
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X fa1)[1 = F(e)]™ o f(@io)[L = Fzio1)] % f(mipn) [ = Fzigq)] o

i f (@)l = F(xp)] B dey...dzy, (23)
where
I(wio1, @i1) = /””"’“ 2y f (@)1 = F(x)] da;. (24)

Integrating (24) by parts, we get

1 @ ) a )
@i, 2i0) = <{ BRI Plan)] P 4 R - PR

R;+1)
Ti41
+(k+a) / A - F(xi)]Ri+1dxi}. (25)
Ti—1
Upon substituting (25) in (23), and simplifying the resulting expression, we get
(_lewaRm)(k-*—a) — 1 _ _ R _ R _ _ R 1
Hizmen R, +1 (n 1 2 i Z)
(Ri,.;Ri—1,Ri+Rip1+1,..., Ry )+ .
Xlu’i:m—lzn —|—(n—R1 —RQ —...—Ri,1 —l-l—].)

(Ri,.sRi—14+Ri4+1,Riq1,.., Ry ) P
X _1:m—1:n + (k + CL)A(TL7 m— 1)

o f @)1 = F(a))5 T fa,)[1 — F(xm)]R’”dxl...da:m}. (26)

(R17'~~;Rm)(k+5)

min

(RlnuyRm)(kJrﬁ)

imin

Now substituting for p and p in (22) and simplifying the resulting expression,

we get
A(n,m—l)//.../oc et — (@Bl 0521 )

< f(@1)[1 = Fa)]™ o f(@im)[1 = Faioq)]5 0 f (@) [ = Faigq)]
X (@) [1 = F(2m)]) " day...d2,, = 0. (27)

Now applying a generalization of the Miintz-Szdsz Theorem (see for example Hwang and Lin (1984)) to
(27), we obtain

flzi) = (@B~ +062)1)[1 — F(a)]
which proves the result.

Remark 4.1 On using (3) and (4), we can characterize this distribution through hazard function.

Following theorem contains characterization of this distribution based on truncated moment.

Theorem 4.2 Suppose an absolutely continuous (with respect to Lebesgue measure) random variable
X has the df F(x) and pdf f(z) for 0 < z < oo, such that f/(z) and F(X|X < z) exist for all 2, 0 < z < 00
, then

E(X|X <z) = g(z)n(z), (28)
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and

T e(a15+0m5) ¢ —(au5+9u5)d
() =~ BT 4 go 1) T (aBaP 1 1 8005 T) / ¢ s

if and only if
f(z) = (apz’ ! + 9(5;{7‘5_1)e_(‘X””B""%’cé)7 x>0, a 8,0, 6>0.

Proof. From (3), we have
EX|X <zx)= 1 /w wf (u)du
B F(z) Jo
1

= —— u(afu’ =t 4 95u ! e~ (ou’+6u’) g 29
o ) (29)

Integrating by parts, taking ’(afu’~! + 95u5_1)6_(““B+9"5)’ as the part to be integrated and the rest of
the integrand for differentiation, we get

1 x
E(X|X S .7/') = m { — xe—((x:ﬂﬁ—‘rgm‘;)} +A e_(QUBJ’_gué)du}_ (30)

Multiplying and dividing by f(z) in (30), we have the result given in (28).
To prove sufficient part, we have from (28)

L @) ()
s / = L2 (31)

or

| ufin = g(a) @)
0
Differentiating (31) on both sides with respect to x, we find that

zf(x) =g'(2)f(z) + g(x)f'(x)

Therefore,

= [Ahsanullah et al. (2016)]

aB(B—1)zP~2 4+ 056(5 — 1)2°2)
(aBxP~1 + 0520 1) ’

= —(aBa” 1 4+ 052°7") + (

where

a — xﬁ—Q _ $5—2
g,(x):Hg(x)((aﬁxa_lwégga_l)_(B(ﬁ 1)2%~2 4 65(6 — 1) )>.

(aBzP~1 4 0520-1)
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Integrating both the sides in (32) with respect to x, we have

f(z) = c(apzP~t + 96x‘5—1)e_(awﬂ+9“’6).

It is known that

/000 flz)de =1

Thus,

1 o0
= / (aBzP~1 + 96%5_1)6_(axﬁ+9’”5)dw =1
0

c

which proves that

F(z) = (aBaP~t + 0620 )e(@a"+02") 050 0. 8,0,5 > 0.

5. Conclusion

In this paper, we have established several recurrence relations satisfied by single and product moments of

progressively Type —II right censored order statistics from additive Weibull distribution in a simple recursive
manner. These relations enable us to compute all means and variances for different censoring schemes.
Further, using a recurrence relation for single moments we obtain a characterization of this distribution,
which play an integral role for identification of population distribution from the properties of sample.
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