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1 Introduction

Let {X,x,k=1,2,...,n}, n > 1, be a sequence of triangular arrays of random
variables (r.v.) with EX,,, =0, EX2, =1,1<k<n,n>1and EX,;X,; =
Ty, k. j =1,2,...,n, k#7,n>1(0<rp <1).

Suppose that (X1, Xn2,...,Xn,) is n-variate Gaussian. Then {X,, ., k =
1,2,...,n}, n > 1, is a triangular array of equi-correlated stationary Gaussian
(E.C.S.G.) sequence. For such a sequence define M,, =max(X,, 1, X2, ..., Xnn),
n > 1. Berman (1962) obtained the limit distribution of (M,,), properly nor-

malized, by giving a representation for X, 5, 1 < k <n, n > 1, in terms of an
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i.i.d. sequence of standard normal r.v.’s. Pickands (1962), Mittal and Ylvisaker
(1975), McCormick (1980) and Leadbetter et al. (1983) have established limit
theorems for (M,,), assuming various rates of convergence of correlation coeffi-
cient. Galambos (1978) has studied the limiting behaviour of (M,,), over random
stopping time N,,, under the condition that % 2 7, where 7 is a positive valued

I.V. (£>, stands for convergence in probability).

In this paper, we assume that (N,) is a sequence of integer valued r.v.’s with
P(N, = k) = pog, Kk = m,m+1,..., n > 1. When N, = k, we suppose
that (Xn, 1, XN, 2, - -+, Xn,.n, ) reduces to (Xg1, Xgo,..., Xgk), a k-dimensional
Gaussian random vector, with 0 means, unit variances and common covariance
T(k)- We define, M, as the s" highest among (X,1, Xn2, .., Xpnn), 7 > 1,
1 < s <m, and call it as the s" maxima. Note that M, ,, is the s'" upper extreme
of Xp1,Xn2,..., Xnn,n > 1. In turn, for 1 < s < m, My, can be considered
as the s highest among (Xn, 1, Xn, .2, -, XN, N, ). From the definition of N,,
note that M; n, is a well defined r.v. for 1 < s < m.

Throughout the paper, we assume that {X,,;, 1 <k <n}, n > 1, and (IV,)
are mutually independent and that (%) converges in distribution to a proper
r.v.. Under this setup, in Section 2, we obtain the limit distribution of (M; y,,),
properly normalized. This is achieved through Berman’s representation described

below.

Let (Y,,n > 0) be a sequence of i.i.d. standard normal r.v.’s. Then Berman

1
(1962) observed that X, i < r2,Yo + (1 — 1())3Yi, 1 < k < n, n > 1, which

(n
can be easily verified (here, £ means, distributionally same). Define M;, as
the s highest among (Y1,Y3,...,Y,), n > 1, s > 1, so that M}y 1is the s"

maxima of (Y3,Y2,...,Yn,), n > 1,1 < s <m. One can easily see that M, 4

1
T(Qn)Yo—k(l—r(n))%M;m n > 1,s > 1. Using the above representation for E.C.S.G.
sequences, the limit distribution for (M ,,), properly normalized, (see, Theorem
A below) has been established, see eg. Galambos (1978) or Leadbetter et al.

(1983).
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Theorem A: (Theorem 3.8.1, Galambos (1978))
Given an E.C.S.G {X, 1,1 <k <n}, n>1, with M, = maxj<x<, X, one

can find constants

-3 1 b
b, =(2Inn) * & an:b——En(lnlnn—HnéLW), such that
M n — Un .
(i) limP(l’b—aga:):H(x) if rmylnn—0
(i) tim P T oy /wé(x_y)dH() f ey Inn — 0
1 - = [/ n )
b, = . \/% ) (n)
M n 1— n % n
(i3)  lim P(—~ (; @) gy if Py I = 00,

where H(z) = e¢ ", —00 < < 00, is the Gumbel d.f., 0 < 6 < oo, and
O(z),—00 < x < 00, is the standard normal d.f. .

In Section 3, we show through some examples, that the conditions of Theorem
2.1 are non vacuous. In the last section, we deduce the limit distribution of
(M N, ), when N, is a geometric r.v.. It is of interest to know that a good
amount of work has been done in the study of partial sums (Sy,, ), where (NN,,) is
a sequence of geometric r.v.’s, starting from the pioneering results of Gnedenko
(1983) and of Klebanov et al. (1985). In fact, Gnedenko (1983) also mentions
about the limit distribution of (My;, ), when N, is a geometric r.v.. In the study
of GI/G/1 queues, Szelki (1986) observed that the number of customers in the
waiting line is a r.v. having geometric distribution. Here, the maximal service
time correspond to the partial maxima of a geometric number of r.v.’s and it
plays an important role in the study of such queueing systems. As such, the last

section in devoted for the study of extremes, when N,, is geometric.

2 Main Results

Recall that {X,, 1, 1 <k < n} is a Gaussian vector with zero means, unit variances

and common covariance r(,y, n > 1 and that {Y,}, n > 0, is a sequence of i.i.d.
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standard normal r.v.’s. Define &, j, = r(%n)Yo%— (1 —r(n))%Yk, k=1,2,...,n,n>1.

Then we have the following lemma.

Lemma 2.1 If the sequence (N,,) of r.v’s is independent of {X,, 1, X,,0,...,

Xon}, n > 1, and {Y,}, n >0, then {Xn, 1, Xn, 2 - Xov v} = {Evmt N2
&N N, T

Proof: We show that the two characteristic functions (ch.f.) are equal and hence

prove the lemma.

The ch.f. of (En,1,EN,2: -, EN, N, ) 1S

ix )t €N - ]1] ]
Ee 77— N pe YN PN, = k)

k=m
)
ishort (lc)y0+<1 T(k>>§y)
S P(N, = k)
k=m
(k) o (A=)
M) ok _ ez - 5k
= § e T = JP(Nn:k)
k=m
- Z(EJ 1 J+r(k>z]l 1,571t
- Y P(N, = k) (2.1)
k=m

Similarly, the ch.f. of (Xn, 1, Xn, .2, XnN,.N,) I8

ny

e X ~ 3 Ee T poy gy

k=m
Recalling that (Xj 1, Xk, ..., Xkx) is k-variate Gaussian vector with zero means

unit variances and common covariance r), one gets,

oo
iy Mt XN SO +T(k)z 1=1,j£1 tjt)
Be Y =y e T K M pON L k) (2.2)

k=m
(2.1) and (2.2) complete the proof.
In the next lemma, we obtain the limit distribution of (M ), properly nor-
malized.

_1
Lemma 2.2 Let b, = 2Inn) > & a, =

W~ % (Inlnn + Indr).
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If lim P(N, < zn) = A(x), x € R, where A is a d.f. with A(0+) = 0, then
lim P(M; y, < an + bpz) = G (), x € R, where

G (z) = 2 /0 T (26,! L dA().

J

Proof: Note that M;, is the s" maxima of (V1,Ys,...,Yy,), where (¥;) is a
sequence of i.i.d. standard normal r.v.’s. From the fact that Mlg—n_a" converges
to a Gumbel law, by the univariate version of Theorem 2.1 of Barakat (1997)
one can show that lim P(M; < an + byz) = G¥(x), 2 € R. The details are
omitted.

Lemma 2.3 Let (S,) be a sequence of r.v.’s and (C,,) and (D,), D, positive,
be sequences of real constants such that lim P(S,, < C, + D,z) = F(z), at all

continuity points of F(.). Let (C) and (D) be any two sequences of r.v.’s such

that C",+C % X and

n

gf % 1, where X is some real constant. Then lim P(S, <
C* + Dix) = F(z + \), at all continuity points of F(.).

Proof: Note that

S, —C* 4 Dn<Snl;Cn_C;;—Cn) 23)

D Dy D,

n n

Sngnc" 4 X, arv. with d.f. F(.), and CZD;HC" % X implies (by Slutsky’s theorem)
SnCh 4 x A Further, % 2 1 implies that 2»-C= 4 X — Aor equivalently

Dn, Dy
that lim P(S,, < C + D}xz) = F(x + ), at all continuity points of F(.).

Lemma 2.4 Let (S, Q,) be a sequence of random vectors such that
lim P(S,, < s,Q, < q) = F(s)E(q), —00 < s,q < o0,

where F(.) and E(.) are continuous d.f.s. Then for any x € R,

o

lim P(S, + Q, < z) = / E(x —y)dF(y).

Proof: For proof, see, Lemma 2.9.1, Galambos (1978).
We now move on to the main result of this paper. Recall that M; y, is the

th .
s maxima of (Xn, 1, Xn, 2, s XN,N,)s 1 < 5 <m.
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Theorem 2.1 Let lim P(N,, < zn) = A(x), © € R, where A(.) is a d.f. with
A(0+) = 0. Then for b, = (2Inn)

NI

and a, = 3~ — % (Inlnn + In4r)

(1) P(M; N, < a,+byx) — G(S)(a;),:v €R,if rw,ylnn 20

g < T—y .
) P(M; N, <ap+byz) — / d dG¥)(y),z € R, i
( ) ( N ) . ( m ) <y> f

T(N,) Inn 20, where 0< 60 < oo is a constant.
1
(iii)  P(Mux, < (1=r(v))ian+ 17y ,2) > O(x), z€R, if
T(N,) Inn 5 .
Where G (z) = Z;;é o e‘ze_ﬁ(zi#dfl(z) and ®(.) is the standard normal
d.f.
Proof: By Lemma 2.1, note that

d I 1 *
]\45,N7L = T(2Nn)}/0 + (1 - T(Nn))QMS,Nn
Define
Ms,Nn — Qp

b =Un, + Vn, (2.4)

-

* 2
My, —(1=r(n,)) “an Let

where Uy, = (2r(w,) Inn)2Yy and Vy, = (1 - T(Nn)) bn

T, = 2r(n,)Inn and W,, = Yy, n > 1. Suppose that r,)Inn 2 0. Then
T, — 0, W, SEAN Yy, imply that

Uy, = (2rn,)Inn)2Yy 5 0 (2.5)

_1
Let a;, = (1 —r(n,)) ay. Since ry,)Inn 5 0 as n — oo, we have 0.

b

an s a*—a i
Using the facts that % Loy o G )(.), dntn %0 and (1 — rav)” 51,

one gets from Lemma 2.3, Vy, % y*. Along with (2.4) and (2.5), we have
lim P(M; N, < an + byz) = G (x), —o0o<uz<o0. (2.6)

Consider the case, r(y,)Inn 20,0 < 0 < 0o. Define W,, = Yy, n > 1. Note that
T(N,) Inn N 0, W, 2 Y imply that Uy, 2 V260Y,. With a, as defined above,
we show that %= % g For any given € > 0, we show that

a

limP< ”b_ n—9|<e>:1.

n
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Note that r(y,)Inn 20, as n — oo, implies that

lim P(|r(n,yInn — 0] <€) =1

: 0+¢€ 4 3 0—e s\
& hmP((l— lnn> <(I—=rw,y) <(1- lnn) )—
. an 0 —e -1 a —a, ay 0+e -1
& hmP(b—((l— ) o) <t e T (- ) —1)) =1 (2.7)

Expanding (1 — fn;;) up to second term, one can observe that for some ¢ > 0
and for n large,
10—¢ c

) %_1) ~ 21nn<(1+§ 0 + (lnn)Q)_1>

12

2
6—et—>0—2
Inn
Similarly, for n large, one can show that
an
b ((

In turn, (2.7) implies that

_0+e
Inn

)7%—1) < 0+ 2e

*
a, — ap

limP<0—2e< <«9+2e>:1

n

or that a;b;a” 29, as n — oo. Using the information that

1
MS’N”_a"éi_T(N”) 2 Ly and (1— r(Nn))% % 1, by Lemma 2.3, we note that
P(Vy, <z)=G”(0+z), z € R. Applying Lemma 2.4, one can now show that

for any x € R,

. Ms N, — Qn /OO r—y
lim P(——— < zx) = P dG®)
(Rt <) = [ e e )
Now consider the case, 7(y,)Inn 2 0, as n — co. We show that

1
MS,Nn B (]‘ B T(Nn))?an
3
(Nr)

T =
T

Converges to a normal r.v. as n — oo. Note that,

1
o= Yot gy —a,)
(Nn)
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We complete the proof by showing that 7', 20, as n — oo. We have

1

(1 - T(N'rz))?bn ( S*,Nn - a’”)

T =
Nn T% bn
(Nn)
But,

1 1

1—7r jbn L—r i
( EN")) _ ( (Nn)) L) O7 asn — o0,

TQNV,L) 2T I

since 7(x,)Inn 5 co. Also M]Z—’[a” 4y~ G (). Slutsky’s theorem implies
that, Ty, % 0 as n — 00, and the proof is complete.

Remark 2.1 If N/ is a Poisson r.v. with mean n, then identifying N; as a sum
of n i.i.d. Poisson r.v.’s with unit mean, by strong law of large numbers. We note
that NT’/l — 1 almost surely. Taking N,, in Theorem 2.1 as N,, = N/ + m (shifted

Poisson distribution), we see that % — 1 almost surely. In this case, Lemma 2.2

yields

lim P(M] . < ap+byx) = lim P(M;, < a,+ b,7)

s—1 —z (efac)j
= Zeﬂ ~—— = H,(x), say, —oo < x < oc.

3=0 J

which is the limit distribution of the s maxima, M, (non-random). Conse-

quently, Theorem 2.1 gives

lim P(Ms,, < a, +byx) = Hy(x), z€R,if r,lnn—0

lim P(M;,, < a, + byx) = / @(x\/;_gy

lim P(M,,, < (1— r(n))%an + T(En)l‘) =®(z), ze€R,if r,lnn— occ.

YdH(y), z€R,if rp,lnn—¥6

Similarly, if N, is Binomial (n?, 1), one can show that N}, is the sum of n i.i.d.
Binomial (n, %) r.v.’s. By strong law, one gets, N%’ — 1 almost surely. Defining
N,, = N} +m, one can precisely get the results deduced above (under the setup of
Poisson distribution). When N/ is a geometric r.v. with P(N!, = k) = 1(1 - 1)",

k=0,1,..., the form of limit distribution are given in the last section.
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3 Existence of sequences (T(Nn)) for validity of
the main result

In this section, we present examples of sequences (7(,)), which satisfy
T(N,) Inn 50, T(N,) Inn %0,0<6 < oo and T(Ny) Inn 5 .
One may recall that in Theorem 2.1 above, the limit distribution of (M, y,),

normalized, have been obtained under these conditions.

(e

Example 3.1 Let r¢,) = ni n>2 a>0. Weshow that r(y,)Inn %0, as

n — oo. For any given € > 0, we have

€ Inn 1
Plrovynn>€) = Plro, > ) = P(N < (=)

Inn
- (<L)

1

Given any 6 > 0, but small, one can find a ny > 0 such that LB~ 5 for all

n > ng. Consequently, for all n > ny

ﬂg(s)
n

P(rvylnn >e€) < P(

In turn,

limsup P(r(y,)Inn > €) < A(6),

where A(.) is the limit distribution of (X=). Since § is arbitrary, as 6 — 0. One
gets
limsup P(r(y,)Inn > €) < A(0+), (3.1)

From Theorem 2.1, note that A(0+) = 0. Consequently, (3.1) implies that
T(N,) Inn 50
Example 3.2 Letry,) = —,n > 2,0 <60 <oo. We show that for any e > 0,

lim P(|rn,)Inn — 0] <€) =1,
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which is equivalent to r(y,)Inn 2 0. The event

01
(IrvyInn—6l <€) < (f—e< hlr]lvn <0+e€)
& (9+€lnn<lnNn < e_Elnn)
Consequently, one can find a § > 0, such that
(|T(Nn) Inn—6] < (—:) D (n(l_‘s) <N, < n(1+6))
In turn,
Ny,
p(lT(Nn) Inn— 6] < (—:) > P(n‘5 < =< n‘s) (3.2)
n

For any given € > 0, but small and M > 0, but larger, one can find a n; > 0,
such thatn~’ < €1 and n >M for all n > ny. Hence, for n > nq,

N, Ny,
n

n

IN

Pn < n’) > P(e < = < M),

which tmplies that

lim P(n™° < N <n’) > A(M) — Aler),
n

Taking €1 — 0, M — oo and using the fact that A(0+) = 0, one gets

limP(n_5 < % < n‘s) =1

Y

which along with (3.2) yields, the required result.

Example 3.3 Take r,y = p, n > 2, 0 < p < 1. Then note that r(n,) s

degenerate at p. Consequently, r(n,)Inn B 0 asn — .

4 Limit distribution of (M, y ), when N, is a ge-
ometric r.v.

In the study of partial sums and partial maxima of random number of r.v.’s,
considerable work has been done, in particular, when (N,) is a sequence of geo-

metric r.v.’s, as mentioned in the introductory section. In this section, we obtain
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the limit distribution of (M, y,) when N, has the p.m.f. P(N, = k) = paq,
kE=m,m+1,...;p, = %, n > 2. Let N/ be ar.v. with pm.f. P(N] =k) = pnqz,
k=0,1,2,..; p, = &, n > 2. Note that N,, = N}, + m and that (%) converges

Ny

- ) also convergence to a unit expo-

to a unit exponential r.v.. Consequently, (
nential r.v. and as such, in Theorem 2.1, A(z) =1 —¢ , 2 > 0. From Lemma

2.2, we hence get

S

limP(M;Nn <a, + bnx) =e Z

j=1

]_ (s)
m:G (%), —00 < < 0Q.

It is interesting to note that the random maxima, properly normalized, i.e.

(M7 y,), converges to G (x) = —00 < x < 00, which is the logistic distri-

e
1+e®?

bution. Also, Theorem 2.1 yields

G(S)(x), if rvy Inn 50,

s 00 y

_ ;/_mq)(fv\/;_;/)d((ljey)j) if

lim P(M, y, < an + by)

ravyInn 50, 0< 60 <oo and

= ®(z) if r,)lnn 5 oo,

Remark 4.1 The above result continues to hold whenever np,, — 1 asn — oo.
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