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Abstract.

In this paper we establish explicit expressions and some recurrence rela-
tions for single and product moments of lower generalized order statistics from
exponentiated gamma distribution. The results include as particular cases the
above relations for moments of order statistics and lower records. Further,
using a recurrence relation for single moments we obtain characterization of
exponentiated gamma distribution.
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1 Introduction

The concept of generalized order statistics (gos) was introduced by Kamps [6]
as below: Let F'() be an absolutely continuous distribution function (df) with
probability density function (pdf) f(). Further,let n € N, n>2 k>0, m =

n—1
(my,ma,...,mu_1) € R M, = ij, such that v, = k+n —r+ M, > 0,
j=r
for all € {1,2,...,n — 1}. Then X(r,n,m,k), r = 1,2,...,n are called gos
if their joint pdf is given by

n—1

BT (T~ Fl™ f) 1~ ) e,)

=1

on the cone F71(04) < 2y < 29 < -+ <z, < F71(1) of R"'. The model
of gos contains as special cases, order statistics, sequential order statistics,
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Stigler’s order statistics and record values. But when F() is an inverse distri-
bution function, we need a concept of lower generalized order statistics (I gos),
which was introduced by Pawlas and Szynal [11] as follows:

Let n € N, k> 1, m € R, be the parameters such that

n—1
Y =k+n—r+ M, >0, MT:ZmJ, Vi<r<n.

j=r

By the [ gos from an absolutely continuous distribution function F'() with den-
sity function f() we mean random variables X’ (1,n,m,k),..., X' (n,n,m, k)
having joint density function of the form

n—1

k( ﬂw)(H[F(x»]mif(xi))[F(a:nnk—lf(xn) (L.1)

i=1

for F71(1) > xy > a9 > -+ > x, > F1(0).

For simplicity we shall assume m; =mo =--- =m,_1 = m.
The pdf of r-th [ gos is given by
C _ -
Pt (&) = o @ @) (Fla). (12)

The joint pdf of r-th and s-th [ gos is

Cs—l —1
fX’(r,n,m,k),X’(s,n,m,k) (ZE, y) - (T’ — 1)'(8 — - 1)| [F((L’)]mf<l’)g:n (F((L’))

* [hn(F(y)) = hin(F @) F@ 7 (), a<y<z<pB, (13)

where
Cro1 = H%’
i=1
1 m-+1
() = 4 et A
—Inz, m=—1
and

G () = hon(2) — hin(1), €0, 1).

We shall also take X'(0,n,m,k) = 0. If m =0, k = 1, then X'(r,n,m, k) re-
duces to the (n—r-+1)-th order statistics, X,,_, 1., from the sample X;, Xs, .. .,
X, and when m = —1, then X'(r,n, m, k) reduces to the r-th k-lower record
value [Pawlas and Szynal [11]]. The work of Burkschat et al. [3] may also refer
for lower generalized order statistics.
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Recurrence relations for single and product moments of lower generalized
order statistics from the inverse Weibull distribution are derived by Pawlas and
Szynal [11]. Khan et al. [8] have established recurrence relations for moments
of lower generalized order statistics from exponentiated Weibull distribution.
Ahsanullah [1] and Mbah and Ahsanullah [9] characterized the uniform and
power function distributions based on distributional properties of lower gener-
alized order statistics respectively. Kamps [7] investigated the importance of
recurrence relations of order statistics in characterization.

In this paper, we have established explicit expressions and some recur-
rence relations for single and product moments of | gos from exponentiated
gamma distribution. Result for order statistics and k-th lower record values
are deduced as special cases and a characterization of exponentiated gamma
distribution has been obtained on using a recurrence relation for single mo-
ments.

A random variable X is said to have exponentiated gamma distribution
(Gupta et al. [4]) if its pdf is of the form

f(@)=0ze ™1 —e(z+ 1], 2>0,0>0 (1.4)
and the corresponding df is
Flx)=[l—e(z+1)]° x>0, 0>0. (1.5)
For 6§ = 1, the above distribution corresponds to the gamma distribution
G(2,1).

For application of the distribution one may refer to Nadarajah [10] and
Shawky and Bakoban [12].

2 Relations for single moments

Note that for exponentiated gamma distribution

F(r) = CO=C T D g 2.1)

The pdf (1.2) can be written for the exponentiated gamma distribution with
pdf (1.4) and df (1.5) in the following form

Gy T = et @+ 1)

(
[1— (1 —e®(x+1))00HD]r=1 ;£ -1
fX/(T7n7m7k) (I) = or k" — _ 0k—1
oooive "1 —eT(z +1)

[—In(1—e"(z+ 1)) 1, m=—1

(2.2)
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By using binomial and logarithmic expansions we can rewrite (2.2) as

[ 801 B e
(T_l)(m+1)r 1222(_1> (a)

e m -1 () o 1
fX’(r,n,m,k) (.I) = ( 00 oo) E’ )it+ae 7 " ?é

«9’"k’" ,ZZ Z 1)(0ka—1)

a=0 t=0 =
r— 1+t+a b+1 r+t+a T —
(e =1

(2.3)
where ay(r — 1) is the coefficient of e=""1+)2(z 4 1)"~** in the expansion of

\

(ZM)’"_1 [see Balakrishnan and Cohan [2], Shawky and Bakoban [13]].

u
u=1

We shall first establish the explicit formula for E[X"(r,n,m,k)]. Using
(2.3), we obtain when m # —1

1j 0C, 1 ¢ ats (71
EX"(r,nm, k)] = (r— 1)i(m + 1)1 ZZZ(_l) ( a )

X (9(% + (mb+ la) — 1) (i) Ogo Jretl o =(b+h)z 7, o
= (r — 1)6(07; :_ 1)7" - ; i ;(—1)a+b (7’ ; 1)
" (9(% + (m+1)a) — 1) NI+ ¢+ 2)

b b+ 1)J+C+2

8

9}
—~

and when m = —1 that

1y oo oo r—l+tta Ok — 1
E[X/J(Tn—lk T—l'zz Z OétT—l)( a )

a=0 t=0

y (7’ —1 2‘ t+ a) / LI = (rtta)T g,
0

oo oo r—1+t+a

_ QW'ZZ Z atr_1)<0k:a—1>

'a 0 t=0 =
y r—1+t+a F(j+b+2)
b (r+t+ a)ito+2’

(2.5)
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If 0 is a positive integer, the relations (2.4) and (2.5) then give

E[X’j(r,n,m, K] = (r_leCr 1 - Tzi@w %Da 12 a+b(7’—1)
) <9(%+(m+1) @) )(i) W (2.6)

b + 1)J+c+2

E[X"(r,n,—1,k)] = (fr_k;)! > 72 (—1)“at(r—1)(9k_1)

=0 b=0 a
t+a\ T(+b+2)
(r+1t+a)tot2

2.7)

Special cases

1. Putting m =0, k = 1 in (2.6), the explicit formula for single moments of
order statistics of the exponentiated gamma distribution can be obtained

as
r—1 0(n—r+14+a)—-1 p 1
(X} 11) = 0Cr ("
a=0 b=0 c=0
9 <0(n—r+1+a)—1 (b)F(j+c+2)
b c) (b+ 1)itet2’
where

Or:n =

(r—1Dl(n—r)!
For n —r+ 1 = r, the result was obtained by Shawky and Bakoban [14].
2. Putting £ = 1 in (2.5) and (2.7), we deduce the explicit expressions

for the moments of lower record values for the exponentiated gamma
distribution, established by Shawky and Bakoban [13].

A recurrence relation for moments of | gos from df (1.5) can be obtained
in the following theorem.

Theorem 2.1 For the distribution given in (1.5) and for2 <r <n,n > 2
and k=1,2,...

E[X'j(r n,m, k)] — E[X"” (r —1,n,m, k)]

{E[X” 1(7“ n,m, k)| —I—E[X'] 2(7" n,m, k)] — E[¢(X'(r,n,m, k))]},
(2.8)

~ oy,

where ¢(x) = 13 ~2e”.
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Proof. From (1.2), we have

BLXY (. b)) = o [ P @D g (Pt (29)
r—1J,
Integrating by parts taking [F/(z)]"~! f(z) as the part to be integrated, we get

E[X"(r,n,m, k)] = E[X" (r — 1,n,m, k)]

- ﬁ /ooo U F (@) g (F(a))da

the constant of integration vanishes since the integral considered in (2.9) is a
definite integral. On using (2.1), we obtain

E[X" (r,n,m, k)]

B = 1)) = T2 [ e P gl (P

B 07, (r — 1)
- / PF @) (0)g (F(a))da

_ /OOO 2 @) (@) gy (F(x))de )

and hence the result.

Remark 2.1 Puttingm =0, k =1, in (2.8), we obtain a recurrence rela-
tion for single moments of order statistics of the exponentiated gamma distri-
bution in the form

EXriin) = B pi2) = o= (B )
+ E(X3L:72°+1n) - E(¢<Xn*1“+l:n))}'

Remark 2.2 Settingm = —1 and k > 1, in Theorem 2.1, we get a recur-
rence relation for single moments of lower k-th record values from exponenti-
ated gamma distribution in the form

E[X"(r,n,—1,k)] — E[X”7(r —1,n, —1,k)]
— ;—k{E[X/j_l(r, n,—1,k)] + E[X"2(r,n,—1,k)] — E[¢(X"(r,n, —1,k))]}.

3 Relations for product moments

On using (1.3), (1.4), (1.5) and binomial, logarithmic expansions the explicit
expressions for the product moments of [ gos X" (r,n,m, k) and X" (s,n, m, k),
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1 <r < s <mn, can be obtained when m # —1 as

E[X"(r,nm, k) X" (s,n,m, k)]

C kg r—1\/s—r—1
- s—1 w(r— -r—
_(7‘—1)(3—7’—1 (m 4 1)s—2 ( a )( b )

a=0

xémwwwmm*ﬂwﬂw@, (3.1)

o

1) = [ @@ s

:9§§§3@4y<ﬂs—r+ai?0n+w—J)(é)l“xHH%%Hd%w

25 d
92;;% ( s—r+a—?( >_1)CD

T e (1 4 ¢)y) T+ d + 2)
t! (1 _|_ C)i+d+2 :

X
t=0

On substituting the above expression of I(y) in (3.1), we find that

EIX"(r,n,m, k) X" (s,n,m, k)]

905 . r—1s—r—1 oo ¢ i+d+1l oo u +b++
(T—l)(S—T—l m+1 2; 0220;;0

N O

5 Oys—p — 1\ (u\ T(i+d+2) T(G+t+v+2)
U t(1 + ¢)itd+2=t (¢ + 2 4 y)TtHttvt2

(3.2)

and when m = —1 that

E[X"(r,n—1,k)X"7(s,n,—1,k)]
ks

T T, YFOr @Ik, (53)
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where

10) = [ o P FnF () + () s

oo s—2—a+t+bitct+l

= Z Z Z (=15 g0y (s — 2 — a)

a=0 b=0 t=0
" —r—1 s—2—a+t+b
a c
I'e+2+c¢ o —(s—1—a
X ( ) [In F'(y)]%e (s—1-att+b)y, d

dl(s —1—a+t-+b)itrted

On substituting the above expression of I(y) in (3.3) and simplifying the re-
sulting equation, we obtain

E[X"(r,n,—1,k)X"(s,n, —1,k)]

s—r—1 oo o0 s—2—a+t+bitct+l oo o atutv

:(7‘—1 s—r—l'zz ZZZZ DA

a=0 b=0 t=0 0 d=0 v=0 u=0 w=0

xaxs2®&A@<S£ 1>(;—2—Z+t+b>C%;¢)<a+z+v)

Fri+24+l(j+d+w+2) (3.4)
di(s =1 —a+t4b)+2ed(s + b+t + v 4 u)itdtet? '

If 6 is a positive integer, then the relations (3.2) and (3.4) take the form

E[X'i(r, n,m, k)X'j(s, n,m, k)|

020 r—1 s—r—16(s—r+a—b)(m+1)—1 ¢ i+d+16vs—p—1
s—1

_(r—1)(s—r_1'(m+1)52z;§ 2 2;
XZ a+b+c+u< 1( 2—1>(9<s—r+a—b>(m+1)—>

=0

T(i+d+2)T(j+t+v+2)
t(l + C)l+d+2 t(c + 2 + u)]+t+v+2 '

(3.5)
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E[X"(r,n,—1, k)X’j(s, n—1,k)]

s—r—1 oo o0 s—2—a+t+bitc+10k—1 oo atutwv
e e 333 )3
a=0 b=0 t=0 c=0 =0 v=0 u=0 w=0
— —1 -2 - t+b
x (—1)5 et g, (s — 2 — a)ay(a) <S " (S ot )
a C

" (Qk—l) (a—l—u—l—v)
v w
y T(i+2+T(j+d+w+2)
dli(s—=1—a+t+Db)y*2ed(s + b+t + v+ u)itdtw+2’

(3.6)

Special cases

1. Putting m = 0, £ = 1 in (3.5) the explicit formula for the product
moments of order statistics of the exponentiated gamma distribution to
be obtained as

r—1 s—r—16(s—r+a—b)—1 ¢ i+d+1

E<X1Z1 7"+1n n s+1n _6207"3nz Z Z Z Z

a=0 b=0 d=0 t=0
O(n—s+1+b)—1 4

o Z Z [)etbretu (7" ; 1)

y (5—2—1) (9(s—r+ca—b)—1) (Z) <e(n—s+u1+b)—1> (Z)

T(i+d+2)T(j+t+v+2)
(1 4 )it dt2=t(c + 2 + y)itttor2’

where
n!

(r—DYs—r—1Dl(n—s)

Forn—s+1=7r,n—r+1=s, the result was obtained by Shawky and
Bakoban [14].

Or,s:n =

2. Putting £k = 1 in (3.4) and (3.6), we deduce the explicit expressions
for the product moments of lower record values for the exponentiated
gamma distribution, established by Shawky and Bakoban [13].

Making use of (2.1), we can derive recurrence relations for product moments
of [ gos from (1.5).
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Theorem 3.1 For the distribution given in (1.5) and for 1 < r < s < n,
n>2andk=12,...

E[X'i(r n,m, k)X (s,n,m, k)] — E[X" (r,n,m, k) X" (s — 1,n,m, k)]
{E[X/ (ryn,m, k) X7 (s,n,m, k)] + E[X" (r,n,m, k) X" *(s,n,m, k)]

2
— E[p(X'(r,n,m, k)X (s,n,m, k)]}, (3.7)

where ¢(x,y) = iy’ ~2e¥
Proof. From (1.3), we have

E[X"(r,n,m, k) X" (s,n,m, k)]

T | PP @ Fe) @, 69

where
I(z) = /Ox Y [ (F(y)) — ho(F ()] HE ()] f(y)dy

Solving the integral in I(z) by parts and substituting the resulting expression
n (3.8), we get
E[X"(r,n,m, k) X" (s,n,m, k)]
= E[X"(r,n,m, k) X" (s — 1,n,m, k)]

]Osl j
e / /wl e

X G (F(x))[hm(F( o) E ()] dyd

the constant of integration vanishes since the integral in I(z) is a definite
integral. On using the relation (2.1), we obtain

E[X"(r,n,m, k) X" (s,n,m, k)]

:E[X’i(r,n,m, k)X (s,n,m, k)] — 1) icssl—r— 0 /000 i
1" f(@) g, (F (@) [ (F (y)) = b (F ()" [F (y)] 1f( )dydz

/ / oy THF ()™ f (@) gt H(F(2) [hn(F(y)) — hyn(F(z))]* "1
e dyd”“"‘/ [ e E@ @ )

% o (F () = hon(F @)~ [F ()" fy)dyd |

and hence the result.
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Remark 3.1 Puttingm =0, k =1, in (3.7), we obtain recurrence relations
for product moments of order statistics of the exponentiated gamma distribution
in the form

E(Xé—r+1:nXi—s+1:n) - E(Xril—r—i-l:nX?jl—s—l-Z:n)

J ; - . L,
:9(77, —r 4+ 1) {E(Xn—r—l-l:nXT]L—s—l-l:n) + E(Xn—r—&—l:anjl—s-i-l;n)

- E(‘b(anrJrl:an*SJrli")) }

Remark 3.2 Setting m = —1 and k > 1, in Theorem 3.1, we obtain the
recurrence relations for product moments of lower k-th record values from ex-
ponentiated gamma distribution in the form

E[X"(rmn,—1,k)X" (s,n,—1,k)] — E[X" (r,n, —1,k) X" (s — 1,n, =1, k)]

- ;_k{E[X”(r, n,—1,k) X" (s,n, =1, k)]

+ E[X"(r,n, —1,k) X" *(s,n, -1, k)]
— Elp(X'(r,n,—1,k)X'(s,n, —1,k))]}.

4 Characterization

Theorem 4.1 Let X be a non-negative random wvariable having an abso-
lutely continuous distribution function F(x) with F/(0) =0 and 0 < F(z) < 1
for all x > 0, then

BIX (1,0, m, K] = BLX G Lmm, )] — 2 BIo(X 7., )
+ Q%E[(X'“(r, n,m, k)] + Q%E[(X’”(nn,m, k)] (4.1)

if and only iof
F(r)=[1—e"(1+)’

Proof. The necessary part follows immediately from equation (2.8). On the
other hand if the recurrence relation in equation (4.1) is satisfied, then on using
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equation (1.2), we have

Cr—l
(r—1)!

/O " D@ f @) (F () da

=G [P o (P

JCr—1 * -2 z yr—1 r—1
- e [ e el e (P

J Crfl Oo j—1 —1 -1

< - - F r T F d

e [P @ P
erfl

O, (r —1)!

Integrating the first integral on the right hand side of equation (4.2), by parts,

we get

_|_

+ /Ooo xj_Q[F<x)]%_lf(x)g;:1(F(aj))daz. (4.2)

% /O o [F(@)]" f(2)g,,  (F(x))dx

- 'yif 7:11)! /Ooo 2 HE ()] gy H(F () da

G /0 T [F ()] f () gl (F(x))da

(r—1)!
| /(; l’j*QQCE[F(x)]’Yr*lf(Z.)gz;l(F<x))dx

- jcr—l
0, (r — 1)

jCT—l > j—1 vr—1 r—1
s [ E@r T @ (Pl
jCT—l

+ m /0 a;j—Q[F(l’)]%—lf(x)g:n—l(F(x))dx

+

which reduces to

e [ (s

¥ (r —1)!
[Fa)-

Ore—=
Now applying a generalization of the Miintz-Szdsz Theorem (Hwang and Lin,
[5]) to equation (4.3), we get

@)+ %f(x) + %f(x)}dm _0. (43)

which prove that
Fx)=[1—-e*(1+2)]% 2>0,0>0.
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